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ANALYTIC GEOMETRY. 

CHAPTER L 

THE POINT. 

1. The following method of determining the position of any 

point on a plane was introduced by Des Cartes in his Geometrie, 
1637, and has been generally used by succeeding geometers. 

We are supposed to be given the position of two fixed 

right lines XX', YY' intersecting in the point 0. Now, if 

through any point P we 

draw PM, PN parallel to 

YT and XX, it is plain 

that, if we knew the position 

of the point P, we should 

know the lengths of the pa¬ 

rallels PM, PN; or, vice versa, 
that if we knew the lengths 

of PM, PN, we should know 

the position of the point P* 

Suppose, for example, that 

we are given PN — a, PM = b, 
we. need only measure OM=a and ON=b, and draw the 

parallels PM, PN, which will intersect in the point required. 

It is usual to denote PM parallel to OY by the letter y, 
and PN parallel to OX by the letter x, and the point P is said 

to be determined by the two equations x — a,y — b. 

2. The parallels PM, PN are called the coordinates of the 

point P. PM is often called the ordinate of the point P‘, while 

PN, which is equal to OM the intercept cut off by the ordinate, 
is called the abscissa. 

B 



2 THE POINT. 

The fixed lines XX' and YY' are termed the axes of co¬ 

ordinates, and the point 0, in which they intersect, is called the 

origin. The axes are said to be rectangular or oblique, 

according as the angle at which they intersect is a right angle 

or oblique. 

It will readily be seen that the coordinates of the point M 

on the preceding figure are x = a, y = 0; that those of the point 

N are x — 0.,y = b\ and of the origin itself are x = 0, y — 0. 

3. In order that the equations x = a, y — b should only 

be satisfied by one point, it is necessary to pay attention, not 

only to the magnitudes, but also to the signs of the co¬ 

ordinates. 

If we paid no attention to the signs of the coordinates, we 

might measure OM=a and ON—b, on either side of the origin, 

and any of the four points 

P, P1? P2, P3 would satisfy 

the equations x = a, y — b. 

It is possible, however, to 

distinguish algebraically 

between the lines OM, 

OM' (which are equal in 

magnitude, but opposite in X 

direction) by giving them 

different signs. We lay 

down a rule that, if lines 

measured in one direction 

be considered as positive, 

lines measured in the oppo¬ 

site direction must be con¬ 

sidered as negative. It is, of course, arbitrary in which 

direction we measure positive lines, but it is customary to 

consider OM (measured to the right hand) and ON (measured 

upwards) as positive, and OM', ON (measured in the opposite 
directions) as negative lines. 

Introducing these conventions, the four points P, Px, P2, P3 

are easily distinguished. Their co-ordinates are, respectively, 

x = -h a) x = — a) x = + a) x = — a) 
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These distinctions of sign can present no difficulty to the 

learner, who is supposed to be already acquainted with 

trigonometry, 

N.B.—The points whose coordinates are x = a) y — 5, or 

x=xy y~y\ are generally briefly designated as the point (a, 6), 

or the point xy. 

It appears from what has been said, that the points (+ a, + 5), 

(— a, — b) lie on a right line passing through the origin; that 

they are equidistant from the origin, and on opposite sides of it. 

4. To express the distance between two points x'y\ xy\ the 

axes of coordinates beinq supposed rectanqular. 

By Euclid I. 47, 

PQ2 = PS2 + SQ\ but PS= PM- QM = y’~ y'\ 

and QS — OM — OM' — x' — x" ; 
hence 

&=PQ* = (x'-x'y+(y'-y")\ 

To express the distance of 

any point from the origin, we 

must make x" — 0, y" = 0 in 

the above, and we find 

h2 = x,2 + y'\ 

5. In the following pages 

we shall but seldom have occa~ 

sion to make use of oblique coordinates, since formulae are, in 

general, much simplified by the use of rectangular axes; as? 

however, oblique coordinates may sometimes be employed with 

advantage, we shall give the principal formulae in their most 
general form. 

Suppose, in the last figure, the angle YOX oblique and 
= a), then 

PSQ= 1X0° -co, 

and PQ2 = PS2 + QS2 - 2PS. QS. cos PSQ, 
or, PQ2 = [y —y )2 + (a? — x")2 + 2 (y! — y") [x — x") cos co. 

Similarly, the square of the distance of a point, x'y\ from 
the origin = x'2 + y2 + 2xy' cos co. 

o >r m x 
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In applying these formulae, attention must be paid to the 

signs of the coordinates. If the point Q, for example, were 

in the angle XOY\ the sign of y" would be changed, and the 

line PS would be the sum and not the difference of y and y". 
The learner will find no difficulty, if, having written the 

coordinates with their proper signs, he is careful to take for PS 
and QS the algebraic difference of the corresponding pair of 

coordinates. 

Ex, 1. Find the lengths of the sides of a triangle, the coordinates of whose 

vertices are x’ = 2, y' = 3 ; x" — 4, y" = — 5; x'" = — 3, y'" = — 6, the axes being 

rectangular. Ans. 468, 450, 4106. 

Ex. 2. Find the lengths of the sides of a triangle, the coordinates of whose 

vertices are the same as in the last example, the axes being inclined at an angle 

of 60°. Ans. 452, 457, 4151. 

Ex. 3. Express that the distance of the point xy from the point (2, 3) is equal 

to 4. Ans. (x — 2)2 + (y — 3)2 = 16 

Ex. 4. Express that the point xy is equidistant from the points (2, 3), (4, 5). 

Ans. (x — 2)2 + (y — 3)2 = (x — 4)2 + (y — 5)2; or x + y = 7. 

Ex. 5. Find the point equidistant from the points (2, 3), (4, 5), (6, 1). Ilere we 

have two equations to determine the two unknown quantities x, y. 

Ans. x = y, y = |, and the common distance is 
3 

6. The distance between two points, being expressed in 

the form of a square root, is necessarily susceptible of a double 

sign. If the distance PQ, measured from P to be considered 

positive, then the distance QP, measured from Q to P, 

is considered negative. If indeed we are only concerned 

with the single distance between two points, it would be 

unmeaning to affix any sign to it, since by prefixing a sign we 

in fact direct that this distance shall be added to, or subtracted 

from, some other distance. But suppose we are given three 

points P, Q) B in a right line, and know the distances PQ, 

QBj we may infer PR = PQ -f- QR. And with the explanation 

now given, this equation remains true, even though the 

point R lie between P and Q. For, in that case, PQ and 

QR are measured in opposite directions, and PR1 which is their 

arithmetical difference, is still their algebraical sum. Except 

in the case of lines parallel to one of the axes, no convention 

has been established as to which shall be considered the positive 

direction. 
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7. To find the coordinates of the point cutting in a given 
ratio m : ??, the line joining two given points xy\ xy". 

Let cc, y be the coordinates of the point R which we seek 

to determine, then 

If the line were to be cut externally in the given ratio we 
should have 

m : n :: x — x : x — x\ 

n P rax' — nx my" — nyr 
and therefore x =-, y = -* . 

m—n m—n 

It will be observed that the formulas for external section 
are obtained from those for internal section by changing the 
sign of the ratio; that is, by changing m : -f n into m : - n. 
In fact, in the case of internal section, PR and RQ are 
measured in the same direction, and their ratio (Art. 6) is to 
be counted as positive. But in the case of external section 
PR and RQ are measured in opposite directions, and their 
ratio is negative. 

Ex. 1. To find the coordinates of the middle point of the line joining the points 

x’y\ x"y"> 
Ails. X — 

x’ 4- x" _y’ + y 
y- 

Ex. 2. To find the coordinates of the middle points of the sides of the triangle, 
the coordinates of whose vertices are (2, 3), (4, — 5), (— 3,-6). 

Ans. \h,~ V), (-1,-1), (8,-1). 

Ex. 3. The line joining the points (2, 3), (4, —5) is trisected; to find the co¬ 
ordinates of the point of trisection nearest the former point. Ans. x = §, y = %. 

Ex. 4. The coordinates of the vertices of a triangle being x'y', x"y", x"'y'”, to 
find the coordinates of the point of trisection (remote from the vertex) of the line 
joining any vertex to the middle point of the opposite side. 

Ans. x = £ {x' + x" + x'"), y = i(y' + y" + y’")> 
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Ex. 5. To find the coordinates of the intersection of the bisectors of sides of the 

triangle, the coordinates of whose vertices are given in Ex. 2. Ans. x ~ 1, y = — §. 

Ex. 6. Any side of a triangle is cut in the ratio m : n, and the line joining this to 

the opposite vertex is cut in the ratio m + n : l; to find the coordinates of the point 

of section, A m __lx' + mx" + nx'" _ly’ + my" + ny'" 
CC — - ; * 2/ — ,-- o 

1 + m + n a l+m + n 

TRANSFORMATION OF COORDINATES.* 

8. When we know the coordinates of a point referred to 

one pair of axes, it is frequently necessary to find its co¬ 

ordinates referred to another pair of axes. This operation is 

called the transformation of coordinates. 

We shall consider three cases separately; first, we shall 

suppose the origin changed, but the new axes parallel to the 

old; secondly, we shall suppose the directions of the axes 

changed, but the origin to remain unaltered; and thirdly, we 

shall suppose both origin and directions of axes to be altered. 

First. Let the new axes be parallel to the old. 

Let Ox, Oy be 

the old axes, O'Xj 

O'Y the new axes* 

Let the coordinates 

of the new origin X 

referred to the old be 

x, y\ or O'8 — x\ 

O R — y. Let the 

old coordinates be 

a?, ?/, the new X, F, 

then we have 

OM = OR + RM, and PM = PN+ NM, 

that is x = x -f X, and y — y-f Y. 

These formulas are, evidently, equally true, whether the axes 

be oblique or rectangular. 

9. Secondly, let the directions of the axes be changed, while 

the origin is unaltered. 

* The beginner may postpone the rest of this chapter till he has read to the end 

of Art. 41. 
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Let the original axes be Ox, Oy, so that we have OQ = x, 

PQ = y. Let the new axes 

be OX, OF, so that we have 

ON= X, PN= Y. Let OX, 

OF make angles respectively 

a, /3, with the old axis of xi 

and angles of, /3' with the old 

axis of y; and if the angle 

xOy between the old axes be 
u , , . t O R a M x 

co, we have obviously a + a = g>, 

since XOx + XOy = xOy •, and in like manner ft + ft' = o>. 

The formulae of transformation are most easily obtained by 

expressing the perpendiculars from P on the original axes, in 
terms of the new coordinates and the old. Since 

PM=PQ smPQM, we have PM=y sina>. 

But also PM — NR + PS = ON sin A7OR -f PN sin PNSL 

Hence y sin co = X sin a + F sin ft. 

In like manner 

x sin co = X sin a' + F sin /S'; 

or x sin a) = X sin (a> — a) -f Y sin [co — ft). 

In the figure the angles a, ft, co are all measured on the 

same side of Ox\ and of, ft', co all on the same side of Qy. 

If any of these angles lie on the opposite side it must be given 

a negative sign. Thus, if 0 Y lie to the left of Oy, the angle 

ft is greater than co, and ft' (= w - ft) is negative, and therefore 

the coefficient of F in the expression for x since) is negative. 

This occurs in the following special case, to which, as the 

one which most frequently occurs in practice, we give a separate 
figure. 

To transform from a system of rectangular axes to a neio 
rectangular system making an angle 9 with the old. 

Here we have 

a = 6, ft = 90 + 9, 

a'= 90 -9, ft' = -6-, 
and the general formulae become 

y = X sin 9 + F cos 9, 

x = X cos 9 - F sin 9 j o MR x 



8 TRANSFORMATION OF COORDINATES. 

the truth of which may also be seen directly, since y — PS+NR, 

x — OR — 8Nj while 

PS=PN cos0, NR— ON sin#; OR = ON cos 0, SN= PN sin 0. 

There is only one other case of transformation which often 

occurs in practice. 

To transform from oblique coordinates to rectangular, retaining 

the old axis of x. 

We may use the general for¬ 

mulae making 

a = 0, /3 = 90, d = w, /3' — o) ~ 90. 

But it is more simple to inves¬ 

tigate the formulae directly. We 

have OQ and PQ for the old x and 

y, OM and PM for the new; and, since PQM— &>, we have 

Y=y sino), X — x + y cosco; 

while from these equations we get the expressions for the old 

coordinates in terms of the new 

y sin co = Yj x sino> = X sinto — Y cost*). 

10. Thirdly, by combining the transformations of the two 

preceding articles, we can find the coordinates of a point re¬ 

ferred to two new axes in any position whatever. We first find 

the coordinates (by Art. 8) referred to a pair of axes through 

the new origin parallel to the old axes, and then (by Art. 9) 

we can find the coordinates referred to the required axes. 

The general expressions are obviously obtained by adding x' 

and y to the values for x and y given in the last article. 

Ex. 1. The coordinates of a point satisfy the relation 

x2 + y2 — 4x — 6y = 18 j 

what will this become if the origin be transformed to the point (2, 3) ? 

Ans. Z2 + F2 = 31. 

Ex. 2. The coordinates of a point to a set of rectangular axes satisfy the 

relation y2 — x2 = 6; what will this become if transformed to axes bisecting the 

angles between the given axes ? Ans. XY = 3. 

Ex. 3. Transform the equation 2x2 — 5xy + 2y2 — 4 from axes inclined to each 

other at an angle of 60° to the right lines which bisect the angles between the 

given axes. Ans. X2 — 27F2 + 12 = 0. 

Ex. 4. Transform the same equation to rectangular axes, retaining the old axis 

of x. Ans. 3Z2 + 1072 —7ZF43 = 6, 
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Ex. 5. It is evident that when we Ghange from one set of rectangular axes to 

another, x2 + y- must = X- + F2, since both express the square of the distance of 

a point from the origin, Verify this by squaring and adding the expressions for 

X and Y in Art. 9. 

Ex. 6. Verify in like manner in general that 

x2 + y2 + cosxOy = X2 + F2 + 2AFcosXOY. 

If we write X sin a + Y sin /3 = L, X cos a + Y cos (3 = M. the expressions in Art. 9 

may be written y sin co = L, x sin co = M sin co — L cos co ; whence 

sin2to (x2 + y2 + 2xy cos a>) = [L2 + AT2) sin2w. 

But L2 + M2 = X2 + Y2 + 2XF cos (a — /3), and a — (3 = XOY. 

11. The degree of any equation between the coordinates is not 

altered by transformation of coordinates. 

Transformation cannot increase the degree of the equation ; 

for if the highest terms in the given equation be x"\ yv\ &c.y 

those in the transformed equation will be 

[x sina) + ajsin(ct)- a)-f?/ sin [co — /3)}m, (y' sin&> + # sin a -f y sin /3)r'\ 

&c.j which evidently cannot contain powers of x or y above the 

degree. Neither can transformation diminish the degree of 

an equation, since by transforming the transformed equation 

back again to the old axes, we must fall back on the original 

equation, and if the first transformation had diminished the 

degree of the equation, the second should increase it, contrary 

to what has just been proved. 

POLAR COORDINATES. 

12. Another method of expressing the position of a point 

is often employed. 

If we were given a fixed point 0, and a fixed line through it 

OB, it is evident that we should 

know the position of any point 

P, if we knew the length 0Py 

and also the angle FOB. The 

line OP is called the radius 

vector; the fixed point is called 

the pole; and this method is called the method of jpolar co~ 

ordinates. 

It is very easy, being given the x and y coordinates of a 
point, to find its polar ones, or vice versa. 

P 

0 
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First, let the fixed line 

coincide with the axis of a?, 

then we have 

OP\PM:: sinPIfO: sin POM] 

denoting OP by p, POM by 

0, and YOX by g>, then 

„ T p sim'1 
PM or y — — 

sin to 

and similarly, OM—x 
sin &) 

X 

For the more ordinary case of rectangular coordinates, 

a) == 90°, and we have simply 

x — p eos 6 and y = p sin 6. 

Secondly, let the fixed 

fine OB not coincide with the 

axis of a?, but make with it an 

angle = a, then 

POB=6 and POM=6-a, 

and we have only to substitute 6 — a for 6 in the preceding 

formulae. 

For rectangular coordinates we have 

x — p cos (0 — a) and y — p sin (6 — a). 

Ex. 1. Change to polar coordinates the following equations in rectangular co¬ 

ordinates . x2 + y2 — 5mx. Ans. p = 5m cos 0. 

x2 — y2 — a2. Ans. p2 cos 20 = a2. 

Ex. 2. Change to rectangular coordinates the following equations in polar co¬ 

ordinates: „2^0fl_0„2 AnS' xy-a2. p2 sin 20 = 2a2. 

p2 = a2 cos 20. 
1 x 

p* cos ^0 = a3. 

pk = a\ cos^0. 

Ans. (x2 + y2)2 = a2 (x2 — ?/2). 

a;2 + y2 = (2a — a:)2. 

Aras. (2a;2 + 2^2 — ax)2 — a2 (x2 + y2). 

13. To express the distance between two points, in terms of 

their polar coordinates. 

Let P and Q be the two points, 

OP=p\ POB=6 

0<2 = p", QOB = 6"; 

then = OP2+ OQ2-20P.OQ.cosPO Q, 

or S2 = p'2 + p"2 - 2p'p" cos ((9" - 0'). 
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CHAPTER II. 

THE RIGHT LINE. 

14. Any two equations between the coordinates represent 

geometrically one or more points. 

If the equations be both of the first degree (see Ex. 5, p. 4) 

they denote a single point. For solving the equations for 

x and y, we obtain a result of the form x = a, y = b, which, 

as was proved in the last chapter, represents a point. 

If the equations be of higher degree, they represent more 

points than one. For, eliminating y between the equations, 

we obtain an equation containing x only; let its roots be oq, 

a2, a8, &c. Now, if we substitute any of these values (cq) for 

x in the original equations, we get two equations in y^ which 

must have a common root (since the result of elimination be¬ 

tween the equations is rendered = 0 by the supposition x — cq). 

Let this common root be y = /3t. Then the values x = cq, y = /3,, 

at once satisfy both the given equations, and denote a point 

which is represented by these equations. So, in like manner, 

is the point whose coordinates are x = a2, y = /32, &c. 

Ex. 1. What point is denoted by the equations 3x + 5y = 13, 4x — y — 2 ? 

Ans. x = 1, y — 2 

Ex. 2. What points are represented by the two equations x2 + y2 = 5, xy — 21 

Eliminating y between the equations, we get x4 — 5x2 + 4 = 0. The roots of this 

equation are x2 = 1 and x2 — 4, and, therefore, the four values of x are 

x = + 1, x — — 1, x = + 2, x = — 2. 

Substituting these successively in the second equation, we obtain the corresponding 

values of y, 
y = + 2, y = - 2, y = + 1, y = - 1. 

The two given equations, therefore, represent tbe four points 

(+ 1, + 2), (— 1, — 2), (+ 2, + I), (— 2, — 1). 

Ex. 8. What points are denoted by the equations 

x - y - 1, x2 + y2 - 25 ? Ans. (4, 3), (- 3, - 4). 

Ex. 4. What points are denoted by the equations 

x2 — 5x + y + 3 = 0, x2 + y2 — ox — 3y + 6 = 0 ? 

4ns. (1, 1), (2, 3), (3, 3), (4, X). 
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15. A single equation between the coordinates denotes a 

geometrical locus. 

One equation evidently does not afford us conditions enough 

to determine the two unknown quantities x, y; and an inde¬ 

finite number of systems of values of x and y can be found which 

will satisfy the given equation. And yet the coordinates of 

any point taken at random will not satisfy it. The assemblage 

then of points, whose coordinates do satisfy the equation, forms 

a locus, which is considered the geometrical signification of 

the given equation. 

Thus, for example, we saw (Ex. 3, p. 4) that the equation 

{«-8)*+(y-B),-16 

expresses that the distance of the point xy from the point 

(2; 3) =4. This equation then is ati ned by the coordinates of 

any point on the circle whose centre is the point (2, 3), and 

whose radius is 4; and by the coordinates of no other point. 

This circle then is the locus which the equation is said to 

represent. 

We can illustrate by a still simpler example, that a single 

equation between the coordinates signifies a locus. Let us 

recall the construction by which (p. 1) we determined the 

position of a point from 

the twm equations x — a, 

y = b. We took OM=a] 

we drew MK parallel to 

OY‘ and then, measuring 

31 P — b, we found P, the 

point required. Had we 

been given a different value 

of y, x = a, y = V, we should 

proceed as before, and we 

should find a point F still situated on the line MK, but at 

a different distance from M. Lastly, if the value of y were 

left wholly indeterminate, and we were merely given the 

single equation x = a, we should know that the point P 

was situated somevjhere on the line MK, but its position in 

that line would not be determined. Hence the line MK is 

the locus of all the points represented by the equation x = a, 

Y K 

X 
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since, whatever point we take on the line MIC, the x of that 

point will always = a. 

16. In general, if we are given an equation of any degree 

between the coordinates, let us assume for x any value \\ e 

please (x^=cl), and the equation will enable us to determine 

a finite number of values of y answering to this particular 

value of a;; and, consequently, the equation will be satisfied for 

each of the points (p, q, r, &c.), whose x is the assumed value., 

and whose y is that found from the equation. Again, assume 

for x any other value 

(x = a)1 and we find, 

in like manner, ano¬ 

ther series of points, 

p, q, r, whose co¬ 

ordinates satisfy the 

equation. So again, 

if we assume x = a" 

or x — a", &c. Now, 

if x be supposed to 

take successively all 

possible values, the assemblage of points found as above will 

form a locus, every point of which satisfies the conditions of the 

equation, and which is, therefore, its geometrical signification. 

V\re can find in the manner just explained as many points 

of this locus as we please, until we have enough to represent 

its figure to the eye. 

Ex. 1. Represent in a figure* a series of points which satisfy the equation 

y — 2x + 3. 

Ans. Giving x the values — 2, — 1, 0, 1, 2, &c., we find for y, — 1, 1, 3, 5, 7, &c., 

and the corresponding points will be seen all to lie on a right line. 

Ex. 2. Represent the locus denoted by the equation y = x2 — 2>x — 2. 

Ans. To the values for x, — 1, — 0, 1, f, 2, f, 3, 4; correspond for 

y, 2, — — 2, — Y, — 4, — y, — 4, — y1, - 2, — 2. If the points thus denoted 

be laid down on paper, they will sufficiently exhibit the form of the curve, which may 

be continued indefinitely by giving x greater positive or negative values. 

Ex. 3. Represent the curve y = 3 + J(20 — x — x2). 

Here to each value of x correspond two values of y. No part of the curve lies to 

the right of the line x = 4, or to the left of the line x = — 5, since by giving greater 

positive or negative values to x. the value of y becomes imaginary. 

* The learner is recommended to use paper ruled into little squares, which is sold 

under the name of logarithm paper. 
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17. The whole science of Analytic Geometry is founded 

on the connexion which has been thus proved to exist between 

an equation and a locus. If a curve be defined by any 

geometrical property, it will be our business to deduce from that 

property an equation which must be satisfied by the coordinates 

of every point on the curve. Thus, if a circle be defined as 

the locus of a point (cc, y), whose distance from a fixed point 

(a, b) is constant, and equal to r, then the equation of the circle 

in rectangular coordinates is (Art. 4), 

(x — «)2 + (y - 1]* = P. 

On the other hand, it will be our business when an equation is 

given, to find the figure of the curve represented, and to deduce 

its geometrical properties. In order to do this systematically, 

we make a classification of equations according to their degrees, 

and beginning with the simplest, examine the form and pro¬ 

perties of the locus represented by the equation. The degree 

of an equation is estimated by the highest value of the sum 

of the indices of x and y in any term. Thus the equation 

xy 4- 2x + 3y = 4 is of the second degree, because it contains 

the term xy. If this term were absent, it would be of the 

first degree. A curve is said to be of the nth degree when the 

equation which represents it is of that degree. 

We commence with the equation of the first degree, and we 

shall prove that this always represents a right line, and, 

conversely, that the equation of a right line is always of the 

first degree. 

18. We have already (Art. 15) interpreted the simplest case 

of an equation of the first degree, namely, the equation x = a. 

In like manner, the equation y— b represents a line PN parallel 

to the axis 0X, and meeting the axis OY at a distance from 

the origin ON—b. If we suppose b to be equal to nothing, 

we see that the equation y = 0 denotes the axis OX; and in 

like manner that x = 0 denotes the axis OY. 

Let us now proceed to the case next in order of simplicity, 

and let us examine what relation subsists between the co¬ 

ordinates of points situated on a right line passing through 

the origin. 
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If we take any point P 

on such a line, we see that 

both the coordinates PM, 

OM, will vary in length, 

but that the ratio PM: OM 

will be constant, being = 

to the ratio 

sin POM : sin MPO. 

Hence we see that the 

equation 

sin POM 

V~ sin MPO X 

will be satisfied for every 

point of the line OP, and 

therefore this equation is said to be the equation of the line OP 

Conversely, if we were asked what locus was represented 

by the equation 
y — mx, 

write the equation in the form - — m, and the question is: “To 

find the locus of a point P, such that, if we draw PM, PN 

parallel to two fixed lines, the ratio PM: PN may be constant.” 

Now this locus evidently is a right line OP, passing through 

0, the point of intersection of the two fixed lines, and dividing 

the angle between them in such a manner that 

sin POM = m sin PON. 

If the axes be rectangular, sin P0N= cos POM] therefore, 

ra = tanPOdi, and the equation y — mx represents a right line 

passing through the origin, and making an angle with the 

axis of x, whose tangent is m. 

19. An equation of the form y — + rax will denote a line 

OP, situated in the angles YOX, Y'OX'. For it appears, 

from the equation y = + mx, that whenever x is positive y 

will be positive, and whenever x is negative y will be negative. 

Points, therefore, represented by this equation must have their 

coordinates either both positive or both negative, and such 

points we saw (Art. 3) lie only in the angles YOX, Y'OX!. 

Y 
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On the contrary, in order to satisfy the equation y = — mx, 

if x be positive y must be negative, and if x be negative y 

must be positive. Points, therefore, satisfying this equation 

will have their coordinates of different signs• and the line 

represented by the equation, must, therefore (Art. 3), lie in the 

angles Y'OX, YOX'. 

20. Let us now examine how to represent a right line PQ, 

situated in any manner 

with regard to the axes. 

Draw OR through 

the origin parallel to PQ, 

and let the ordinate PM 

meet OR in R. Now it 

is plain (as in Art. 18), 

that the ratio RM : OM 

will be always constant 

(.RM always equal, sup¬ 

pose, to m.OM); but the ordinate PM differs from RM by 

the constant length PR = (JQ, which we shall call b. Hence 
we may write down the equation 

PM = RM + Pi?, or PM = m. OM + PR, 

that is y = mx + b. 

The equation, therefore, y — mx + b, being satisfied by every 

point of the line PQ, is said to be the equation of that line. 

It appears from the last Article, that m will be positive or 

negative according as OR, parallel to the right line PQ, lies in 

the angle YOX, or Y'OX. And, again, b will be positive 

or negative according as the point Q, in which the line meets 
OY, lies above or below the origin. 

Conversely, the equation y = mx-\-b will always denote a 

right line; for the equation can be put into the form 

x 

Now, since if we draw the line Q T parallel to OM, TM will 

be =b, and PT therefore =y — b, the question becomes: “To 

find the locus of a point, such that, if we draw PT parallel 

to OY to meet the fixed line QT\ PT may be to QT in a 

Y 
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constant ratioand this locus evidently is the right line PQ 

passing through Q. 

The most general equation of the first degree, Ax-bBy-b C=0% 

can obviously be reduced to the form y = mx +- 6, since it is 

equivalent to 

A G 

y=~Bx'B5 

this equation therefore always represents a right line. 

Y 

21. From the last Articles we are able to ascertain the 

geometrical meaning of the constants in the equation of a 

right line. If the right line represented by the equation 

y = mx + b make an angle = a with the axis of and = j3 

with the axis of y) then (Art. 18) 

m — 
sina 

sin (3 

and if the axes be rectangular, m = tana. 

We saw (Art. 20) that b is the intercept which the line cuts 

off on the axis of y. 

If the equation be given in the general form Ax-b By + (7=0, 

we can reduce it, as in the last Article, to the form y — mx + &, 

and we find that 
A sina 

~ B = sm/3 ’ 
G 

or if the axes be rectangular = tana; and that -is the 

length of the intercept made by the line on the axis of y. 

Coe. The lines y = mx -f &, y = mx + b' will be parallel to 

each other if m = m , since then they will both make the same 

angle with the axis. Similarly the lines Ax + By -f G = 0, 

A'x + B'y H- C' = 0, will be parallel if 

A _ A 
B~ B" 

Beside the forms Ax 4 By + (7 = 0 and y — mx + &, there 

are two other forms in which the equation of a right line 

is frequently used; these we next proceed to lay before the 

reader. 

D 
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A A 
A G, q 

22. To express the equation of a line MN in terms of the 

intercepts OM = a, ON — h which it cuts off on the axes. 

We can derive this from the form already considered 

A B 
Ax + By -f G — 0, or x -f —7 y 4-1 = 0-. 

This equation must be satisfied by the coordinates of every 

point on MN, and there- 

fore by those of M, which 

(see Art. 2) are x = Oj 

y = 0. Hence we have 

_ 1 
3 

a 

In like manner, since 

the equation is satisfied 

by the coordinates of Ny 

(x = 0, y — h), we have 

B_ _ ! 

o~ V 
Substituting which values in the general form, it becomes 

x y 
- + f =1. ■ ^ 
a b v 

This equation holds whether the axes be oblique or rect¬ 

angular. 

It is plain that the position of the line will vary with the 

signs of the quantities a and h For example, the equation 

—f = 1, which cuts off positive intercepts on both axes, re- 

dC 7J 
presents the line MN on the preceding figure;-j — 1, cutting 

Cl 0 

off a positive intercept on the axis of a?, and a negative in¬ 

tercept on the axis of y, represents MN'. 

CC y 
Similarly, — - -4 | = 1 represents NMf; 

and * y 
a 

— 1 represents M'N'. 

By dividing by the constant term, any equation of the first 

degree can evidently be reduced to some one of these four forms. 
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Ex. 1. Examine the position of the following lines, and find the intercepts they 

make on the axes : 
2x — 2y = 7; Bx + 4y + 9 = 0; 

3x + 2y = 6; 4y — 5x = 20. 

Ex. 2. The sides of a triangle being taken for axes, form the equation of the line 

joining the points which cut off the mth part of each, and shew, by Art. 21, that it 

is parallel to the base. x v l 
Ans. -+! = -. 

si. h nr). 

23. To express the equation of a right line in terms of the 

length of the perpendicular on it from the origin, and of the 

angles which this perpendicular makes with the axes. 

Let the length of the perpendicular OP—p, the angle POM 

which it makes with the axis of x = a, 

PON =13, OM = «, ON=k. 

We saw (Art. 22) that the equa¬ 

tion of the right line MN was 

x y . 
-+f = L 
a b 

Multiply this equation by p, and we 

have 
P V - x + y y =p. 
a b 

But - =cosa, % = cos/3; therefore the equation of the line is 
a b 

x cos a + y cos/3 =p. 

In rectangular coordinates, which we shall generally use, we 

have /3 = 90° — a; and the equation becomes x cos a + y sin a — p. 

This equation will include the four cases of Art. 22, if we 

suppose that a may take any value from 0 to 360°. Thus, for 

the position NM\ a is between 90° and 180°, and the coefficient 

of x is negative. For the position M'N\ a is between 180° and 

270°, and has both sine and cosine negative. For MN\ a is 

between 270° and 360°, and has a negative sine and positive 

cosine. In the last two cases, however, it is more convenient 

to write the formula x cosa + y sin a = —p1 and consider a to 

denote the angle, ranging between 0 and 180°, made with the 

positive direction of the axis of a?, by the perpendicular pro¬ 

duced. In using, then, the formula x cosa + y sin a =p, we 

suppose p to be capable of a double sign, and a to denote the 
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angle, not exceeding 180°, made with the axis of x either by 

the perpendicular or its production. 

The general form Ax ■+ By + C= 0, can easily be reduced 

to the form x cos a -1- y sin a =p; for, dividing it by f[A2 + j32), 

we have 
A B C 

V(A2 + B2) X + f(A2 + B2) y + f{A2 + B2) ~ 0e 

But we may take 

A 
= cos a, and 

B 

>J{A‘ + B‘) " ’ + B‘) sm a> 

since the sum of squares of these two quantities = 1. 

Hence we learn that 
A 

and 
B 

are re* 
f(A2 + B2) VOA2 + B“) 

spectively the cosine and sine of the angle which the per- 

pendicular from the origin on the line (Ax + By +(7=0) makes 

G 
with the axis of a?, and that + B1) *S 

perpendicular. 

**24. To reduce the equation Ax-\-By+ (7=0 (re,erred to 

oblique coordinates) to the form x cosa + ?/ cos/3 —p. 

Let us suppose that the given equation when multiplied 

by a certain factor B is reduced to the required form, then 

BA = cos a, BB = cos/3. But it can easily be proved that, if a 

and /3 be any two angles whose sum is ©, we shall have 

cos2a + cos2/3 — 2 cos a cos/3 cos© = sin2©. 

Hence B2 (A2 + B2 — 2AB cos ©) = sin2©, 

and the equation reduced to the required form is 

A sin © B sin © 

f(A2+ B2 -2AB cos ©) X V(H2 + B2 — 2AB cos ©) y 

G sin w _ 

+ 24-Bcosw) _ 
And we learn that 

A sin © B sin ©^_ 

V(A2 + B2 — 2AB cos ©) ? f(A2+ B2 - 2AB cos ©)? 

* Articles and Chapters marked with an asterisk may he omitted on a first reading. 
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are respectively the cosines of the angles that the perpendicular 

from the origin on the line Ax -f- By + (7=0 makes with the 

C sin « . . 
2 Tyi ^ a t~> v toe 
+ B - 2AB cos a*) 

of this perpendicular. This length may be also easily cal¬ 

culated by dividing the double area of the triangle NOM, 

(ON. OM sin ©) by the length of MN., expressions for which 

are easily found. 

The square root in the denominators is, of course, susceptible 

of a double sign, since the equation may be reduced to either 

of the forms 

x cos a + y cos j3 —p = 0, x cos (a + 180°) -1- y cos (j3 + 180°) + p = 0. 

axes of x and y; and that 

25. To find the angle between two lines whose equations with 

regard to rectangular axes are given. 

The angle between the lines is manifestly equal to the angle 

between the perpendiculars on the lines from the origin; if 

therefore these perpendiculars make with the axis of x the 

angles a, a', we have (Art. 23) 

A 
cos a = 

cos a = 

B 

V (A2 + Bz) 

A' 

-; sin a = 
V(H7 + &) 

B 

•i\ j 

+ B“) ’ sm a " V(.A-‘ + B"‘) • 

BA' - AB' 
Hence sin (a — a) = 

cos (a — a) = 

and therefore tan (a — a) — 

V(H2 -j- Bl) VC^-'2 4- ? 

A A' + BB 

*J(A2 + B) ^/(A,2 + B'2)’ 

BA' - AB' 

A A' + BB' ’ 

Coe. 1. The two lines are parallel to each other when 

BA'-AB' = 0 (Art 21), 

since then the angle between them vanishes. 

Coe. 2. The two lines are perpendicular to each other when 

AA' + BB' = 0, since then the tangent of the angle between 

them becomes infinite. 
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If the equations of the lines had been given in the form 

y — mx + 5, y = mx + V; 
% > 

since the angle between the lines is the difference of the angles 

they make with the axis of a?, and since (Art. 21) the tangents 

of these angles are m and m\ it follows that the tangent of the 
t _ gyt 

required angle is --,; that the lines are parallel if m = m \ 
1 ° 1 -f mm 1 

and perpendicular to each other if mm +1=0. 

*26. To find the angle between two lines, the coordinates being 

oblique. 

We proceed as in the last article^ using the expressions of 

Art. 2d, 

consequently^ 

cos a = 

cos a = 

sin a = 

sm a = 

Hence 

sin (a — a') = 

A sin « 

f(A2 + Bl — 2AB cos ft>) ’ 

A' sin ft) 

V(A'2 + B'2 - 2AB cos w) ’ 

B— A cos &) 

V(A2 + ; 

B' — A' cos w 

V(A'2 + £'2-2A'£' cos w) ° 

[BA’ -A B') sin « 

V(A2 + B2 - 2AB cos &)) V(A'2 4- B'2 - 2 A'F cos w) 5 

+ A A' - (A# + AB) cos « 
cos (a a) — + £,_ 2AB cos ^ + _ 2AB cos ^ 1 

(I?A' — A Z?') sin a) 
tan (a — oc) —1 . t^ ^ Fy r> n « 

v 1 AA + ~ (A2? + BA) cos w 

y Cor. 1. The lines are parallel if BA' = AB'. 

Cor. 2. The lines are perpendicular to each other if 

AA' + BB = {AB' + BA') cos 00. 

27. A right line can be found to satisfy any two conditions. 

Each of the forms that we have given of the general equa¬ 

tion of a right line includes two constants. Thus the forms 

y = mx-\-bj x cos a +y sina=^, involve the constants m and 5, 

p and a. The only form which appears to contain more con- 
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stants is Ax + By + (7=0; but in this case we are concerned not 

with the absolute magnitudes, but only with the mutual ratios 

of the quantities A, B, C. For if we multiply or divide the 

equation by any constant it will still represent the same line: 

we may divide therefore by (7, when the equation will only 

A B 
contain the two constants . Choosing, then, any of these 

0 O 

forms, such as y — mx + 5, to represent a line in general, we 

may consider m and b as two unknown quantities to be deter¬ 

mined. And when any two conditions are given we are able 

to find the values of m and 5, corresponding to the particular 

line which satisfies these conditions. This is sufficiently illus¬ 

trated by the examples in Arts. 28, 29, 32, 33. 

28. To find the equation of a right line 'parallel to a given 

one, and passing through a given point xy. 

If the line y = mx + b be parallel to a given one, the con¬ 

stant m is known (Cor., Art. 21). And if it pass through a 

fixed point, the equation, being true for every point on the line, 

is true for the point xy\ and therefore we have y — mx + 5, 

which determines b. The required equation then is 

y = mx -f y — mx ) or y — y = m (x — x). 

If in this equation we consider m as indeterminate, we 

have the general equation of a right line passing through the 

point xy. 

y' 

29. To find the equation of a right line passing through two 

jixea points xy , x y . 

We found, in the last article, that the general equation of 

a right line passing through xy is one which may be written 

in the form 

where m is indeterminate. But since the line must also pass 

through the point xy \ this equation must be satisfied when 

the coordinates x \ y"t are substituted for x and y ; hence 
n f 

v -y 
// / = m. 

x - X 
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Substituting this value of m, the equation of the line becomes 

y-y _ y" - y 
t // / • 

/■y* . /y» ry* __ /y» 
lA/ tV tX/ 

In this form the equation can be easily remembered, but, 

clearing it of fractions, we obtain it in a form which is some¬ 

times more convenient, 
ft M\ ft tr\ , f tt t ft 
[y — y ) sc — [x — x ) y xy —yx =0. 

The equation may also be written in the form 

{x-x'){y- y") = (x- x") (y - y1). 

For this is the equation of a right line, since the terms xy, 

which appear on both sides, destroy each other; and it is 

satisfied either by making x — x, y — y\ or x—x\ y = y' 

Expanding it, we find the same result as before. 

Coe. The equation of the line joining the point xy to the 

origin is yx = xy. 

Ex. 1. Form the equations of the sides of a triangle, the coordinates of whose 

vertices are (2, 1), (3, — 2), (— 4, — 1). Ans. x 4- 7y + 11 = 0, 3y — x = 1, 3x + y = 7. 

Ex. 2. Form the equations of the sides of the triangle formed by (2, 3), (4, — 5), 

(— 3, — 6). Ans. x — ly = 39, 9# — 5y = 3, 4a; + y = 11, 

Ex. 3. Form the equation of the line joining the points 

x 
, , , mx + nx my + ny 
V and - , —--i- . 

m + n m + n 

Ans. (y' — y") x — (x' — x”) y + x’y" — y'x" — 0. 

Ex. 4. Form the equation of the line joining 

, , „ x" + x'" y" + y"’ 
x'y' and —--, a— ^ . 

Ans. {y" + 2i” ~ 2y') x - (x" + x'" - 2x’) y + x"y’ - y"x' + x'"y' - y’"x’ = 0. 

Ex. 5. Form the equations of the bisectors of the sides of the triangle described 

in Ex. 2. Ans. 17x — 3y — 25, 7x + 9y + 17 = 0, 5x — 6y = 21, 

Ex. 6. Form the equation of the line joining 

lx’ — mx" ly' — my" lx' — nx"' ly' — ny"' 

l — m ’ l - m ° l — n ’ l — n 

Ans. x {l{m — n) y’+ m(n — l) y"+ n(l — m) y'"} — y [l(m— n) x'+m(n — T)x”+ n[l—m)x"'} 

= Im {y'x" - x'y") + mn {y"x"' - x"y'") + nl {y"'x' - y’x'"). 

30. To find the condition that three points shall lie on one 

right line. 

We found (in Art. 29) the equation of the line joining two 

of them, and we have only to see if the coordinates of the 

third will satisfy this equation. The condition, therefore, is 

(»/, - yJ - *,) Vz + (x,y-z - x*Vi)=°> 
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which can be put into the more symmetrical form 

y, (*, - *3)+&■(*.-* 1) + ys fc - *.) = °* 

31. To find the coordinates of the point of intersection of two 

right lines whose eguations are given. 

Each equation expresses a relation which must be satisfied by 

the coordinates of the point required ; we find its coordinates, 

therefore, by solving for the two unknown quantities x and y) 

from the two given equations. 

We said (Art. 14) that the position of a point was deter¬ 

mined, being given two equations between its coordinates. The 

reader will now perceive that each equation represents a locus on 

which the point must lie, and that the point is the intersection of 

the two loci represented by the equations. Even the simplest 

equations to represent a point, viz. x = u, y — h^ are the equa¬ 

tions of two parallels to the axes of coordinates, the intersection 

of which is the required point. When the equations are both 

of the first degree they denote but one point; for each equation 

represents a right line, and two right lines can only intersect in 

one point. In the more general case, the loci represented by 

the equations are curves of higher dimensions, which will inter¬ 

sect each other in more points than one. 

Ex. 1. To find the coordinates of the vertices of the triangle the equations of 

whose sides are x + y — 2; x — By = 4; 3x + by + 7 = 0. 

Ans. (- ^ - of), (y, - V), (h - *). 

Ex. 2. To find the coordinates of the intersections of 

3x + y — 2 = 0 ; x + 2y — 5 ; 2x — % + 7 = 0. 

Ans, (u ¥), (_ tf), (- i, V). 

Ex. 3. Find the coordinates of the intersections of 

2x + 3y = 13 • 5x — y — 7 ; x — Ay -f 10 = 0. 

Ans. They meet in the point (2, 3). 

Ex. 4. Find the coordinates of the vertices, and the equations of the diagonals, 

of the quadrilateral the equations of whose sides are 

2y-3x= 10, 2y + x = 6, 16x - 10y - 33, 12a: + 14y + 29 = 0. 

Ans. (- 1, |), (3, f), (i, - f), (-3, £) j 6y - x = 6, 8* + 2y + 1 = 0. 

* In using this and other similar formulae, which we shall afterwards have occasion 

to employ, the learner must he careful to take the coordinates 

in a fixed order (see engraving). For instance, in the second member 

of the formula just given, y2 takes the place of yu x3 of x2, and aq r 

of x3. Then, in the third member, we advance from _?/2 to y3, from 

or3 to .r,, and from aq to x„, always proceeding in the order iust 
indicated. 

E 
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Ex. 5. Eind the intersections of opposite sides of the same quadrilateral, and the 

equation of the line joining them. Ans. (83, 2^s), (— y, Yb*)> 162^ — 199a: = 4462. 

Ex. 6. Find the diagonals of the parallelogram formed by 

x — a. x — a', y — b, y — b’. 

Ans. (b — b*) x — (a — a') y = a’b — aV; (b — br) x + (a — a') y — ah — a'b'- 

Ex. 7. The axes of coordinates being the base of a triangle and the bisector of 

the base, form the equations of the two bisectors of sides, and find the coordinates 

of their intersection. Let the coordinates of the vertex be 0, y\ those of the base 

angles xf, 0; and — x', 0. 
Ans. 3x’y — y’x — x'y' = 0; 3x’y + y’x — x’y’ — 0 ; 

Ex. 8. Two opposite sides of a quadrilateral are taken for axes, and the other 

two are 
x y . x y 

2a + 2b~1’ 2a' + 2b' ~ 15 

find the coordinates of the middle points of diagonals. Ans. (a, b'), (a', b). 

Ex. 9. In the same case find the coordinates of the middle point of the line 

joining the intersections of opposite sides. 

Ans. ———, ——tt—‘ ~ ) and the form of the result shows (Art. 7) 
ab — ab ab — ab ' 

that this point divides externally, in the ratio a'b : ab\ the line joining the two middle 

points (a, b'), (a', b). 

32. To find the equation to rectangular axes of a right line 

passing through a given pointy and perpendicular to a given line, 

y = mx + h. 

The condition that two lines should be perpendicular, being 

mrri = - 1 (Art. 25), we have at once for the equation of the 

required perpendicular 

It is easy, from the above, to see that the equation of the per¬ 

pendicular from the point xy on the line Ax -f By + C = 0 is 

A {y-yf)=B{x-x'), 

that is to say, we interchange the coefficients of x and y, and alter 

the sign of one of them. 

Ex. 1. To find the equations of the perpendiculars from each vertex on the 

opposite side of the triangle (2, 1), (3, — 2), (— 4, — 1). 

The equations of the sides are (Art. 29, Ex. 1) 

x + ly + 11 = 0, 3y — x = 1, 3x + y = 7 j 

and the equations of the perpendiculars 

7x — y — 13, 3x + y — 7, 3y — x — 1. 

The triangle is consequently right-angled. 

Ex. 2. To find the equations of the perpendiculars at the middle points of the 

Side of the same triangle. The coordinates of the middle points being 

(- h - *), (- 1, 0), (f, - *). 
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The perpendiculars are 

lx — ^ + 2 = 0, 3a; + y + 3 = 0, 3?/ — 35 + 4 = 0, intersecting in (— |, — |). 

Ex. 3. Find the equations of the perpendiculars from the yertices of the triangle 

(2, 3), (4, - 5), (- 3, - 6) (see Art. 29, Ex. 2). 

Ans. lx + y = 17, 5x + 9y + 25 = 0, x — Ay — 21; intersecting in (|f, - ^). 

Ex. 4. Find the equations of the perpendiculars at the middle points of the sides 

of the same triangle. 

Ans. lx + y + 2 = 0, bx + 9y + 16 = 0, x — Ay = 7; intersecting in (— — ££)• 

Ex. 5. To find in general the equations of the perpendiculars from the vertices on 

the opposite sides of a triangle, the coordinates of whose vertices are given. 

Ans. (x" - x‘") x + {y" - «“*) y + (x’x'" + y’y'" ) - (x'x" + y'y" ) = 0, 

(X"‘ -xf)x+ (y"‘ -y‘)y + (x"x' + y"y’ ) - (x"x"' + y"y"') = 0, 

(.x' -x")x+ {y' -y")y+ (x’"x” + yl"yn) - (x"’x' + y"'y’) = 0. 

Ex. 6. Find the equations of the perpendiculars at the middle points of the sides. 

Ans. {x" - x'H) x + {]/' - y'n) i/ = i (x"2 - x'"2) + \ (;y"2 - y"'2), 

{*"' -x')x + (y"' -y’ )y- \ {x'"2 -■ ) + * (y'"2 - y'2 ), 
(x' -x")x+(y' -y")y = $(x'2 -x"2)+l(y'2 -y"2). 

Ex. 7. Taking for axes the base of a triangle and the perpendicular on it from 

the vertex, find the equations of the other two perpendiculars, • and the coordinates 

of their intersection. The coordinates of the vertex are now (0, y'), and of the 

base angles (x", 0), (— x"‘, 0). 

Ans. x'" {x — x") + y'y = 0, x" {x + x'") — y'y — 0, ^0, - , J. 

Ex. 8. ITsing the same axes, find the equations of the perpendiculars at the middle 

points of sides, and the coordinates of their intersection. 

Ans. 2 {x'"x+y,y)—y'2—x'"2, 2 (x"x—y'y)=x"2—y'2, 2x—x"—x"’, 
x" — x'" y' 2-x"~'"' X \ 

~ r 
Ex. 9. Form the equation of the perpendicular from x'y' on the line x cos a+ysin a ~p; 

and find the coordinates of the intersection of this perpendicular with the given line. 

Ans. {x' + COS a (p — x' cos a — y' sin a), y' + sin a (p — x' cos a — y' sin a)}. 

Ex. 10. Find the distance between the latter point and x'y'. 

Ans. ±{p — x' cos a — y' sin a). 

33. To find the equation of a line passing through a given 

point and making a given angle with a given line y — rnx + h 

(ithe axes of coordinates being rectangular). 

Let the equation of the required line be 

y —y — in' [x — x)^ 

and the formula of Art. 25, 

tan</> = 
m — m 

1 + mm! } 

enables us to determine 

m — tan cf> 

1 + m tan (j> ' 
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34. To find the length of the perpendicular from any point 

xy on the line whose equation is x cos a + y cos /5 —p — 0. 

We have already indicated (Ex. 9 and 10, Art. 32) one way 

of solving this question, and 

we wish now to shew how the 

same result may be obtained 

geometrically. From the given 

point Q draw QR parallel to 

the given line, and QS perpen¬ 

dicular. Then OK=x\ and 

OT will be —x cosa. Again? 

since SQK = /5, and QK=y\ 

RT= QS=y' cos/5; 

hence x cosa -\-y cos/5 = OR. 

Subtract OP, the perpendicular from the origin, and 

x cos a + y cos/5 —p = PR = the perpendicular Q V. 

But if in the figure the point Q had been taken on the side 

of the line next the origin, OR would have been less than OP, 

and we should have obtained for the perpendicular the expression 

p — x cos a — y cos /5; and we see that the perpendicular changes 

sign as we pass from one side of the line to the other. If we 

were only concerned with one perpendicular, we should only 

look to its absolute magnitude, and it would be unmeaning to 

prefix any sign. But if we were comparing the perpendiculars 

from two points, such as Q and P, it is evident (Art. 6) that the 

distances Q F, PI7, being measured in opposite directions, must 

be taken with opposite signs. We may then at pleasure choose 

for the expression for the length of the perpendicular either 

±{p — x cosa - y cos/5). If we choose that form in which the 

absolute term is positive, this is equivalent to saying that the 

perpendiculars which fall on the side of the line next the origin 

are to be regarded as positive, and those on the other side as 

negative; and vice versa if we choose the other form. 

If the equation of the line had been given in the form 

Ax + By + C = 0, we have only (Art. 24) to reduce it to the 

form 

x cos a 4- y cos /5 — p — 0, 
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and the length of the perpendicular from any point xy 

_ Ax' 4 By' 4 G (Ax' + By' 4 0) sin « 

“ + B‘) ’ °r + -B2- 2AB cos a) ’ 

according as the axes are rectangular or oblique. By comparing 

the expression for the perpendicular from xy with that for the 

perpendicular from the origin, we see that xy lies on the same 

side of the line as the origin when Ax 4 By 4 C has the same 

sign as (7, and vice versa. 

The condition that any point xy' should be on the right line 

Ax -f By ■+■ G— 0, is, of course, that the coordinates xy should 

satisfy the given equation, or 

Ax' 4 By 4 G= 0. 

And the present Article shows that this condition is merely the 

algebraical statement of the fact, that the perpendicular from 

the point xy' on the given line is = 0. 

Ex. 1. Find the length of the perpendicular from the origin on the line 

3x + 4y + 20 = 0f 

the axes being rectangular. Ans. 4. 

Ex. 2. Find the length of the perpendicular from the point (2, 3) on 2x + y — 4 = 0. 
3 

Ans. -7= , and the given point is on the side remote from the origin. 
Jo 

Ex. 3. Find the lengths of the perpendiculars from each vertex on the opposite 

side of the triangle (2, 1), (3, — 2), (—4, — 1). 

Ans. 2 4(2), 4(10), 2 4(10), and the.origin is within the triangle. 

Ex. 4. Find the length of the perpendicular from (3, — 4) on 4x + 2y = 7, the 

angle between the axes being 60°. 

Ans. f , and the point is on the side next the origin. 

Ex. 5. Find the length of the perpendicular from the origin on 

a {x — a) + b {y — b) = 0. Ans. 4(a2 + W). 

35. To find the equation of a line bisecting the angle between 

two lines, x cos a 4 y sin a — qp = 0, x cos /3 4 y sin /3 —jp = 0. 
We find the equation of this line most simply by expressing 

algebraically the property that the perpendiculars let fall from 

any point xy of the bisector on the two lines are equal. This 

immediately gives us the equation 

x cos a 4 y sin a — p = ±(x cos j3 4 y sin (3 — p'), 

since each side of this equation denotes the length of one of 

those perpendiculars (Art. 34). 
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If the equations had been given in the form Ax + By + C= 0, 
A'x -f By + C' = 0, the equation of a bisector would be 

Ax + By+G_ A’z + B'y+C' 
V(A2 + B‘) -± V+ B2) * 

It is evident from the double sign that there are two bisectors: 
one such that the perpendicular on what we agree to consider 
the positive side of one line is equal to the perpendicular on 
the negative side of the other; the other such that the equal 
perpendiculars are either both positive or both negative. 

If we choose that sign which will make the two constant 
terms of the same sign, it follows, from Art. 34, that we shall 
have the bisector of that angle in which the origin lies; and if 
we give the constant terms opposite signs, we shall have the 
equation of the bisector of the supplemental angle. 

Ex. 1. Reduce the equations of the bisectors of the angles between two lines to 
the form x cos a + y sin a = p. 

Ans. X cos {| (a + /3) + 90°} + y sin {£ (a + /3) + 90°} = ^ > 

X cos Ha + /3) + y sin J (« + (fqs)' 

Ex. 2. Find the equations of the bisectors of the angles between 

3x + \.y — 9 = 0, 12a; + by — 3 = 0. 

Ans. 7x — 9y + 34 = 0, 9a; + 7y— 12, 

36. To find the area of the triangle formed by three points. 
If we multiply the length of the line joining two of the 

points, by the perpendicular on that line from the third point, 
we shall have double the area. Now the length of the perpen¬ 
dicular from x3ys on the line joining xxy^ xjy^ the axes being 
rectangular, is (Arts. 29, 34) 

(y, - x> - (*, - g,) v,+y, - 
V((y,-&)* + (*,-a;/} * 

and the denominator of this fraction is the length of the line 
joining ay/2, hence 

y> (*. - *.)+% (*, - *,) + y, (*, - *,) 
represents double the area formed by the three points. 

If the axes be oblique, it will be found, on repeating the 
investigation with the formulae for oblique axes, that the only 
change that will occur is that the expression just given is to be 
multiplied by sin co. Strictly speaking, we ought to prefix to 
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these expressions the double sign implicitly involved in the 

square root used in finding them. If we are concerned with 

a single area we look only to its absolute magnitude without 

regard to sign. But if, for example, we are comparing two 

triangles whose vertices #3y3, cc4y4, are on opposite sides of the 

line joining the base angles xxyx, xgj^ we must give their areas 

different signs; and the quadrilateral space included by the four 

points is the sum instead of the difference of the two triangles. 

Cor. 1. Double the area of the triangle formed by the lines 

joining the points xxyx, ay/2 to the origin is y,xz — y2xx, as appears 

by making x3 = 0, y3 = 0, in the preceding formula. 

Cor. 2. The condition that three points should be on one 

right line, when interpreted geometrically, asserts that the area 

of the triangle formed by the three points becomes = 0 (Art. 30). 

37. To express the area of a polygon in terms of the co¬ 

ordinates of its angular points. 

Take any point xy within the polygon, and connect it with 

all the vertices xxyx, xi2y2...xnyn; then evidently the area of the 

polygon is the sum of the areas of all the triangles into which 

the figure is thus divided. But by the last Article double these 

areas are respectively 

®(yi -y,)-yfa -*,)+*iy, -*„y,> 

®(y, -y?)-y{xi ~x»)+xJh 

®(ya -yJ-yfo ~xi)+xJh -x.y3, 

x (y,., - y.) - y (*-. - *»)+x.-,y. - *„y„-,» 
®(y„ -y,)-yixn -*,) + *„y, -*,y„- 

When we add these together, the parts which multiply x and y 

vanish, as they evidently ought to do, since the value of the total 

area must be independent of the manner in which we divide it 

into triangles; and we have for double the area 

(*.& - ®sy,) + foy, - *3%) + (*3y4 - x.y3) + • • • foy, - *,y.). 
This may be otherwise written, 

xi (y,-yj + x2 (y. - y.) + (y4 - y„) +—*. (y, - y„-,)> 
or else 

y. (*.-*.) +y. +y3(-r2- *4) +—y.(*.-> -*.)• 
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Ex. 1. Find the area of the triangle (2, 1), (3, — 2), (— 4, — 1). Ans. 10. 

Ex. 2. Find the area of the triangle (2, 3), (4, — 5), ( — 3, — 6). Ans. 29. 

Ex. 3. Find the area of the quadrilateral (1, 1), (2, 3), (3, 3), (4, 1). Ans. 4. 

38. To find the condition that three right lines shall meet in 
a point. 

Let their equations be 

Ax 4 By 4 G = 0, A'x 4 B'y 4- C' = 0, A'x -f B"y 4 C" = 0. 

If they intersect, the coordinates of the intersection of two of 

them must satisfy the third equation. But the coordinates of 

BC’-B'C CA-C'A 
the intersection of the first two are 

AB - A'B ’ AB - A'B' 
Substituting in the third, we get, for the required condition, 

A" {BG' — B'G) + B" {GA - G'A) 4 C" {AB' - A'B) = 0, 

-which may be also written in either of the forms 

A (BG" - B"C') + B{ G'A" - G"A') 4 G{A'B" - A'B') = 0, 

A [B'G" - B"Gr) 4 A {B"G- BG") 4 A" {BG' - B'C) = 0. 

#39. To find the area of the triangle formed by the three lines 
Ax + By + (7=0, A'x + B'y + G' — 0, A'x + B"y 4 C" = 0. 

By solving for x and y from each pair of equations in turn 

we obtain the coordinates of the vertices, and substituting 

them in the formula of Art. 36 we obtain for the double area 

the expression 

BG' -B'G \AG" -G'A" A"C- G"A) 
AB' - BA \ B'A" - AB" B"A - A'B) 

BG" - B"C' (A"G- C"A AC' - GA') 
+ AW' - WA7' tB'A - A'B BA - AB'\ 

B"C— BC" (AC' - CA A'C"-C'A"} 
+ All-B.l {BA - AB’ B’A"-AB") ‘ 

But if we reduce to a common denominator, and observe that 

the numerator of the fraction between the first brackets is 

{A" {BG' -B'C) + A {B' G" - B" G') 4 A {B"G- C"B)} 

multiplied by A", and that the numerators of the fractions 

between the second and third brackets are the same quantity 

multiplied respectively by A and A, we get for the double area 

the expression 

[A {B V" - B" C') 4 A {B" C- BG") 4 A" {BC' - B G)f 
[AB - BA) [AB' - BA') [A"B-B"A] 
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If the three lines meet in a point, this expression for the 

area vanishes (Art. 38); if any two of them are parallel, it 

becomes infinite (Art. 25). 

40. Given the equations of two right lines, to find the equation 

of a third through their point of intersection. 

The method of solving this questionr which will first occur 

to the reader, is to obtain the coordinates of the point of inter¬ 

section by Art 31, and then to substitute these values for x'y' in 

the equation of Art. 28, viz., y — y = m (x — x)» The question, 

however, admits of an easier solution by the help of the following 

important principle : If S = 0, S' = 0, be the equations of any two 

loci, then the locus represented by the equation S + JcS' = 0 (where 

h is any constant) passes through every point common to the two 

given loci. For it is plain that any coordinates which satisfy 

the equation S— 0, and also satisfy the equation S' = 0, must 

likewise satisfy the equation S f 7c$ — 0. 

Thus, then, the equation 

(Ax + By + C) + h (A'x + B'y + Cr) — 0, 

which is obviously the equation of a right line, denotes one 

passing through the intersection of the right lines 

Ax + By +0=0, A'x + B'y + G — 0, 

for if the coordinates of the point common to them both be sub¬ 

stituted in the equation (Ax + By + G) + h (A'x + B'y + C) = 0, 

they will satisfy it, since they make each member of the 

equation separately = 0. 

Ex. 1. To find the equation of the line joining- to the origin the intersection of 

Ax + By + C — 0, A'x + B'y + C' — 0. 

Multiply the first by C', the second by C, and subtract, and the equation of the 

required line is (AC — A! C) x + (BC — CB') y = 0 ; for it passes through the origin 

(Art. 18), and by the present article it passes through the intersection of the given lines. 

Ex. 2. To find the equation of the line drawn through the intersection of the same 

lines, parallel to the axis of x. Ans. (BA' — ABf) y + CA! — AC' — 0. 

Ex. 3. To find the equation of the line joining the intersection of the same lines 

to the point x'y'. Writing down by this article the general equation of a fine through 

the intersection of the given lines, we determine k from the consideration that it must 

be satisfied by the coordinates x'y', and find for the required equation 

{Ax + By+C) {A’x' + B'y’ + C’) = {Ax' + By' 4- C) {A'x + B'y + C'). 

Ex. 4. Find the equation of the line joining the point (2, 3) to the intersection of 

2x + ay + 1 = 0, ox — 4y = 5. 

Ams. 11 (2x + 3y + 1) + 14 3x — 4y — 5) = 0; or 64x — 23y = 59, 

F 
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41. The principle established in the last article gives us a 

test for three lines intersecting in the same point, often more 

convenient in practice than that given in Art 38. Three right 

lines will pass through the same point if their equations being 

multiplied each by any constant quantity, and added together, the 

sum is identically = 0; that is to say, if the following relation 

be true, no matter what x and y are: 

l (Ax -1- By 4 C) 4 m (A'x 4 B'y 4 C) 4 n (A"x 4 B"y 4 O') = 0. 

For then those values of the coordinates which make the first 

two members severally = 0 must also make the third = 0. 

Ex. 1. The three bisectors of the sides of a triangle meet in a point. Their 

equations are (Art. 29, Ex. 4) 

(y‘" + y’" -2y' )x- (x" + x'" -2 x' ) y + (x"y’ - y"x’ ) + {x'"y’ - y'"x') = 0, 

W" + y' - V') * - (*"' + - 2z" ) y + (x"Y - y"'x") + {x’y" - y’x" ) = 0, 
(y’ + y" - 2y'") x-{x' + x" - 2x'") y + {x'y'" - y’x'") + {x"y"r - y"x'") = 0. 

And since the three equations when added together vanish identically, the lines 

represented by them meet in a point. Its coordinates are found, by solving between 

any two,, to be ^ (x' + x" + x"’), J {y' + y" + y'"). 

Ex. 2. Prove the same thing, taking for axes two sides of the triangle whose 

lengths are a and 5. Am.^ + 1 = 0, ^ - 1 = 0, ?-2 = 0. 
a b a b a b 

Ex. 3. The three perpendiculars of a triangle, and the three perpendiculars at 

middle points of sides respectively meet in a point. Eor the equations of Ex. 5 

and 6, Art. 32, when added together, vanish identically. 

Ex. 4. The three bisectors of the angles of a triangle meet in a point. For their 

equations are 

{x cosa + y sin a — p ) — (x cos(3 + y sin(3 — p’) = 0, 

{x cos/3 + y sin(3 — p') — {x cosy + y siny — p") = 0. 

(x cos y + y sin y — p") — (x cos a + y sin a — p ) = 0. 

*42. To find the coordinates of the intersection of the line 

joining the points xy\ x'y\ with the right line Ax + By -j- C = 0. 

We give this example in order to illustrate a method (which 

we shall frequently have occasion to employ) of determining the 

point in which the line joining two given points is met by a 

given locus. We know (Art. 7) that the coordinates of any 

point on the line joining the given points must be of the form 

mx" 4 nx' my" 4 ny 
QQ  __ y ^_• 

m 4 n } J m + n ? 

TtX 
and we take as our unknown quantity — , the ratio, namely, in 
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which the line joining the points is cut by the given locus; and 

we determine this unknown quantity from the condition, that 

the coordinates just written shall satisfy the equation of the 

locus. Thus, in the present example, we have 

, mx" + 9ix ^ my" ny' ~ . 
A --h B ^ + (7=0; 

m + n m + n 

hence 
Ax 4- By' 4- C 

Ax'A By" 4 (7; 

and consequently the coordinates of the required point are 

[Ax' + By' + G) x" - (Ax" + By" + C) x' 

(Ax' + By' + C) — (Ax'' + By" + G) J 

with a similar expression for y. This value for the ratio m : n 

might also have been deduced geometrically from the considera¬ 

tion that the ratio in which the line joining xy\ x'y" is cut, is 

equal to the ratio of the perpendiculars from these points upon 

the given line; but (Art. 34) these perpendiculars are 

Ax' + By' + G Ax' + By" -f G 

mm*#) and V(^2+#2) * 
The negative sign in the preceding value arises from the fact 

that, in the case of internal section to which the positive sign of 

m : n corresponds (Art. 7), the perpendiculars fall on opposite 

sides of the given line, and must, therefore, be understood as 

having different signs (Art. 34). 

If a right line cut the sides of a triangle BG, GA) AB, in 

the points LMN, then 

BL.CM.AN _ 

LG.MA.NB ~ h 

Let the coordinates of the vertices be xy\ xy \ , then 

BL _ Ax" + By" + C , 

LG ~ Ax"A By"A G 

CM Ax'" + By" + C 

MA ~ Ax' + By' + G ’ 

AN _ Ax' + By' +G 

NB~ Ax" + Bj/A~C' 
and the truth of the theo¬ 

rem is manifest. 

M 
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*43. To find the ratio in which the line joining two points 

x\V\t cut ty ^e line joining two other points x3x^y^. 

The equation of this latter line is (Art. 29) 

(y» - y4) * - K - *.) y+X£L - xJh=°> 
Therefore, by the last article, 

™ = _ (y, - y4) a. - K - «0 y, + *3,y4 - *&. 
» (y. - y4) *, - (*« - y2 + *3y4 - *4y3 ’ 

it is plain (by Art. 36) that this is the ratio of the two triangles 

•whose vertices are as.y,, xj/3, x^, and ®2y2) xays, ®4y4, as is also 

geometrically evident. 

If the lines connecting any assumed point with the vertices of 

a triangle meet the opposite sides J50, CA} AB respectively, in 

7), 7£, F, then 

BD.CE.AF 

DG.EA.FB = +l' 

Let the assumed point be cr4y4, and the vertices xxy^ #2y2, 

then 

bf> _ (y, - y4) + ^ (y4 - y,) + (y, - y8) 
nc x, (y4 - ya) + a?4 (y8 - y,) + s, (y, - y4) ’ 

^ (y8 - y4) + (y4 - y8) + ^ (y, - y8) 
^ *, (y. - y4) + (y4 - y.) + *4 (y, - y„)9 
^J7 a;, fy4 - y3) 4 a, (ys - y,) + a;, (y, - y4) 

FB (y8 - y4)+(y4 - ys) + *4 (y. - ys) * 
and the truth of the theorem is evident. 

44. To find the polar equation of a right line, (see Art. 12). 

Suppose we take, as our fixed axis, OP the perpendicular on 

the given line, then let OR be 

any radius vector drawn from 

the pole to the given line 

OR = p, ROP—6) 

but, plainly, 

OR cos# = OPj 

hence the equation is 

p cos# — p. 
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If the fixed axis be OA making an angle a with the perpen¬ 

dicular, then E OA = 09 and the equation is 

p cos [0 - a) —p. 

Th is equation may also be obtained by transforming the 

equation with regard to rectangular coordinates, 

x cos a + y sin a = p. 

Rectangular coordinates are transformed to polar by writing 

for a?, p cos0} and for y, p sin$ (see Art. 12); hence the equation 

becomes 

p (cos 0 cos a 4- sin 0 sin a) = p $ 

or, as we got before, p cos (0 — a) =p. 

An equation of the form 

p (A cos 0 + B sin 0)—G 

pan be (as in Art. 23) reduced to the form p cos (0 — a) =^, by 

dividing by V(A2 -1- B*) j we shall then have 

003 “ = Vp5 + W) ’ Sm “ = \j[A‘ + B2) ’P = V [A1 + B2) • 

Ex. 1, Reduce to rectangular coordinates the equation 

p = 2a sec ^0 + -^. 

Ex. 2. Find the polar coordinates of the intersection of the following lines, and 

Also the angle between them : p cos ^0 — = 2a, p cos ^0 — = a. 

7r 
Ans. p — 2a, 0 = —, angle = 

7T 

3 ' 

Ex. 3. Find the polar equation of the line passing through the points whose 

polar coordinates are p', 0'; p', 0”. 

Ans. p'p" sin (0' - 0'') + p"p sin (0" - 0) + PP' sin (0 - 0') = 0. 
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CHAPTER III. 

EXAMPLES ON THE RIGHT LINE. 

45. Haying in the last chapter laid down principles by 

which we are able to express algebraically the position of any 
point or right line, we proceed to give some further examples 
of the application of this method to the solution of geometrical 
problems. The learner should diligently exercise himself in 
working out such questions until he has acquired quickness 
and readiness in the use of this method. In working such 
examples our equations may generally be much simplified by a 
judicious choice of axes of coordinates; since, by choosing for 
axes two of the most remarkable lines on the figure, several of 
our expressions will often be much shortened. On the other 
hand, it will sometimes happen that by choosing axes uncon¬ 
nected with the figure, the equations will gain in symmetry 
more than an equivalent for what they lose in simplicity. 
The reader may compare the two solutions of the same question, 
given Ex. 1 and 2, Art. 41, where, though the first solution 
is the longest, it has the advantage that the equation of one 
bisector being formed, those of the others can be written down 
without further calculation. 

Since expressions containing angles become more complicated 
by the use of oblique coordinates, it will be generally advisable 
to use rectangular axes in any question in which the considera¬ 
tion of angles is involved. 

46. Loci.—Analytical geometry adapts itself with peculiar 
readiness to the investigation of loci. We have only to find 
what relation the conditions of the question assign between the 
coordinates of the point whose locus we seek, and then the 
statement of this relation in algebraical language gives us at 
once the equation of the required locus. 
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Ex. 1. Given base and difference of squares of sides of a triangle, to find the 

locus of vertex. 
Let us take for axes the base and a perpendicular through its middle point. Let 

the half base = c, and let the coordinates of the vertex 

be x, y. Then 

AC2 — y2 + (c + x)2,* BC2 ~ y2 + (c — x)2, 

AC2 - BC2 = 4:cx, 

and the equation of the locus is 4cx = m2. The locus 

is therefore a line perpendicular to the base at a dis- 

to 
tance from the middle point x = — . It is easy to see 

that the difference of squares of segments of base — difference of squares of sides. 

Ex. 2. Fiud locus of vertex, given base and cot A + to cot B. 
It is evident, from the figure, that 

. AR c + x . _ c — x 
cot A = -y— — —— ; cot-B = --, 

CR y y 

and the required equation is c + x + m {c — x) — py, the equation of a right line. 

Ex. 3. Given base and sum of sides of a triangle, if the perpendicular be pro¬ 

duced beyond the vertex until its whole length is equal to one of the sides, to find 

the locus of the extremity of the perpendicular. 

Take the same axes, and let us inquire what relation exists between the coordi¬ 

nates of the point whose locus we are seeking. The x of this point plainly is MRy 
and the y is, by hypothesis, = AC; and if to be the given sum of sides, 

BC = m — y. 

Now (Euclid II. 13) BC2 = AB2 + AC2 - 2AB . AR -t 

or (to — y)2 = 4c2 + y2 — 4c (c + x)» 

Keducing this equation we get 

2 my — 4cx = to2, 

the equation of a right line. 

Ex. 4. Given two fixed lines, OA and OB, if any line 

them parallel to a third fixed line OC, to find the locus 

is cut in a given ratio ; viz. PA = nAB. 
Let us take the lines OA, OC for axes, and let the 

equation of OB bQ y - mx. Then since the point B lies 

on the latter line, its ordinate is to times its abscissa ; or 

AB — mOA. Therefore PA — mnOA; but PA and OA 
are the coordinates of the point P, whose locus is there¬ 

fore a right line through the origin, having for its equation 

y - mnx. 

A B be drawn to intersect 

of the point P where AB 

* This is a particular case of Ai’t. 4, and c + x is the algebraic difference of the 

abscissae of the points A and C (see remarks at top of p. 4). Beginners often reason 

that since the line AR consists of the parts AM — — c, and MR — x, its length is 

— c + x, and not c + x, and therefore that AC2 = y2 + (x — c)2. It is to be observed 

that the sign given to a line depends not on the side of the origin on which it lies, 

but on the direction in which it is measured. We go from A to R by proceeding 

in the positive direction AM — c, and still further in the same direction MR - x, 
therefore the length AR = c + x; but we may proceed from R to B by first going 

in the negative direction RM = — x, and then in the opposite direction MB — ca 

hence the length RB is c — x. 
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Ex. 5. PA drawn parallel to OC, as before, meets any number of fixed lines in 

points B, B', B", &c.f and PA is taken proportional to the sum of all the ordinates- 

BA, B'Ay &c., find the locus of P. 

Am. If the equations of the lines be 

y — mx, y = m'x + n', y = m"x + n", &C.y 

the equation of the locus is 

Jcy — mx + (m'x + n') + (m"x + n") + &c. 

Ex. 6. Given bases and sum of areas of any number of triangles having a common' 

vertex, to find its locus. 

Let the equations of the bases be 

x cos a + y sin a — p = 0, x cos f3'+ y sin /3 — px = 0, &C*., 

and their lengths, a, b, c, &c.; and let the given sum = m2; then, since (Art. 34) 

x cos a + y sin a— p denotes the perpendicular from the point xy on the first line, 

a {x cos a + y sin a — p) will be double the area of the first triangle, &c., and the 

equation of the locus will be 

a (a;cosa +ysina— p) + b (x cos (3+y sin (3 ~ px)+ c (x cosy +y siny — i?2) + &c. = 2 m2, 

which, since it contains x and y only in the first degree, will represent a right line. 

Ex. 7. Given vertical angle and sum of sides of a triangle, find the locus of the 

point where the base is cut in a given ratio. It 

The sides of the triangle are taken for axes, // \^p 

and the ratio PK : PL is given ~n\m. 

by similar triangles, 

CK _ (OT + ”) x ? 0L _ {m + *)y 

Then 

vi n O M K. 
CC V s 

and the locus is a right line whose equation is —f- - =-, 
m n m + n 

Ex. 8. Find the locus of P, if when perpendiculars PM, PN are let fall on two 

fixed lines, OM + ON is given. 

Taking the fixed lines for axes, it is evident 

that OM = x + y cos to, ON — y-\-x cos to, and 

the locus is x + y — constant. 

Ex. 9. Find the locus if MN be parallel to 

a fixed line. 

Ans. y + x cos to = m (x + y cos to). 

Ex. 10. If MN be bisected [or cut in a given 

ratio] by a given line y — mx + n. 

The coordinates of the middle point ex- O Qj M 

pressed in terms of the coordinates of P are £ (x + y cos to), £ (y + x cos to); and since 

these satisfy the equation of the given line, the coordinates of P satisfy the equation 

y + a: cos to =: m (x + y cos to) + 2n. 

Ex. 11. P moves along a given line y -mx + n, find the locus of the middle point 

of MN. If the coordinates of P be a, (3, and those of the middle point x, y, it has 

just been proved that 2x = a + (3 cos to, 2y = (3 + a cos to. Whence solving for a, (3, 

a sin2to ~2x — 2y cos to, (3 sin2to — 2y — 2x cos to. 

But a, (3 are connected by the relation (3 — ma + n, hence 

2y — 2x cos to = m (2x — 2y cos to) + n sin2to. 
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47. It is customary to denote by x and y the coordinates of 

a variable point which describes a locus, and the coordinates of 

fixed points by accented letters. Accordingly in the preceding 

examples we have from the first denoted by x and y the 

coordinates of the point whose locus we seek. But frequently in 

finding a locus it is necessary to form the equations of lines 

connected with the figure; and there is danger of confusion 

between the x and 2/, which are the running coordinates of a 

point on one of these lines, and the x and y of the point whose 

locus we seek. In such eases it is convenient at first to denote 

the coordinates of the latter point by other letters such as a, /3, 

until we have succeeded in obtaining a relation connecting these 

coordinates. Having thus found the equation of the locus, we 

may if we please replace a, /3 by x and 2/, so as to write the 

equation in the ordinary form in which the letters x and y are 

used to denote the coordinates of the point which describes 

the locus. 
Ex. 1. Find the locus of the vertex of a triangle, given the base CD, and the 

ratio AM : NB of the parts into which the sides 

divide a fixed line AB parallel to the base. Take 

AB and a perpendicular to it through A for axes, 

and it is necessary to express AM, KB in terms 

of the coordinates of P. Let these coordi¬ 

nates be afS, and let the coordinates of C, D be 

x'y', x"y\ the y' of both being the same since CD 

is parallel to AB. Then the equation of PC joining 

the points «/3, x'y' is (Art. 29) 

(J3-y') x- (a - x') y - fix' - atf. 

This equation being satisfied by the x and y of every point on the line PC' is satisfied 

by the point M, whose y = 0 and whose x = AM. Making then y = 0 in this 
equation we get 

P-y 

In like manner, AN - -x ~ ay- 
~ P-y' 

and if AB = c, the relation AM — IcBK gives 

~ alJ> _ 7. (c Px" ~ a?A 
P-y' ~ v~~P~^r)' 

We have now expressed the conditions of the problem in terms of the coordinates of 

the point P; and now that there is no further danger of confusion, we may replace 

a, P, hj x, y- when the equation of the locus, cleared of fractions, becomes 

yx' — xy' = k {c (y — y') - {yX” - xy')}. 

Ex. 2. Two vertices of a triangle ABC move on fixed right fines LM, LN, and 

the three sides pass through three fixed points 0, P, Q which fie on a right fine 
find the locus of the third vertex. 

G 
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Take for axis of x the right line OP, containing the three fixed points, and 

axis of y the line OL joining the inter¬ 

section of the two fixed lines to the point 

0 through which the base passes. Let the 

coordinates of C be a, fi, and let 

OL = b, OM=a, ON — a', OP = c, 00-c’. 

Then obviously the equations of LM, LN 

are 

x y n x y 
- +- =1 and - + j- = 1. 
a o a b 

CP through a/3 and The equation of 

P (y = 0, x — c) is 

(a — <?) y — fix + (3c = 0. 

The coordinates of A, the intersection of this line with 

x V 
- + { = 1, 
a b 

are x, = 
ab (a — c) + ac(3 b (a — c) (3 

b (a — c) + afi ’ b (a — c) 4- afi ‘ 

The coordinates of B are found by simply accentuating the letters in the preceding: 

a'b (a — c') + a'c'fi b (a' — c') (3 

b (a — c’) + a'(3 ’ — b (a — c') + a'(3 ' 

Now the condition that two points xxy1} x,gj2 shall lie on a right line passing through 

the origin is (Art. 30) — = — . 
X, 

*2 = 

X0 

Applying this condition we have 

b {ct — c) (3 b {a! — c') (3 

ab {a — c) + ac[3 a'b (a — o') + a'c'(3 * 

We have now derived from the conditions of the problem a relation wmch must be 

satisfied by a/3 the coordinates of C; and if we replace a, (3 by x, y we have the 

equation of the locus written in its ordinary form. Clearing of fractions, we have 

(a — c) [a'b (x — c') + a’c'y] = (a7 — c') [ab (x — c) + acy], 

(iac' — a'c) x 
or 

y 

aa' [c-cr) + b~ cc' {a — a') 

the equation of a right line through the point L, 

Ex. 3. If in the last example the points P, Q lie on a right line passing not 

through 0 but through L, find the locus of vertex. 

We shall first solve the general problem in which the points P, Q have any 

position. We take the fixed lines LM, LN for axes. Let the coordinates of 

P, Q, 0, C be respectively x'y', x"y", x'"y'”, a(3; and the condition which we 

want to express is that if we join CP. G'Q, and then join the points A, B, in which 

these lines meet the axes, the line AB shall pass through 0. The equation of CP 

is ((3 — y') x — (a — x’) y — fix’ — ay'. 

And the intercept which it makes on the axis of x is 

_ Px’-ay’ 

L P-y' ' 

In like manner the intercept which CQ makes on the axis of y is 

ay" - (3x" 
LB- 

The equation of AB is 

21 , y 
LA LB 

a — x 

y') y {a-x") 
~ 1, or ttv-t + 

fix' — ay' ay" — fix" = 1. 



EXAMPLES ON THE RIGHT LINE. 43 

(« - *") _ 1 

"id the condition of the problem is that this equation shall be satisfied by the 

ordinates x'"y"'. In order then that the point G may fulfil the conditions of the 

oblem, its coordinates afi must be connected by the relation 

03 - y') . y" 
fix' — ay' ay" — fix'1 

When this equation is cleared of fractions, it in general involves the coordinates 

in the second degree. But suppose that the points x'y', x"y" lie on the same 

ce passing through the origin y = mx, so that we have y' = mx, y" — mx", the 

' uation may be written 

*f" O - y') , y"' (« - «") _ « 
x' (fi — am) x" (am — fi) 

tearing of fractions and replacing a. fi by x and y, the locus is a right line, viz. 

x'"x" (y — y') — y'"x' (x — x") = x'x" {mx — y). 

pi 

p 48. It is often convenient, instead of expressing the condi- 

ions of the problem directly in terms of the coordinates of the 

'loint whose locus we are seeking, to express them in the first 

nstance in terms of some other lines of the figure; we must 

hen obtain as many relations as are necessary in order to 

liminate the indeterminate quantities thus introduced, so as to 

ave remaining a relation between the coordinates of the point 

whose locus is sought. The following Examples will sufficiently 
l^yillustrate this method. 

Ex. 1. To find the locus of the middle points of rectangles inscribed in a given 
triangle. 

Let us take for axes CR and AB:; let CR = p, RB = s, AR = s'. The equations 

of AC and BC are 
I 

■ 
I 

y 
p 

x y 
- — 1 and - 
s p 

x 
- = 1. 
s 

Now if we draw any line FS parallel to the base 

at a distance FK = Jc, we can find the abscissse of 

the points F and S, in which the line FS meets 

AC and BC, by substituting in the equations of 

AC and BC the value y = k. Thus we get from 

the first equation 

Jc x 

p 8'-1’ ", x or RK = — s' 

and from the second equation 

k x 

P+ 8=li 
x or RL =*(i-D- *4 

V! 

^oint of the rectangle. But its ordinate is y = \k. Now we want to find a relation 

hich will subsist between this ordinate and abscissa whatever k be. We have 

nly then to eliminate k between these equations, by substituting in the first the 
due of k (= 2y), derived from the second, when we have 

aving the abscissaj of F and S, we have (by Art. 7) the abscissa of the middle 

omt of FS, viz. x = —. (l --) . This is evidently the abscissa of the middle 

t 
fi 2* = (— 0(l— |), 



44 EXAMPLES ON THE EIGHT LINE, 

or 
lx 2w 

/ + — L 
s — s 

This is the equation of the locus which we seek. It obviously represents a right line, 

and if we examine the intercepts which it cuts off on the axes, we shall find it to be the 

line joining the middle point of the perpendicular CR to the middle point of the base. 

Ex. 2. A line is drawn parallel to the base of a triangle, and the points where it 

meets the sides joined to any two fixed points on the base; to find the locus of the 

point of intersection of the joining lines. 

We shall preserve the same axes, &c., as in Ex. 1, and let the coordinates of the 

fixed points T and V, on the base, be for T (yi, 0), and for V (re, 0). 

The equation of FT will be found to be 

k\ 

and that of SV to be 

js' ^1 — + m j y + kx — Tern = 0, 

^1 — -CJ — re| y — Tex + Ten — 0. 

Now since the point whose locus we are seeking lies on both the lines FT, SV, each 

of the equations just written expresses a relation which must be satisfied by its co¬ 

ordinates. Still, since these equations involve Te, they express relations which are only 

true for that particular point of the locus which corresponds to the case where the 

parallel FS is drawn at a height Te above the base. If, however, between the equations 

we eliminate the indeterminate Jc, we shall obtain a relation involving only the 

coordinates and known quantities, and which, since it must be satisfied whatever be 

the position of the parallel FS, will be the required equation of the locus. 

In order, then, to eliminate Te between the equations, put them into the form 

FT (s' + m) y - Te Q y-x + m) = 0, 

and SV (s — n) y — Te ^y + x — nj — 0$ 

and eliminating Te we get for the equation of the locus 

(* ~ n) (” V ~ x + m) = (s' + m) y + x - irj ; 

But this is the equation of a right line, since x and y are only in the first degree. 

Ex. 3. A line is dra\yn parallel to the base of a triangle, and its extremities 

joined transversely to those of the base; to find the locus of the point of intersection 

pf the joining lines. 

This is a particular case of the foregoing, but admits of a simple solution by 

choosing for axes the sides of the triangle AC and CB. Let the lengths of those 

lines be a, b, and let the lengths of the proportional intercepts made by the parallel 

be y.a, fib. Then the equations of the transversals will be 

*+y■.-lmA±+u u 
a [xo fxa o 

Subtract one from the other, divide by the constant 1 

equation of the locus 

-, and we get for the 

? U-o 
a~ b~’ 

which we have elsewhere found (see p. 34) to be the equation of the bisector of the 

base of the triangle. 

Ex. 4. Given two fixed points A and B, one on each of the axes, if A! and B' be 

taken on the axes so that OA' + OB' = OA + OB: find the locus of the intersection 

of AB', A’B. 
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Let OA = a, OB — b, OA! — a + k, then, from the conditions of the problem, 

OB’ — b — k. The equations of AB', A’B are respectively 

■*.+ 
a b — k 

y  
1, 

x 
+ y-~l • h 

or 

a + k ' b 

bx + ay — ab + k (a — x) — 0, 

bx + ay — ab + k (y — b) = 0. 

Subtracting, we eliminate k, and find for the equation of the locus 

x + y = a + b. 

Ex. 5. If on the base of a triangle we take any portion AT, and on the other side 

.of the base another portion BS, in a fixed ratio to AT and draw JET and FS parallel 

to a fixed line CR -, to find the locus of 0, the point of intersection of EB and FA. 

Take AB and CR for axes ; let AT = k, BR = s, 

AR = s', CR = p, let the fixed ratio be m, then 

BS will = mk; the coordinates of S will be (s — mk} 0), 

and of T {— (s' — k), 0}. 

The ordinates of E and F will be found by sub¬ 

stituting these values of a; in the equations ,of AC 

and B C. We get for A T 

E, x —— (s' ■k\y~7 > 

and for F, x — s — mk, y = 
mpk 

Now form the equations of the transverse lines, and the equation of EB is 

(s + s’ - k) y + x - ^ = 0, 
o o 

and the equation of A F is 

. , mpk mpk s’ 
(s + s — mk) y — ——- x-- = 0. 
x J s s 

To eliminate k, subtract one equation from the other, and the result, divided 

by k, will be 

o. 
which is the equation of a right line. 

Ex. 6. PP’ and QQ’ are any two parallels to the sides of a parallelogram; to 

find the locus of the intersection of the lines PQ and P'Q'. 

Let us take two of the sides for our axes, and let the lengths of the sides be a 

and b, and let AQ' = m, AP ~ n. Then the equa¬ 

tion of PQ, joining P (0, n) to Q (m, b) is 

(b — n) x — my + mn = 0, 

and the equation of P'Q' joining P' (a, ri) to 

Q' (m, 0) is 

nx — (a — m) y — mn — 0. 

There being two indeterminates m and n, we 

should at first suppose that* it would not be pos¬ 

sible to eliminate them from two equations. However, if we add the above equations, 

it will be found that both vanish together, and we get for our locus 

bx — ay — 0, 

the equation of the diagonal of the parallelogram. 

Ex. 7. Given a point and two fixed lines; draw any two lines through the fixed 

point, and join transversely the points where they meet the fixed lines; to find the 
locus of intersection of the transverse lines. 

D 

A Q' 
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Take the fixed lines for axes, and let the equations of the lines through the fixed 

point be 

x y , x y 
—■ + - — 1, and —; H—-t — \ . 
m n m n 

The conditions that these lines should pass through the fixed point x'y' give us 

x y' , , x' y' 
~ + - = 1, and — + —, = 1: 

n m n 7 

or, subtracting, 

»' (- - + y' = o. 
\m m) \n n j 

Now the equations of the tranverse lines clearly are 

x y . . x y 
—b -7 — 1, and — H— = 1 j 
m n m n 7 

or, subtracting, 

x 

Now from this and the equation j ust found we can eliminate 

1 P 
(- - and (- - i) , 
\m m J \n n J 7 

and we have x'y + y’x — 0, 

the equation of a right line through the origin. 

Ex. 8. At any point of the base of a triangle is drawn a line of given length, 

parallel to a given one, and so as to be cut in a given ratio by the base; find the 

locus of the intersection of the lines joining its extremities to those of the base. 

49. The fundamental idea of Analytic Geometry is that 

every geometrical condition to be fulfilled by a point leads to 

an equation which must be satisfied by its coordinates. It 

is important that the beginner should quickly make himself 

expert in applying this idea, so as to be able to express by an 

equation any given geometrical condition. We add, therefore, 

for his further exercise, some examples of loci which lead to 

equations of degrees higher than the first. The interpretation 

of such equations will be the subject of future chapters, but 

the method of arriving at the equations, which is all with which 

we are here concerned, is precisely the same as when the locus 

is a right line. In fact, until the problem has been solved, we 

do not know what will be the degree of the resulting equation. 

The examples that follow are purposely chosen so as to admit 

of treatment similar to that pursued in former examples, 

according to the order of which they are arranged. In each of 

the answers given it is supposed that the same axes are chosen, 

and that the letters have the same meaning as in the corre¬ 

sponding previous example. 
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Ex. 1. Find the locus of vertex of a triangle, given base and sum of squares 

of sides. Ans. x2 + y- ~ \m2 — c2. 

Ex. 2. Given base and m squares of one side + n squares of the other. 

A.ns. (m + ri) [x2 + y2) + 2 (m + n) cx + (m + n) c2 — p2. 

Ex. 3. Given base and ratio of sides. 

Ex. 4. Given base and product of tangents of base angles. 

In this and the Examples next following, the learner will use the values of the 

tangents of the base angles given Ex. 2, Art. 46. Ans. y2 + m2x2 — m2c2. 

Ex. 5. Given base and vertical angle or, in other words, base and sum of base 

angles. Ans. x2 + y2 — 2cy cot C = c2. 

Ex. 6. Given base and difference of base angles. Ans. x2 — y2 + 2xy cot D = c2. 

Ex. 7. Given base, and that one base angle is double the other. 

Ans. 3a;2 — y2 + 2cx — c2. 

Ex. 8. Given base, and tan C ~m tan B. Ans. m (x2 + y2 — c2) = 2c (c — x). 

Ex. 9. PA is drawn parallel to OC, as in Ex. 4, p. 39, meeting two fixed lines in 

points B, B'; and PA2 is taken = PB. PB', find the locus of P. 

Ans. mx (m'x + n' ) — y (mx + m’x + n’). 

Ex. 10. PA is taken the harmonic mean between AB and AB'. 

Ans. 2mx (m'x + n') — y (mx + m'x + n'). 

Ex. 11. Given vertical angle of a triangle, find the locus of the point where the 

base is cut in a given ratio, if the area also is given. Ans. xy = constant. 

Ex. 12. If the base is given. . x2 y2 2awcosa) b2 
& Ans. -o+ —o-:- = t-:—r, . 

m~ n- mn (in + n)2 

Ex. 13. If the base pass through a fixed point. . ^ mx ny' _ 
?IS • - - — 771 -f~ 711 

x y 

Ex. 14. Find the locus of P [Ex. 8, p. 40] if MX is constant. 

Ans. x2 + y2 + 2xy cos oo = constant. 

Ex. 15. If MX pass through a fixed point. 
Ans. 

x 
+ y 

= l. 
x + y cos ca y + x cos co 

Ex. 16. If MX pass through a fixed point, find the locus of the intersection of 

parallels to the axes through M and N. 
. x y 

Ans. —I-— 1. 
x y 

Ex. 17. Find the locus of P [Ex. 1, p. 41] if the line CD be not parallel to AB. 

Ex. 18. Given base CD of a triangle, find the locus of vertex, if the intercept AB 

on a given line is constant. 

Ans. (x'y - y'x) (y - y") - (x"y - y"x) (y - y') = c (y - y') (y - y"). 

50. Problems where it is required to prove that a moveable 

right line passes through a fixed point. 

We have seen (Art. 40) that the line 

Ax -+ By + G + h [A'x 4 B’y -f C') = 0; 

or, what is the same thing, 

[A + kA!) x 4 [B + kB') y+C + kC’ = 0} 
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where h is indeterminate, always passes through a fixed point, 

namely, the intersection of the lines 

Ax + By + G = 0, and A'x + B'y -f 0'= 0. 

Hence, if the equation of a right line contain an indeterminate 

quantity in the first degree, the right line will always pass through 

a fixed point. 

Ex. 1. Given vertical angle of a triangle and the sum of the reciprocals of the 

sides, the base will always pass through a fixed point. 

x y 
Take the sides for axes; the equation of the base is - + ^ = 1, and we are given 

the condition 
_ 1 1 111 
- + - = or - =- 
n h /m n nm n 7 a m m a' 

therefore, equation of base is 

x y y —I-— 1, 
a m a 1 

where m is constant and a indeterminate, that is 

1 . 

- (x — y) + — — 1 = 6, 
a vi 1 

where - is indeterminate. Hence the base must always pass through the intersection 

of the two lines x — y = 0, and y~m. 

Ex. 2. Given three fixed lines OA, OB, OC, meeting in a point, if the three vertices 

of a triangle move one on each of these lines, and two sides of the triangle pass through 

fixed points, to prove that the remaining side passes through a fixed point. 

Take for axes the fixed lines OA, OB on which the base angles move, then the 

line OC on which the vertex moves will have 

an equation of the form y = vix, and let the 

fixed points be x'y’, x"y". Now, in any position 

of the vertex, let its coordinates be x — a, and 

consequently y = ma; then the equation of A C is 

[pc' — a) y — (y' — ma) x+ a (yr — mx') = 0. 

Similarly, the equation of BC is 

{x” — a) y — (y” — ma) x + a (y" - mx”) = 0. 

Now the length of the intercept OA is found by making x — 0 in equation AC, or 

a (yr — mx ) 

V~ x^a ’ 

Similarly, OB is found by making y = 0 in BC, or 

a {y" — mx”) 
x = ——-' . 

y —ma 

Hence, from these intercepts, equation of AB is 

x’ — a 
x 

y” — ma 
y f — &• 

y — mx " y' — 'Bix' 

But since a is indeterminate, and only in the first degree, this line always passes through 

a fixed point. The particular point is found by arranging the equation in the form 

y 
y" — mx” 

x — 
y 

X _ ^ f Vix 

- vix y a \y" - mx7 
y 

y — vix' > + 1 ) = o. 
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Hence the line passes through the intersection of the two lines' 

y x 
X-r 

and 

y — mx y —mx 

rax y 

y" — mx" y’ — mx 

? y = <V 

7+1 — 0. 

Ex. 3. If in the last example the line on which the vertex C moves do not pass 

through 0, to determine whether in any case the base will pass through a fixed point. 

We retain the same axes and notation as before, with the only difference that the 

equation of the line on which C moves will be y = mx + n, and the coordinates of the 

vertex in any position will be a, and ma + n. Then the equation of AC is 

{x' — a) y — (y' — ma — n) x + a {y' — mx') — nx' — 0. 

The equation of EC is 

[x'r — a) y — {y" — ma — n) x + a {y" — mx") — nx" — 0, 

0^ _ a {y’ — mx') — nx' _ ^ ^ _ a {y" — mx") — nx" 

The equation of AB is therefore 

, \ OB - „ 
x — a y — ma — n 

at 
y ma — n 

a (y" — mx") — nx' -y 
x — a 

a {y' — mx') — nx > = 1. 

Now when this is cleared of fractions, it will in general contain a in the second degree, 

and therefore the base will in general not pass through a fixed point; if, however, 

the points x'y', x"y" lie in a right line {y = Tex) passing through 0, we may substitute 

in the denominators y" = Tex", and y' =. Tex’, and the equation becomes 

y" — ma — n x' — a /7 
Z --^77-y —— = a {Tc-m)~ n; 

which contains a in the frst degree only, and therefore denotes a right line passing 

through a fixed point. 

Ex. 4. If a line be such that the sum cf the perpendiculars let fall on it from 

a number of fixed points, each multiplied by a constant, may = 0, it will pass through 

a fixed point. 

Let the equation of the line be 

x cos a + y sin a — p = 0, 

then the perpendicular on it from x'y' is 

x' cos a + y' sin a — p, 

and the conditions of the problem give us 

m' {x' ccs a + f sin a — p) + m" {x" cos a + y" sin a — p') 

+ m"’ {x"' cos a + y"’ sin a — p) + &C. = 0. 

Or, using the abbreviations Z {nix') for the sum* of the mx, that is, 

m'x’ + m"x” + m'"x'" + &c., 
and in like manner E {my') for 

m'y' + m"y" + m'"y'" + &c.,- 

and Z (m) for the sum of the m’s or 

m' + m" + m'" + &c., 

* By sum we mean the algebraic sum, for any of the quantities m', m", &c. maj' 

be negative. 

H 
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we may write the preceding equation 

£ (mx') cos a + £ (my') sin a — p'L (to) = 0. 

Substituting in the original equation the value of p hence obtained, we get for the 

equation of the moveable line 

a?£ (to) cos a + yZ (to) sin a — £ (mx') cos a — £ {my') sin a — 0, 

or xZ (to) — £ {mx') + {y£ (to) — £ {my')} tan a = 0. 

Now as this equation involves the indeterminate tan a in the first degree, the line 

passes through the fixed point determined by the equations 

xZ (to) — £ {mx') - 0, and yZ (to) — £ {my') = 0, 

or, writing at full length, 

x — 
m'x' + m"x" + m"'x"' + &c. mV + m"y" + m'"y'" + &c. 

,y = m’ + m" 4- to"' + &c. J to' + m" + to'" + &c. 

This point has sometimes been called the centre of mean position of the given points. 

51. If the equation of any line involve the coordinates of 

a certain point xy' in the first degree, thus, 

(Ax' + By'+C)x-f (Ax' + By' + C) y 4- (A"xf + B'y’ + C") = 0 ; 
then if the point xy' move along a right line, the line whose 

equation has just been written will always pass through a fixed 

point. For, suppose the point always to lie on the line 

Lx + My' -f N= 0, 
then if, by the help of this relation, we eliminate x from the 

given equation, the indeterminate y will remain in it of the first 

degree, therefore the line will pass through a fixed point. 

Or, again, if the coefficients in the equation Ax + By + C= 0 
he connected hy the relation aAf bB + cC — 0 (where a, c are 

constant and A, B, C may vary), the line represented hy this equa¬ 

tion will always pass through a fixed point. 
For by the help of the given relation we can eliminate (7, 

and write the equation 

(<cx — a) A -f (cy — h) B — 0, 

a right line passing through the point lx = 
a 

52. Polar Coordinates.—'It is, in general, convenient to use 

this method, if the question be to find the locus of the extremities 

of lines drawn through a fixed point according to any given law. 

Ex. 1. A and B are two fixed points; draw through B any line, and let fall on 

a perpendicular from A, AP; produce AP so that the rectangle AP ,AQ may be 

constant ■, to find the locus of the point Q. 
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Take A for the pole, and AB for the fixed axis, then HQ is our radius vector, 

designated by p, and the angle QAB = 0, and our object 

is to find the relation existing between p and 0. Let us 

call the constant length AB = c, and from the right-angled 

triangle APB we have AP—c cos 0, but AP ,AQ = const. = k-1 

therefore 

Tc 
pc cos 0 = k2, or p cos 0 = — ; 

c 

but we have seen (Art. 44) that this is the equation of a right 

k2 
line perpendicular to AB, and at a distance from A — 

Ex. 2. Given the angles of a triangle; one vertex A is fixed, another B move? 
along a fixed right line : to find the locus of the third. 

Take the fixed vertex A for pole, and AP perpendicular 

to the fixed line for axis, then AC — p, CAP = 0. Now 

since the angles of ABC are given, AB is in a fixed ratio 

to AC(=mAC) and BAP = 0 — a : but AP = AB cos BAP ■ 
therefore, if we call AP, a, we have 

mp cos (0 — a) = a, 

which (Art. 44) is the equation of a right line, making 

an angle a with the given line, and at a distance from 

A 
in 

Ex. 3. Given base and sum of sides of a triangle, if at either extremity of the 

base B a perpendicular be erected to the conterminous side BC: to find the locus 

of P the point where it meets CP the external bisector of vertical angle. 

Let us take the point B for our pole, then BP will be our radius vector p • and 
let us take the base produced for our fixed axis, then 

PBB = 0, and our object is to express p in terms of 0. 

Let us designate the sides and opposite angles of the 
triangle a, b, c, A, B, C, then it is easy to see that 

the angle BCP = 90° — \C, and from the triangle 

PCB that a — p tan \ C. Hence it is evident that if 

we could express a and tan \C in terms of 0, we cou 

express p in terms of 0. Now from the triangle ABC we have 

b- — a? + c2 — 2ac cos B, 

but if the given sum of sides be m, we may substitute for b,m-a- and cosB plainly 
= sm0; hence J 

m? - 2am + a? - a2 + c2 - 2ac sin 0, 

and a = , m°~ ~ c" 
- 2 [in — c sin 0) * 

Tans we have expressed a in terms of 0 and constants, and it only remans to find 
an expression for tan \ C. 

Now 

but 

hence 

tan1 C — - bsinC tan5C - b (1 + cos C) , 

b sin C _ c sin B - c cos 0, and b cos C = a - c cos B = a - c sin 0} 

, c cos 0 
tan|(7= -;—- 

3 m - c sin 0 
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We are now able to express p ip terms of 0, for, substitute in tbe equation 

a — p tan \ C, the values we have found for a and tan \ C, and we get 

m2 — c2 pc cos 0 
or p cos 0 = 

m .2 _ />2 

2 (m — c sin 0) (m — c sin 0) ’ ~ ' 2c 

Hence the locus is a line perpendicular to the base of the triangle at a distance 

from B — 
m 2 — rp 

2 c 

The student may exercise himself with the corresponding locus, if CP had been 

the internal bisector, and if the difference of sides had been given. 

Ex. 4. Given n fixed right lines and a fixed point 0; if through this point any 

radius vector be drawn meeting the right lines in the points r1} r2, r3...rn, and on 

n 
this a point R be taken such that 7773 = 77-+777 + +... -777-, 

Jx 1/7*2 1/7*2 1/?^ (/7*jj 
to find the 

+ &c. 

locus of R. 

Let the equations of the right lines be 

p cos (6 — a) = Pi; p cos (0 - /3) =p2, &C, 

Then it is easy to-see that the equation of the locus is 

n __ cos (0 — a) cos (0 — /?) 

P ~ P\ Pi 

the equation of a right line (Art. 44). This theorem is only a particular case of 

a general one, which we shall prove afterwards. 

We add, as in Art. 49, a few examples leading to equations of higher degree. 

Ex. 5. BP is a fixed line whose equation is p cos 0 = m, and on each radius vector 

is taken a constant length PQ\ to find the locus of Q [see fig., Ex. 1], 

TV m 
AP is by hypothesis = Q > therefore A Q = p = — g ^ + d} which, transformed 

to rectangular coordinates, is (x — m)2 (x2 + y2) — d2x2. 

Ex. 6. Find the locus of Q, if P describe any locus whose polar equation is given, 

p — (p (0). We are by hypothesis given AP in terms of 0, but AP is the p of the 

locus — d) we have therefore only to substitute in the given equation p — d for p. 

Ans. p — d— (p (0). 

Ex. 7. If AQ be produced so that AQ may be double AP, then AP is half the 

p of the locus, and we must substitute half p for p in the given equation. 

Ex. 8. If the angle PAB were bisected, and on the bisector a portion AP' be 

taken so that AP'2 = mAP, find the locus of P' when P describes the right line 

7)1 

0 cos 6 -m. PAB is now twice the 0 of the locus, and therefore AP =-^, and 
cos Zo 

the equation of the locus is p2 cos 20 = m2. 
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^CHAPTER IY. 

APPLICATION OF ABRIDGED NOTATION TO THE EQUATION OF 

THE RIGHT LINE. 

53. We have seen (Art. 40) that the line 

[x cos a + y sin a - p) — k {pc cos (3 + y sin /3 —p) = 0 

denotes a line passing through the intersection of the lines 

x cos a 4- y sin a —p =0, x cos (3 + y sin/S —p = 0. 

We shall often find it convenient to use abbreviations for 

these quantities. Let us call 

x cos a + y sin a - p, a; x cos j3 + y sin (3 —p\ /3. 

Then the theorem just stated may be more briefly expressed ; the 

equation a — 1c{3 = 0 denotes a line passing through the intersec¬ 

tion of the two lines denoted by a = 0, j3 = 0. We shall for 

brevity call these the lines a, /3, and their point of intersection 

the point a/3. We shall, too, have occasion often to use abbre¬ 

viations for the equations of lines in the form Ax + By + C = 0. 

We shall in these cases make use of Roman letters, reserving 

the letters of the Greek alphabet to intimate that the equation 

is in the form 
x cos a. + y sin a - p — 0. 

54. We proceed to.examine the meaning of the coefficient h 

in the equation a - k/3 = 0. We saw (Art. 34) 

that the quantity a (that is, x cos a + y sin a — p) 

denotes the length of the perpendicular PA let fall 

from any point xy on the line OA (which w7e 

suppose represented by a). Similarly, that (3 is the 

length of the perpendicular PB from the point xy on the line 

OR, represented by /3. Hence the equation a — left = 0 asserts 

that if, from any point of the locus represented by it, perpen¬ 

diculars be let fall on the lines OH, OR, the ratio of these per¬ 

pendiculars (that is, PA : PB) will be constant and = k. Hence 
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the locus represented by a. — k(3 = 0 is a right line through O, and 

7 PA smPOA 
~ PB ’ °r = sin POB ' 

It follows from the conventions concerning signs (Art. 34) that 

a + Jc(3 = 0 denotes a right line dividing externally the angle 

sin POA 
A OB into parts such that 4—y-= 1c. It is, of course, assumed 

sin POB 1 7 
in what we have said that the perpendiculars PA, PB are those 

which we agree to consider positive; those on the opposite 

sides of a, j3 being regarded as negative. 

Ex. 1. To express in this notation the proof that the three bisectors of the angles 

of a triangle meet in a point. 

The equations of the three bisectors are obviously (see Arts. 35, 54) a — (3 = 0, 

(3 — y = 0, y — a = 0, which, added together, vanish identically. 

Ex. 2. Any two of the external bisectors of the angles of a triangle meet on the 

third internal bisector. 

Attending to the convention about signs, it is easy to see that the equations of 

two external bisectors are a + (3 = 0, a + y = 0, and subtracting one from the other 

we get (3 — y = 0, the equation of the third internal bisector. 

Ex. 3. The three perpendiculars of a triangle meet in a point. 

Let the angles opposite to the sides a, (3, y he A, B, C respectively. Then since 

the perpendicular divides any angle of the triangle into parts, which are the com¬ 

plements of the remaining two angles, therefore (by Art. 54) the equations of the 

perpendiculars are 

a cos A — (3 cos B— 0, (3 cos B — y cos (7=0, y cos C — a cos A — 0, 

which obviously meet in a point. 

Ex. 4. The three bisectors of the sides of a triangle meet in a point. 

The ratio of the perpendiculars on the sides from the point where the bisector 

meets the base plainly is sin A : sin B. Hence the equations of the three bisectors are 

a sin A — (3 sin B = 0, f3 sin B — y sin (7=0, y sin C — a sin A = 0. 

Ex. 5. The lengths of the sides of a quadrilateral are a, b, c, d •, find the equation 

of the line joining middle points of diagonals. 

Ans. aa - b(3 + cy — d8 = 0 ; for this line evidently passes through the inter¬ 

section of aa — b(3, and cy — do; but, by the last example, these are the bisectors 

of the base of two triangles having one diagonal for their common base. In like 

manner aa — d8, b(3 — cy intersect in the middle point of the other diagonal. 

Ex. 6 To form the equation of a perpendicular to the base of a triangle at its 

extremity. Ans. a + y cos B — 0. 

Ex. 7. If there be two triangles such that the perpendiculars from the vertices of 

one on the sides of the other meet in a point, then, vice versa, the perpendiculars from 

the vertices of the second on the sides of the first will meet in a point. 

Let the sides be a, (3, y, a', (3', y', and let us denote by (a(3) the angle between 

a and j3. Then the equation of the perpendicular 

from a[3 on y' is a cos (/Sy') — (3 cos (ay') = 0, 

from (3y on a' is (3 cos (ya') — y cos (/7«') = 0, 

from yn on is y cos («/!') - c. cos (y/3') = 0. 
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The condition that these should meet in a point is found by eliminating /3 between 
the first two, aud examining whether the resulting equation coincides with the 
third. It is 

cos (a/3') cos Q3y') cos (ya') = cos (a'/3) cos QS'y) cos (y'a). 

But the symmetry of this equation shews that this is also the condition that the 
perpendiculars from the vertices of the second triangle on the sides of the first 
should meet in a point. 

55. The lines a — Jcf3 = 0, and Tea — /3 = 0, are plainly such 
that one makes the same angle with the line a which the other 
makes with the line /3, and are therefore equally inclined to the 
bisector a — /3. 

Ex. If through the vertices of a triangle there be drawn any three lines meeting 
in a point, the three lines drawn through the same angles, equally inclined to the 
bisectors of the angles, will also meet in a point. 

Let the sides of the triangle be a, /3, y, and let the equations of the first three 
lines be 

la — m(3 = 0, m(3 — ny = 0, ny — la = 0, 

which, by the principle of Art. 41, are the equations of three lines meeting in a 
point, and which obviously pass through the points a/3, (3y, and ya. Now, from 
this Article, the equations of the second three lines will be 

a a 
f-£ = o, £-3r=o, andr-p=o, 
l m m n n l ’ 

which (by Art. 41) must also meet in a point. 

56. The reader is probably already acquainted with the fol¬ 
lowing fundamental geometrical theorem :—“ If a pencil of four 
right lines meeting in a point O be intersected by any transverse 
right line in the four points A, P, P', B1 then m 

. AP.P'B . 
the ratio pp>ls constant, no matter how 

the transverse line be dr awn A This ratio is 
called the anharmonic ratio of the pencil. In q 
fact, let the perpendicular from O on the transverse line = p; then 
p.AP= OA. OP.sin A (9P(both being double the area of the triangle 
AOP) ; p.PB= OP. OB sin FOB] p.AP — OA.OP' sin^lOP'; 
p.PB=OP.OBAmPOB] hence 

p2. AP.PB = OA. OP. OF. OB. sin A OP. sin FOB • 

p^.AP'.PB — OA. OF. OP. OB. sin A OF. sin POB\ 

AP. PB sin A OP. sin F OB 
AF .PB sin A OF. sin POB ’ 

but the latter is a constant quantity, independent of the position 
of the transverse line. 
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57. If a — k/3 = 0, a - k'/3 = 0, be the equations of two lines, 

k . 
then ^7 will be the anharmonic ratio of the pencil formed by th& 

four lines a, /3, a — &/3, a — P/3, for (Art. 54) 

7 sin A OP ,, sin A OP 
k = ——, k = 

sin POB sin P' OB5 

therefore 
k _ sin A OP. sin P OB , 

k! sin A OP'. sin POP 

but this is the anharmonic ratio of the pencil. 

k 
The pencil is a harmonic pencil when — = - for then the’ 

angle A OB is divided internally and externally into parts whose' 

sines are in the same ratio. Hence we have the important 

theorem, two lines whose equations are a—k(3 = 0, a + &/3 = 0, 

form with a, (5 a harmonic 'pencil. 

58. In general the anharmonic ratio of four lines d — Jc0, 

a. -10, a — m/3, a — n/3 is ^—— 
7 7 [n — m 

cut by any parallel to /3 in the four points if, P, M, N, and the 

[m - k) 

7(l~k)' 
For let the pencil be 

ratio is 
NL.MK 

But since (3 
NM.LK* 

has the same value for each of 

these four points, the perpen¬ 

diculars from these points on a are 

(by virtue of the equations of the 6 /3 

lines) proportional to k, l, m, n; and AK, HP, AM, AN are 

evidently proportional to these perpendiculars; hence NL is pro¬ 

portional to n — l) MK to 7n—k] NM ton - m-, and LK to l—k. 

59. The theorems of the last two articles are true of lines 

represented in the form P— kP, P— IP’, &c., where P, P' denote 

ax-\-by-\-c, ax 4- b'y + c, &c. For we can bring P to the 

form x cos a + y sin a -p by dividing by a certain factor. The 

equations therefore P-kP' = 0, P- IP' = 0, &c., are equivalent 

to equations of the form a — kp/3 = 0, a — lp0 = 0, &c., where p 

is the ratio of the factors by which P and P must be divided 

in order to bring them to the forms a, (3. But the expressions 
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for anharmonic ratio are unaltered when we substitute for 7j, 7, 

m, n ; 7c p, Ip, mp, np- . 
It is worthy of remark, that since the expressions tor 

anharmonic ratio only involve the coefficients 7r, 7, m, n, it folio v &> 

that if we have a system of any number of lines passing through 

a point, P-kP', P — IP, &c.; and a second system of lines 

passing through another point, Q — kQ, Q — lQ,&c., the line 

P- kP being said to correspond to the line Q — 7cQ', &c.; then 

the anharmonic ratio of any four lines of the one system is 

equal to that of the four corresponding lines of the other system. 

We shall hereafter often have occasion to speak of such systems 

of lines, which are called homo graphic systems. 

60. Given three lines a, /3, 7, forming a triangle ;* the equation 

of any right line, ax+hyP c = 0, can he thrown into the form 

la. + m3 + ny = 0. 

Write at full length for a, /3, 7 the quantities which they 

represent, and 7a 4- m3 + ny becomes 

(7 cosa + m cos/3 + n COS7) x+ (7 sina + m sin/3 4 n sin7l y 

— (Ip + ? np + up") = 0. 

This will be identical with the equation of the given line, 

if we have 

7 cosa + m cos3 + n C0S7 = «, l sina + m sin/3-f n sin 7 = b, 

Ip + mp 4- iif' — — c, 

and we can evidently determine 7, m, ??, so as to satisfy these 

three equations. 

The following examples will illustrate the principle that it is 

possible to express the equations of all the lines of any figure 

in terms of any three, a = 0, /3 = 0, 7 = 0. 

Ex. 1. To deduce analytically the harmonic properties of a complete quadrilateral. 

(See figure, next page). 

Let the equation of AC' be a = 0; of AB, ft — 0; of BD, y = 0; of AD 

la — mfi — 0; and of BC, m(3 — ny = 0. Then we are able to express in terms of 

these quantities the equations of all the other lines of the figure. 

* We say “ forming a triangle.” for if the lines a (3, y meet in a point, la 4- mp + ny 

must always denote a line passing through the same point, since any values of the 

coordinates which make a, (3, y separately = 0, must make la + mp -f ny = 0. 

X 
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For instance, the equation of CD is 

la — m/3 + ny — 0, 

for it is the equation of a right line passing 

through the intersection of la — m/3 and y, that 

is, the point D, and of a and m/3 — ny, that is,, 

the point C. Again, la — ny — 0 is the equa¬ 

tion of OE, for it passes through ay or E, and 

it also passes through the intersection of AD 

and BC, since it is = {la — m(3) + {m/3 — ny/). 

EF joins the point ay to the point A. 15 

{la — m(3 + ny, (3), and its equation will be found to be la + ny — 0. 

From Art. 57 it appears that the four lines EA, EO, EB, and EF form a 

harmonic pencil, for their equations have been shown to be 

a — 0, y — 0, and la + ny = ©■. 

Again, the equation of FO, which joins the points {la + ny, (3) and {la—m/3, m/3—ny) 

is 

la — 2m/3 + ny — 0. 

Hence (Art. 57) the four lines FE, FC, FO, and FB are a harmonic pencil, for 

their equations are 

la — m(3 4- ny — 0, (3 = 0, and la — m(3 + ny + m(3 — 0. 

Again, OC, OE, OD, OF are a harmonic pencil, for their equations are 

la — m(3 = 0, m/3 — ny — 0, and la — m/3 + (m/3 — ny) = 0. 

Ex. 2. To discuss the properties of the system of lines formed by drawing through 

the angles of a triangle three lines meeting in a point. 

Let the equation of AB be y — 0; of AC, (3 = 0 -} of BC, a = 0; and let the lines 

OA, OB, OC, meeting in a point, 

be m/3 — ny, ny — la.:, la — m/3 (see 

Art. 55). 

Now we can form the equa¬ 

tions of all the other lines in the 

figure. 

For example, the equation of 

EF is 

#7/3 + ny — la — 0, 
since it passes through the points 

{/3, ny — la) or E, and (y, m/3 — la) 

or F. 

In like manner, the equation of DF is 

M 

and of DE 

la — m/3 + ny — 0, 

la + m/3 — ny = 0. 

Now we can prove that the three points L, M, N are all in one right line, whose 

equation is 

la + m/3 + ny — 0, 

for this line passes through the points {la + m/3 — ny, y) or N •, {la — m/3 + ny, /3) 

or M; and {m/3 + ny — la, a) or L. 

The equation of CN is 

la + m/3 — 0, 

for this is evidently a line through (a, (3) or C, and it also passes through N, since 

it = {la + m/3 + ny) — ny. 
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Hence BN is cut harmonically, for the equations of the four lines CN, CA• 

CF, CB are 

a — 0, (3 = 0, la — m(3 = 0, la + m(3 ~ 0. 

The equations of this example can be applied to many particular cases of frequent 

occurrence. Thus (see Ex. 3, p. 54) the equation of the line joining the feet 

of two perpendiculars of a triangle is a cos A + (3 cos I? — y cos C— 0 ; while 

a cos A + /3 cos B + y cos C passes through the intersections with the opposite sides 

of the triangle, of the lines joining the feet of the perpendiculars. In like manner 

a sin A + /3 sin5 — y sin C represents the line joining the middle points of two 

sides, &c. 

Ex. 3. Two triangles are said to be homologous, when the intersections of the 

corresponding sides lie on the same right line called the axis of homology; prove 

that the lines joining the corresponding vertices meet in a point [called the centre 

of homology\. 

Let the sides of the first triangle be a, (3, y ; and let the line on which the corre¬ 

sponding sides meet be la + m(3 + ny ; then the equation of a line through the 

intersection of this with a must be of the form l'a 4- mf3 + ny = 0, and similarly those 

of the other two sides of the second triangle are 

la + m’(3 + ny = 0, la + mf3 + nfy = 0. 

But subtracting successively each of the last three equations from another, we 

get for the equations of the lines joining corresponding vertices 

(l — V) a = (m — m') (3, (m — m') (3 = [n — n') y, (n — n’) y — (l — l’) a, 

which obviously meet in a point. 

61. To find the condition that two lines la. + m/3 + ny, 

l’a + m’/3 + ny may he mutually perpendicular. 

Write the equations at full length as in Art. 60, and apply 

the criterion of Art. 25, Cor. 2 (AA' + BB' = 0), when we find 

ll' + mm -f nn H- [mri + ran) cos [fi — 7) + (nl' + nl) cos (7 — a) 

+ [bn + I'm) cos [a — j3) = 0, 

Now since /3 and 7 are the angles made with the axis of x by 

the perpendiculars on the lines (3, 7, /3 — 7 is the angle between 

those perpendiculars, which again is equal or supplemental to 

the angle between the lines themselves. If we suppose the 

origin to be within the triangle, and A, B, C to be the angles 

of the triangle, /5 —7 is the supplement of A. The condition 
for perpendicularity therefore is 

ll'+mm -fnn — [mn'fm'n] o,osA — (nl+ril) cosB—[lm'+lm) cos(7=0. 

As a particular case of the above, the condition that la -j- m[3 + ny 

may be perpendicular to 7 is 

n = m cos A -j- l cos B. 

In like manner we find the length of the perpendicular from xy 
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on la + m/3 4- ny. Write the equation at full length and apply the 

formula of Art. 34, when, if we write x cos a + y' sin a - p = a\ 

&c., the result is 

la 4- m(3' 4- ny 

\J[F + ml + riA — 2mn cos A — 2nl cos B — ‘Zlm cos G) * 

Ex. 1. To find the equation of a perpendicular to y through its extremity. The 

equation is of the form la + ny = 0. And the condition of this article gives 

n~l cos-B, as in Ex. 6, p. 54. 

Ex. 2. To find the equation of a perpendicular to y through its middle point. 

The middle point being the intersection of y with a sin A — (3 sin B, the equation 

of any line through it is of the form a sin A — [3 sin B + ny — 0, and the condition 

of this article gives n — sin [A — B). 

Ex. 3. The three perpendiculars at middle points of sides meet in a point. For 

eliminating a, (3, y in turn between 

a sin A — (3 sin B + y sin (A — B) — 0, (3 sin B — y sin C + a sin (B — C) = 0, 

we get for the lines joining to the three vertices the intersection of two perpen- 

ct /3 *y 
diculars-; = 7 = —- ~; and the symmetry of the equations proves that the 

COS A cos B cos C j j n r 

third perpendicular passes through the same point. The equations of the perpen¬ 

diculars vanish when multiplied by sin2C, sin2A, sin2Z>, and added together. 

Ex. 4. Find, by Art. 25, expressions for the sine, cosine, and tangent of the angle 

between la + m/3 + ny, Va 4- m'(3 4- n’y. 

Ex. 5. Prove that a cos A + (3 cos B + y cos C is perpendicular to 

a sin A cos A sin {B — C) + (3 sin B cos B sin (C — A) + y sin C cos C sin (A — B). 

Ex. 6. Find the equation of a line through the point a'(3'y' perpendicular to the 

line y. Ans. a (/3' + y cos A) — (3 (a' A y' cos B) + y (J3' cos B — a' cos A). 

62. We have seen that we can express the equation of any 

right line in the form la 4- m/3 + ny = 0, and so solve any problem 

by a set of equations expressed in terms of a, /3, 7, without any 

direct mention of x and y. This suggests a new way of looking 

at the principle laid down in Art. 60. Instead of regarding a 

as a mere abbreviation for the quantity x cos a 4- y sin a — p, we 

may look upon it as simply denoting the length of the perpen¬ 

dicular from a point on the line a. We may imagine a system 

of trilinear coordinates in which the position of a point is defined 

by its distances from three fixed lines, and in which the 

position of any right line is defined by a homogeneous equation 

between these distances, of the form 

la 4- m/3 + ny = 0. 

The advantage of trilinear coordinates is, that whereas in 
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Cartesian (or x and y) coordinates the utmost simplification we 

can introduce is by choosing two of the most remarkable lines in 

the figure for axes of coordinates, we can in trilinear coordi¬ 

nates obtain still more simple expressions by choosing three of 

the most remarkable lines for the lines of reference a, /9, 7. The 

reader will compare the brevity of the expressions in Art. 51 

with those corresponding in Chap. II. 

63. The perpendiculars from any point 0 on a, /9, 7 are- 

connected by the relation act + b/8 + cy = ill, where a, 5, c, are 

the sides, and M double the area, of the triangle of reference. 

For evidently «a, 5/9, cy are respectively double the areas of 

the triangles OBGOCA, OAB. The reader may suppose 

that this is only true if the point 0 be taken within the triangle ; 

but he is to remember that if the point 0 were on the other 

side of any of the lines of reference (a), we must give a negative 

sign to that perpendicular, and the quantity act. + 5/9 + cy would 

then be double OCA-\- OAB- OBC, that is, still = double the 

area of the triangle. Since sin A is proportional to a, it is plain 

that a sin A -+ /9 sin B + 7 sin C is also constant, a theorem which 

may otherwise be proved by writing a, /9, 7 at full length, as in 

Art. 60, multiplying by sin(/9 —7), sin (7 — a), sin (a — /9), 

respectively, and adding, when the coefficients of x and y vanish, 

and the sum is therefore constant. 

The theorem of this article enables us alwavs to use homo- 
•t 

geneous equations in a, /9, 7, for if we are given such an equation 

as a = 3, we can throw it into the homogeneous form 

Met — 3 [act + 5/9-1- cy). 

64. To express in trilinear coordinates the equation of the 

parallel to a given line let + m(3 + ny. 

In Cartesian coordinates two lines Ax + By-\- (7, Ax + By + C\ 

are parallel if their equations differ only by a constant. It 

follows then that 

let + mj3 + ny + h [ct sin A + /9 sin B + 7 sin C) — 0 

denotes a line parallel to 5a + m/3 + ny, since the two equations 

differ only by a quantity which has been just proved to be 

constant. 
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In the same case Ax -f By + C + (Ax + By + C) denotes a 

line also parallel to the two given lines and half-way between 

them; hence if two equations P = 0, P'— 0 are so connected 

that P- P1 = constant, then P-f P' denotes a parallel to P and 

P' half-way between them. 

Ex. 1. To find the equation of a parallel to the base of a triangle drawn through 

the vertex. Ans. a 3in A +- (3 sin B = 0. 

Eor this, obviously, is a line through a{3; and writing the equation in the form 

y sin C — (a sin A + [3 sin B + y sin C) = G, 

it appears that it differs only by a constant from y = 0. 

We see, also, that the parallel a sin A + (3 sin B, and the bisector of the base 

a sin A — (3 sin B, form a harmonic pencil with a, (3, (Art. 57). 

Ex. 2. The line joining the middle points of sides of a triangle is parallel to the 

base. Its equation (see Ex. 2, p. 58) is 

a sin A + (3 sin B — y sin C = 0, or 2y sin C = a sin A + (3 sin B + y sin €. 

Ex. 3. The line aa — b(3 + cy — do (see Ex. 5, Art. 54) passes through the middle 

point of the line joining ay, (3S. For (aa + cy) + (b/3 + dd) is constant, being twice the 

.area of the quadrilateral; hence aa + cy, b(3 + dS are parallel, and (aa + cy) — (b/3 + d8) 

is also parallel and half-way between them. It therefore bisects the line joining (ay), 

which is a point on the first line, to (/3<$) which is a point on the second. 

65. To write in the form la + m/3 -f ny = 0 the equation of the 

line joining two given points xy\ x'y". 

Let a, as before, denote the quantity x cos a 4- y sin a —p. 

Then the condition that the coordinates x'y' shall satisfy the 

equation la + m/3 -f ny — 0 may be written 

la + m/3' nf — 0. 

Similarly we have la!' + m/3" + nf = 0. 

I Yn, 
Solving for - , - , from these two equations, and substituting 

in the given form, we obtain for the equation of the line joining 

the two points 

a (fi'y" — V/3") + (3 (fa" - fa) -f 7 (a/3" - a'/3') = 0. 

It is to be observed that the equations in triiinear coordi¬ 

nates being homogeneous, we are not concerned with the actual 

lengths of the perpendiculars from any point on the lines of 

reference, but only with their mutual ratios. Thus the preceding 

equation is not altered if we write pa', p/3', py', for a', /3', 7'. 

Accordingly, if a point be given as the intersection of the lines 

% = — = - , we may take ?, m, n as the triiinear coordinates 
l m n1 J 
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of that point. For let p be the common value of these fractions, 

and the actual lengths of the perpendiculars on a7 /?, y are 

/p, mp, np, where p is given by the equation alp 4 bmp 4 cnp = ili, 

but, as has been just proved, we do not need to determine p. 

Thus, in applying the equation of this article, we may take for 

the coordinates of intersection of bisectors of sides, sinB sin (7, 

sin C sin A, sin A sin B’ of intersection of perpendiculars, 

cosi? cos (7, cos C cosA, cos A cos By of centre of inscribed circle 

1, 1, 1 ; of centre of circumscribing circle cos A, cos B7 cos (7, &c. 

Ex. 1. Find the equation of the line joining intersections of perpendiculars, and 

of bisectors of sides (see Art. 61, Ex. 5). 

Ans. a sin A cos A sin (B — C) +/3 sin f? cos B sin\C— A) +y sin C cos Csin (A — B)= 0. 

Ex. 2, Find equation of line joining centres of inscribed and cii’eumscribing circles. 

Ans. a (cos B — cos C) + (3 (cos C — cos A) -f y (cos A — cos B) = 0. 

66. It is proved, as in Art. 7, that the length of the per¬ 

pendicular on a from the point which divides in the ratio l: m 

the line joining two points wffiose perpendiculars are a', a" is 

4 . Consequently the coordinates of the point dividing 

in the ratio l: m the line joining a'/3'y') a!' (3" y" are la! 4 ma"7 

1/3' 4 m/3", ly 4 my". It is otherwise evident that this point 

lies on the line joining the given points, for if a'/3'y\ a"/3"y" 

both satisfy the equation of a line Aa 4 B/3 + Cy = 0, so will 

also la! 4 m", &c. It follows hence, without difficulty, that 

la! — mo!', &c., is the fourth harmonic to la! 4 wia", a, a"; that 

the anharmonic ratio of a!—ha!') a!— la!') a! - mo!') a!— no!' is 

—Tyy—77) ’ au(^ a^S0 S^ven ^wo systems of points ob 

two right lines a—ha!') a-la")&c.) a" — ha!"', a!" — la!'", &c.; 

these systems are homographiC) the anharmonic ratio of any four 

points on one line being equal to that of the four corresponding 

points on the other. 

Ex. The intersection of perpendiculars, of bisectors of sides, and the centre of 

circumscribing circle lie on a right line. For the coordinates of these points are 

cos B cos C, <tc., sin B sin C, &c., and cos A, &c. But the last set of coordinates may 

be written sin B sin C — cos B cos C, &c. 

The point whose coordinates are cos (B—C), cos (C — A), cos (A — B) evidently 

lies on the same right line and is a fourth harmonic to the three preceding. It will 

be found hereafter that this is the centre of the circle through the middle points; 
of the sides. 
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67. To examine what line is denoted by the equation 

a sin A -r /9 sin B + 7 sin G = 0. 

This equation is included in the general form of an equation 

of a right line, but we have seen (Art. 63) that the left-hand 

member is constant, and never = 0. Let us return, however, 

to the general equation of the right line Ax + By -f C = 0. We 

C G 
saw that the intercepts cut off on the axes are — • 

consequently, the smaller A and B become the greater will be 

the intercepts on the axes, and therefore the more remote the 

line represented. Let A and B be both = 0, then the intercepts 

become infinite, and the line is altogether situated at an infinite 

distance from the origin. Now it was proved (Art. 63) that the 

equation under consideration is equivalent to 0.r + Oy + G = 0, and 

though it cannot be satisfied by any finite values of the coordi¬ 

nates, it may by infinite values, since the product of nothing by 

infinity may be finite. It appears then that a sinA-i-/9 sin/9+ 7 sin G 

denotes a right line situated altogether at an infinite distance from 

the origin; and that the equation of an infinitely distant right 

line, in Cartesian coordinates, is0.£cq0.?/+C=0. We shall, 

for shortness, commonly cite the latter equation in the less 

accurate form G— 0. 

68. We saw (Art. 64) that a line parallel to the line a = 0 

has an equation of the form a-f C= 0. Now the last Article 

shows that this is only an additional illustration of the principle 

of Art. 40. For a parallel to a may be considered as intersecting 

it at an infinite distance, but (Art. 40) an equation of the form 

a + C = 0 represents a line through the intersection of the lines 

a=0, 0=0, or (Art. 67) through the intersection of the line a 

with the line at infinity. 

69. We have to add that Cartesian coordinates are only a 

particular case of trilinear. There appears, at first sight, to be 

an essential difference between them, since trilinear equations 

are always homogeneous, while we are accustomed to speak of 

Cartesian equations as containing an absolute term, terms of the 

first degree, terms of the second degree, &c. A little reflection, 

however, will show that this difference is only apparent, and 
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that Cartesian equations must be equally homogeneous in reality, 

though not in form. The equation a? = 3, for example, must 

mean that the line x is equal to three feet or three inches, or, in 

short, to three times some linear unit; the equation xy = 9 must 

mean that the rectangle xy is equal to nine square feet or square 

inches, or to nine squares of some linear unit; and so on. 

If we wish to have our equations homogeneous in form as well 

as in reality, we may denote our linear unit by £, and write the 

equation of the right line 

Ax q* By -4- Cz — 0. 

Comparing this with the equation 

Aa -r B/3 + Cy = 0, 

and remembering (Art. 67) that when a line is at an infinite dis¬ 

tance its equation takes the form z = 0, we learn that equations 

in Cartesian coordinates are only the 'particular form assumed 

hy trilinear equations when two of the lines of reference are 

what are called the coordinate axes1 while the third is at an 

infinite distance. 

70. We wish in conclusion to give a brief account of what is 

meant by systems of tangential coordinates, in which the position 

of a right line is expressed by coordinates, and that of a point by 

an equation. In this volume we limit ourselves to what is not 

so much a new system of coordinates as a new way of speaking 

of the equations already in use. If the equation (Cartesian or 

trilinear) of any line be \x 4- yy 4- vz = 0, then evidently, if 

X, ya, v be known, the position of the line is known; and we 

may call these three quantities (or rather their mutual ratios 

with which only we are concerned) the coordinates of the right 

line. If the line pass through a fixed point xy z\ the relation 

must be fulfilled x\ 4- fig 4- zv — 0 ; if therefore we are given 

any equation connecting the coordinates of a line, of the form 

aX + bp 4- cy = 0, this denotes that the line passes through the 

fixed point (a, 5, c), (see Art. 51), and the given equation may 

be called the equation of that point. Further, we may use 

abbreviations for the equations of points, and may denote by 

a, /3 the quantities x 'X + yn + zv) x"\ + y"/j, + z"v) then it is 

evident that 7a 4- m(3 = 0 is the equation of a point dividing in 

K 
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a given ratio the line joining the points a,/S; that 7a = wi/9, 

772/3 = ^7, ny=l<x are the equations of three points which lie on 

a right line; that a + &/3, a — kft denote two points harmonically 

conjugate with regard to a, /3, &c. We content ourselves here 

with indicating analogies which we shall hereafter develope 

more fully; for we shall have occasion to show that theorems 

concerning points are so connected with theorems concerning 

lines, that when either is known the other can be inferred, and 

often that the same equations differently interpreted will prove 

either theorem. Theorems so connected are called reciprocal 

theorems. 

Ex. Interpret in tangential coordinates the equations used in Art. 60, Ex. 2. 
Let a, /3, y denote the points A, B, C\ m(3 — ny, ny — la, la — m/3, the points 

L, M, N; then m/3 + ny — la, ny + la — m(3, la + m/3 — ny denote the vertices of the 
triangle formed by LA, MB, NC •, and la + m/3 + ny denotes a point 0 in which 
meet the lines joining the vertices of this new triangle to the corresponding vertices 
of the original : m/3 + ny, ny Ala, la + m/3 denote D, E, F, It is easy hence to see 

the points in the figure, which are harmonically conjugate. 
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CHAPTER V. 

EQUATIONS ABOYE THE FIRST DEGREE REPRESENTING 
RIGHT LINES. 

71. Before proceeding to speak of the curves represented 

by equations above the first degree, we shall examine some cases 

where these equations represent right lines. 

If we take any number of equations L = 0, M— 0, N— 0, &c., 

and multiply them together, the compound equation LMN&c. = 0 

will represent the aggregate of all the lines represented by its 

factors; for it will be satisfied by the values of the coordinates 

which make any of its factors = 0. Conversely, if an equation of 

any degree can he resolved into others of lower degrees, it will repre¬ 

sent the aggregate of all the loci represented hy its different factors. 

If, then, an equation of the nth degree can be resolved into n 

factors of the first degree, it will represent n right lines. 

72. A homogeneous equation of the nth degree in x and y 

denotes n right lines passing through the origin. 

Let the equation be 

x — px~xy 4- qxn~'ff — &c. .. .4 tyn — 0. 

Divide by y \ and we get 

fx 
n-1 

X 
n—2 

7. ~P - + -) “&c. = 0. 

Let a, 5, c, &c., be the n roots of this equation, then it is 

resolvable into the factors 

&c. = 0, 

and the original equation is therefore resolvable into the factors 

[x — ay) (x — hy) {x — cy) &c. = 0. 

It accordingly represents the n right lines x—ay = 0, &c., all of 

which pass through the origin. Thus, then, in particular, the 

homogeneous equation 
tf-pxy + qf = 0 
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represents the two right lines x — ay — 0, x — by = 0, where a and 

b are the two roots of the quadratic 

4- q = 0. 

It is proved, in like manner, that the equation 

(x — a)n - p [x — a)n~x {y — b) + q (x — a)n~2 [y - b]z.. .-f t [y — b)n = 0 

denotes n right lines passing through the point [a) b). 

Ex. 1. What locus is represented by the equation xy — 0 ? 

Ans. The two axes.; since the equation is satisfied by either of the suppositions 

x — 0, y — 0. 

Ex. 2. What locus is represented by x2 — y1 — 0? 

Ans. The bisectors of the angles between the axes, x + y — 0 (see Art. 35). 

Ex. 8. What locus is represented by x- — 5xy + 6y2 = 0 ? Ans. x—2y=0, x—3y=0. 

Ex. 4. What locus is represented by x2 — 2xy sec 0 + y2 — 0 ? 

Ans. x — y tan (45° + |0). 

Ex. 5. What lines are represented by x2 — 2xy tan 0 — y2 — 0 ? 

Ex. 6. What lines are represented by x3 — Gx2y + 11 xy2 — Gy3 — Of 

73. Let us examine more minutely the three eases of the 

solution of the equation xz —pxy -+ qy2 = 0, according as its roots 

are real and unequal, real and equal, or both imaginary. 

The first case presents no difficulty : a and b are the tangents 

of the angles which the lines make with the axis of y (the axes 

being supposed rectangular), 'p is therefore the sum of those 

tangents, and q their product. 

In the second case, when a — b, it was once usual among 

geometers to say that the equation represented but one right 

line [x — ay — 0). We shall find, however, many advantages in 

making the language of geometry correspond exactly to that of 

algebra, and as we do not say that the equation above has only 

one root, but that it has two equal roots, so wTe shall not say 

that it represents only one line, but that it represents two coincident 

right lines. 

Thirdly, let the roots be both imaginary. In this case no real 

coordinates can be found to satisfy the equation, except the 

coordinates of the origin x — 0, y — 0 ; hence it was usual to say 

that in this case the equation did not represent right lines, but 

was the equation of the origin. Now this language appears to 

us very objectionable, for we saw (Art. 14) that two equations 
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are required to determine any point, hence we are unwilling 

to acknowledge any single equation as the equation of a point. 

Moreover, we have been hitherto accustomed to find that two 

different equations always had different geometrical significations, 

hut here we should have innumerable equations, all purporting to 

be the equation of the same point; for it is obviously immaterial 

what the values of p and q are, provided only that they give 

imaginary values for the roots, that is to say, provided that p2 be 

less than 4q, We think it, therefore, much preferable to make 

our language correspond exactly to the language of algebra ; and 

as we do not say that the equation above has no roots wheny?2 

is less than 4^, but that it has two imaginary roots, so we shall 

not say that, in this case, it represents no right lines, but that 

it represents two imaginary right lines. In short, the equation 

x — pxy + qyl — 0 being always reducible to the form 

[x — ay) (x - by) = 0, we shall always say that it represents two 

right lines drawn through the origin ; but when a and b are real, 

we shall say that these lines are real; when a and b are equal, 

that the lines coincide; and when a and b are imaginary, that the 

lines are imaginary. It may seem to the student a matter of 

indifference which mode of speaking we adopt ; we shall find, how¬ 

ever, as we proceed, that we should lose sight of many important 

analogies by refusing to adopt the language here recommended. 

Similar remarks apply to the equation 

Ax2, 4- Bxy + Cy2 = 0, 

which can be reduced to the form x2 — pxy + qy2 = 0, by dividing 

by the coefficient of x2. This equation will always represent 

two right lines through the origin ; these lines will be real if 

B2 — 4=AC be positive, as at once appears from solving the 

equation ; they will coincide if B2 - 4A (7=0; and they will be 

imaginary if B2 — ±AC be negative. So, again, the same 

language is used if we meet with equal or imaginary roots in the 

solution of the general homogeneous equation of the wth degree. 

74. To find the angle contained by the lines represented by the 
equation x2 -pxy + qff — 0. 

Let this equation be equivalent to (x — ay) [x — by) — 0, then 

the tangent of the angle between the lines is (Art. 25) ^ 
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but the product of the roots of the given equation = q, and their 

difference = »J (p2 — 4 q). Hence 

C(p2-±q) 
tan (f) = 

1 •+ q 

If the equation had been given in the form 

Ax + Bxy + Cy2 = 0, 

it would have been found that 

A , J(B*-±AC) 
tan <p = —-— -—-. 

^ A + C 

Cor. The lines will cut at right angles, or tan <£ will become 

infinite, if q~— 1 in the first case, or if A + C= 0 in the second. 

Ex. Find the angle between the lines 

x2 + xy — Qy2 = 0. 

x2 — 2 xy sec 6 + y2 — (V 

*If the axes be oblique we find, in like manner, 

Ans. 45° 

Ans. 6. 

. sin (o\J{B —±AC) 
tan 6 = -A—75-- . 

r A + C - B cos co 

75. To find the equation which will represent the lines bisecting 

the angles between the lines represented by the equation 

Ax2 + Bxy + Cy1 = 0. 

Let these lines be x — ay= 0, x — by = 0 ; let the equation of 

the bisector be x — yy — 0^ and we seek to determine y. Now 
{Art. 18) ytt is the tangent of the angle made by this bisector with 

the axis of ?/, and it is plain that this angle is half the sum of the 

angles made with this axis by the lines themselves. Equating, 

therefore, tangent of twice this angle to tangent of sum, we get 

2y a + b 

1 — y2 1 — ab * 

but, from the theory of equations, 

±7 B 7 C 

a*h = ~ AA aJj==~j> A 

therefore 
2y 

f-/? 
B 

A-C’ 

or 
, n A-C - 

y -2 y - 1 = 0. 
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This gives us a quadratic to determine /t, one of whose roots 

will be the tangent of the angle made with the axis of y by the 

internal bisector of the angle between the lines, and the other 

the tangent of the angle made by the external bisector. We 

can find the combined equation of both lines by substituting in 

X 
its value = - , and we get 

y 

a?-2 xy-y‘ = o* 

and the form of this equation shows that the bisectors cut each 

other at right angles (Art. 74). 

The student may also obtain this equation by forming 

(Art. 35) the equations of the internal and external bisectors 

of the angle between the lines x — ay = 0, x — by — 0, and 

multiplying them together, when he will have 

(x - ayf _ {x - byf 

1+a2 1 + &2 ’ 

and then clearing of fractions, and substituting for a 4 5, and ab 

their values in terms of A, B, (7, the equation already found is 

obtained. 

76. We have seen that an equation of the second degree 

may represent two right lines; but such an equation in general 

cannot be resolved into the product of two factors of the first 

degree, unless its coefficients fulfil a certain relation, which can 

be most easily found as follows. Let the general equation of 

the second degree be written 

ax2 -f 2bxy 4 by14 2gx + 2fy + c = 0,f 

or ax2 4 2 (hy +g)x-\- by2 4 2fy 4- c = 0. 

the last quadratic for ^ 

* It is remarkable that the roots of this last equation 'will always be real, even 

the roots of the equation Ax- + Bxy + Cy2 — 0 be imaginary, which leads to the 

curious result, that a pair of imaginary lines has a pair of real lines bisecting 

the angle between them. It is the existence of such relations between real and 

imaginary lines which makes the consideration of the latter profitable, 

t It might seem more natural to write this equation 

ax- 4- bxy + cy2 4- dx + ey -\-f~ 0, 

but as it is desirable that the equation should be written with the same letters all 

through the book, I have decided on using, from the first, the form which will 

hereafter be found most convenient and symmetrical. It will appear hereafter 
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Solving this equation for x we get 

ax = - (hy 4 S') ± V{(A* *- ab) f + 2 (hg -of) y 4 [g*-ac)}. 

In order that this may be capable of being reduced to the 

form x = my + w, it is necessary that the quantity under the 

radical should be a perfect square, in which case the equation 

would denote two right lines according to the different signs 

we give the radical. But the condition that the radical should 

be a perfect square is 

[V - ab) (/ - ac) = (Jig - aff. 

Expanding, and dividing by a, we obtain the required condition, 

viz. abc + 2fgh - af - bf - cV = 0 * 

1. Verify that the following equation represents right lines, and find the lines: 

x1 — bxy + 4 y2 + x + 2y — 2 = 0. 

Ans. Solving for x as in the text, the lines are found to be 

x — y — 1 = 0, x —Ay + 2 = 0. 

Ex. 2. Verify that the following equation represents right lines: 

(ax + fiy — ?’2)2 = (a2 + /32 — r2) (x2 + y2 — r2). 

Ex. 3. What lines are represented by the equation 

x2 — xy + y2 — x — y + 1 = 0? 

Ans. The imaginary lines x + Qy + 02 = 0, x + 62y + 0 = 0, where 0 is one of the 

imaginary cube roots of 1. 

Ex. 4. Determine h, so that the following equation may represent right lines : 

x2 + 2hxy + y2 — 5x — ly + 6 = 0. 

Ans. Substituting these values of the coefficients in the general condition, we get 

for h the quadratic 12h2 — 35h + 25 = 0, whose roots are f and %. 

*77. The method used in the preceding Article, though the 

most simple in the case of the equation of the second degree, is 

not applicable to equations of higher degrees; we therefore give 

another solution of the same problem. It is required to ascertain 

that this equation is intimately connected with the homogeneous equation in three 

variables, which may be most symmetrically written 

ax2 + by2 + cz2 + 2fyz + 2gzx + 2 hxy = 0. 

The form in the text is derived from this by making z — 1. The coefficient 2 is affixed 

to certain terms, because formulae connected with the equation, which we shall have 

occasion to use, thus become simpler and more easy to be remembered. 

* If the coefficients/, g, h in the equation had been written without numerical 

multipliers, this condition would have been 

4abc ffgh — af2 — bg2 — ch2 = 0. 
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whether the given equation of the second degree can be identical 

with the product of the equations'of two right lines 

[ax + /3y- 1) [ax +■ /3'y - 1) = 0. 

Multiply out this product, and equate the coefficient of each 

term to the corresponding coefficient in the general equation of 

the second degree, having previously divided the latter by c, 

so as to make the absolute term in each equation = 1. We thus 

obtain five equations, viz. 

. CC p 2q r> n’ ^ n nt 2 t 2Tl 
aa = -, a +a /3/3 = -, /3 + /3 =-, a/3 -f a /3 = —; 

from which eliminating the four unknown quantities a, a', /3, (3\ 

we obtain the required condition. The first four of the equa¬ 

tions at once give us two quadratics for determining a, a ; /3, /3'; 

which indeed might have been also obtained from the considera¬ 

tion that these quantities are the reciprocals of the intercepts 

made by the lines on the axes; and that the intercepts made by 

the locus on the axes are found (by making alternately x = 0, 

y = 0, in the general equation) from the equations 

ax2 -f 2gx + c = 0, by2 + 2fy -f c = 0. 

We can now complete the elimination by solving the quadratics, 

substituting in the fifth equation and clearing of radicals; or 

we may proceed more simply as follows: Since nothing shews 

whether the root a of the first quadratic is to be combined with 
2 /- 

the root (3 or /3' of the second, it is plain that — may have 
c 

either of the values a/3' + a/3 or a/3 -f a!(3'. This is also evident 

geometrically, since if the locus meet the axes in the points 

X, 77; if, M'] it is plain that if it represent right lines at all, 

these must be either the pair LM: UM\ or else LM\ L'M, 
whose equations are 

[ax -f (3y-1) [ax + /3'y-l) = 0, or [ax + 3’y - 1) (a'x+/3y - 1) = 0. 

The sum then of the two quantities a/3' 4 a'/3, a/3 + a/3' 

= (a + «') 08 + /S') = , 
c 

and their product 

= aa (|32 + /3'2) + /3/S' (a* + a'2) = - (4/' ~ 2bc) + h_ . 
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Hence - is given by the quadratic 

}d fq Th af '14 bgl — abc 
c 

0, 
which, cleared of fractions, is the condition already obtained. 

Ex. To determine h so that x2 + 2hxy + y2 — hx — ly + 6 = 0 may represent right 

lines (see Ex. 4, p. 72). 

The intercepts on the axes are given by the equations 

x2 — 5x + 6 = 0, y2 — 7y + 6 = 0, 

whose roots are x = 2, x = 3; y— 1, y = 6. Forming, then, the equation of the lines 

joining the points so found, we see that if the equation represent right lines, it must 

be of one or other of the forms 

(x + 2y — 2) (2x + y — 6) =: 0, (x + 3y — 3) (3x + y — 6) = 0, 

whence, multiplying out, h is determined. 

*78. To find bow many conditions must be satisfied in order 

that the general equation of the nth degree may represent right lines. 

We proceed as in the last Article; we compare the general 

equation, having first by division made the absolute term = 1, 

with the product of the n right lines 

(ax 4 /% — 1) (a!x 413'y — 1) (ax 4 — 1) &c. = 0. 

Let the number of terms in the general equation be JV; then 

from a comparison of coefficients we obtain N— 1 equations 

(the absolute term being already the same in both); 2n of these 

equations are employed in determining the 2n unknown quan¬ 

tities a, a', &e., whose values being substituted in the remaining 

equations afford N— 1— 2?i conditions. Now if we wrrite the 

general equation 

4 Bx 4 Gy 

4 Bod 4 Exy 4 Ffi 

4 God 4 Body 4 Kxy14 Ly* 

4 &c. = 0, 

it is plain that the number of terms is the sum of the arithmetic 

series 

N= 1 4 2 + 3 +...(» + 1) J”±y”±-a); 
1 • J 

. -T . n(n 4 3) ,T „ n(n — 1) 
hence N— 1 = —1—2n= — ---■ . 

Jl • Jd \. % LA 
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CHAPTER VI. 

THE CIRCLE. 

79. Before proceeding to the discussion of the general equa 

tion of the second degree, it seems desirable that we should 

shew, in the simple case of the circle, howr all the properties of a 

curve may be deduced from its equation, without assuming any 

previous acquaintance with the geometrical theory. 

The equation, to rectangular axes, of the circle whose centre 

is the point (a/3) and radius is r, has already (Art. 17) been 

found to be 
(x — a)2 -f {y — /3)2 = r2. 

Two particular cases of this equation deserve attention, as 

occurring frequently in practice. Let the centre be the origin, 

then a = 0, /3 = 0, and the equation is 
2,2 2 x +y — r. 

Let the axis of a; be a diameter, and the axis of y a per¬ 

pendicular at its extremity, then a = r, /3 = 0, and the equation 

becomes 
x2 + y2 = 2 rx. 

80. It will be observed that the equation of the circle, to 

rectangular axes, does not contain the term xy. and that the 

coefficients of xl and y2 are equal. The general equation therefore 

ax* -1- 2hxy + by2 -f 2gx + 2fy + c = 0 

cannot represent a circle, unless we have h — 0 and a = b. Any 

equation of the second degree which fulfils these two conditions 

may be reduced to the form (x — a)2 + [y - {3)2 — r\ by a process 

corresponding to that used in the solution of quadratic equations. 

If the common coefficient of x2 and y2 be not already unity, by 

division make it so; then having put the terms containing x and 

y on the left-hand side of the equation, and the constant term 

on the right, complete the squares by adding to both sides the 

sum of the squares of half the coefficients of x and y. 
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Ex. Reduce to the form (x — a)2 + (y — (S)2 = r2, the equations 

x2 + y2 — 2x — ty — 20 ; Sx2 + By2 — 5x — ly + 1 = 0. 

Ans. (x — l)2 + (y - 2)2 — 25 ; (x - f)2 + {y — l)2 = £§; and the coordinates of the 
centre and the radius are (1, 2), and .5 in the first case; (|, •£) and £ 4(62) in the second. 

If we treat in like manner the equation 

a (as2 4 ?/) 4 2^/r -f %fy 4 c = 0. 

we get x 4 
a. + {y+v = /v _ 9'+f -ac 

* ? a 

then the coordinates of the centre are ~ 
a 

and the radius 

is - V(/+/-ae). 

If ,?2+/2- ac is negative, the radius of the circle is imaginary, 

and the equation being equivalent to [x — a)2 + (y- fi f + ?,! = 0 

cannot be satisfied by any real values of x and ya 

If #2+/2= ac, the radius is nothing, and the equation being 

equivalent to [x — a)2 -f — /S)2 = 0, can be satisfied by no 

coordinates save those of the point (a/8). In this case then the 

equation used to be called the equation of that point, but for the 

reason stated (Art. 73) we prefer to call it the equation of an 

infinitely small circle having that point for centre. We have 

seen (Art. 73) that it may also be considered as the equation of 

the two imaginary lines [x — a) ± [y — (3) V(— 1) passing through 

the point (a/8). So in like manner the equation x2,4 yl — 0 may 

be regarded as the equation of an infinitely small circle having 

the origin for centre, or else of the two imaginary lines£±3/\/(- 1). 

81. The equation of the circle to oblique axes is not often 

used. It is found by expressing (Art. 5) that the distance of 

any point from the centre is equal to the radius, and is 

(;x — aY 4 2 [x — a) (y — /3) cos co 4 {y — fi)'2 = r\ 

If we compare this with the general equation, we see that 

the latter cannot represent a circle unless a = b and h = a cos co. 

When these conditions are fulfilled we find by comparison of 

coefficients that the coordinates of the centre and the radius are 

given by the equations 

a 4 /8cos<n = *- (3 4 a cosw = — f-, a2 4 4 2a/3 cosw — rl— - . 
a a a 
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Since a, /3 are determined from the first two equations, which 

do not contain c, we learn that two circles will be concentric if 

their equations differ only in the constant term. 

Again, if c = 0, the origin is on the curve. For then the 

equation is satisfied by the coordinates of the origin x — 0, y = 0. 

The same argument proves that if an equation of any degree want 

the absolute term, the curve represented passes through the origin. 

82. To find the coordinates of the points in which a given 

right line x cos a + y sin a —p meets a given circle xl -f yl = r2. 

Equating to each other the values of y found from the two 

equations we get, for determining x, the equation 

p — x cos a _ 

sin a 
= \/(r2 - x*), 

or, reducing xz — 2px cos a +p2 — rl sin2a = 0; 

hence, x =p cos a ± sin a y — p'2), 

and, in like manner, 

y =p sin a + cos a —p2). 

(The reader may satisfy himself, by substituting these values 

in the given equations, that the - in the value of y corresponds 

to the -t- in the value of a?, and vice versa). 

Since we obtained a quadratic to determine a?, and since every 

quadratic has two roots, real or imaginary, we must, in order to 

make our language conform to the language of algebra, assert 

that every line meets a circle in twro points, real or imaginary. 

Thus, when p is greater than r9 that is to say, when the distance 

of the line from the centre is greater than the radius, the line, 

geometrically considered, does not meet the circle; yet we have 

seen that analysis furnishes definite imaginary values for the 

coordinates of intersection. Instead then of saying that the 

line meets the circle in no points, we shall say that it meets it in 

two imaginary points, just as we do not say that the corre¬ 

sponding quadratic has no roots, but that it has two imaginary 

roots. By an imaginary point we mean nothing more than a 

point, one or both of whose coordinates are imaginary. It is a 

purely analytical conception, which we do not attempt to repre¬ 

sent geometrically; just as when we find imaginary values for 

roots of an equation, we do not try to attach an arithmetical 
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meaning to our result. But attention to these imaginary 

points is necessary to preserve generality in our reasonings, for 

we shall presently meet with many cases in which the line 

joining two imaginary points is real, and enjoys all the geome¬ 

trical properties of the corresponding line in the case where the 

points are real. 

83. When p — r it is evident, geometrically, that the line 

touches the circle, and our analysis points to the same conclu¬ 

sion, since the two values of x in this case become equal, as do 

likewise the two values of y. Consequently the points answer¬ 

ing to these two values, which are in general different, will in 

this case coincide. We shall, therefore, not say that the tangent 

meets the circle in only one point, but rather that it meets it in 

two coincident points; just as we do not say that the corre¬ 

sponding quadratic has only one root, but rather that it has two 

equal roots. And in general we define the tangent to any curve 

as the line joining two indefinitely near points on that curve. 

We can in like manner find a quadratic to determine the 

points where the line Ax + By + G meets a circle given by the 

general equation. When this quadratic has equal roots the line 

is a tangent. 

Ex. 1. Find the coordinates of the intersections of x2 + y2 — 65; 3x + y — 25. 

Ans. (7, 4) and (8, 1) 

Ex. 2. Find intersections of {x — e)2 + (y — 2c)2 — 25c2; 4x + 3y — 85c. 

Ans. The line touches at the point (5c, 5c). 

Ex. 3. When will y — mx + h touch x2 + y2 — r2 ? Ans. When b2 = r2 (1 + to2). 

Ex. 4. When will a line through the origin, y ~ mx, touch 

a (x2 + 2xy cos to + y2) 4- tyx + %fy + c = 0 ? 

The points of meeting are given by the equation 

a (1 4- 2 to cos to + to2) x2 + 2 [g 4- fun) x + c = 0, 

which will have equal roots when 

{g +fm)2 = ac (1 + 2to cos to + to2). 

We have thus a quadratic for determining to. 

Ex. 5. Find the tangents from the origin to x2 + y2 — Qx — 2y + 8 = 0. 

Ans. x — y — 0, x + 7y = 0. 

84. When seeking to determine the position of a circle 

represented by a given equation, it is often as convenient to do so 

by finding the intercepts which it makes on the axes, as by 

finding its centre and radius. For a circle is known when 
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three points on it are known; the determination, therefore, of 

the four points where the circle meets the axes serves completely 

to fix its position. By making alternately y = 0, x = 0 in the 

general equation of the circle, we find that the points in which 

it meets the axes are determined by the quadratics 

ax1 + 2 gx +c = 0, ay2 + 2fy -f c — 0. 

The axis of x will be a tangent when the first quadratic has 

equal roots, that is, when g2 = ac, and the axis of y when f* — ac. 

Conversely, if it be required to find the equation of a circle 

making intercepts X, X' on the axis of x: we may take a = 1, and 

we must have 2g = — (X + X'), c = XX'. If it make intercepts 

fi, g! on the axis of ?/, we must have 2/= — [fi + /*-'), c-fifi. 

Thus we see that we must have XX' = fig! (Euc. III. 36). 

Ex, 1. Eind the points where the axes are cut by x2 + y2 — hx — 7y + 6 =r 0. 

Ans. x = 3, x = 2 •, y = 6, y = 1. 

Ex. 2. What is the equation of the circle which touches the axes at distances from 

the origin = a ? Ans. x2 + y2 — 2ax — 2ay + a2 — 0. 

Ex. 3. Find the equation of a circle, the axes being a tangent and any line through 

the point of contact. Here we have X', y. all = 0 ; and it is easy to see from the 

figure that y.' = 2r sin a>, the equation therefore is 

x2 + 2xy cos a) + y2 — 2 ry sin w = 0. 

85. To find the equation of the tangent at the point, xy to a 

given circle. 

The tangent having been defined (Art. 83) as the line joining 

two indefinitely near points on the curve, its equation will be 

found by first forming the equation of the line joining any two 

points [xy, xy") on the curve, and then making x = x" and 

y —y" in that equation. 

To apply this to the circle: first, let the centre be the origin, 

and, therefore, the equation of the circle x2 + yz = r1. 

The equation of the line joining any two points [xy') and 

[x"y") is (Art. 29) 

y-y _y - y". 
/ f // j 

ryi   ry* /y» ry* f 
tv i/O i/O i/O 

now if we wTere to make in this equation y =y" and x —x ^ the 

right-hand member would become indeterminate. The cause 

of this is, that we have not yet introduced the condition that 

the two points [xy\ xy") are on the circle. By the help of tins 

condition we shall be able to write the equation in a form which 
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will not become indeterminate when the two points are made to 
coincide. For, since 

r2 — x2 4- y2 = x"2 4- y”2, we have x'2 

f ft I . If ■ i o y — y x + x 
and theretore —-77. 

x—x y +y 

Hence the equation of the chord becomes 

„ //2 „ II2 '2 X =y -y, 

t 1 . n 
y — y x 4 as 

t —/ , * x — x y +y 

And if we now make x = x" and y = y'\ we find for the equation 
of the tangent 

y-y __ 
1 1 ? a? - a? y 1 

or, reducing, and remembering that xl + y2 = r2, we get finally 

4- y?/' = r\ 

Otherwise thusThe equation of the chord joining two 
points on a circle may be written 

{x- x) [x -x") + [y -y’) {y -y")=x‘+tf - r\ 

For this is the equation of a right line, since the terms 
x2 4* y2 on each side destroy each other; and if wre make x = x\ 
y—y\ the left-hand side vanishes identically, and the right-hand 
side vanishes, since the point xy is on the circle. In like 
manner the equation is satisfied by the coordinates xy". This 
then is the equation of a chord; and the equation of the tangent 
got by making x =af', y —y", is 

(* - *7+(y - y'f=+tf - r\ 
which reduced, gives, as before, XX + yy = 

If we were now to transform the equations to a new origin, 
so that the coordinates of the centre should become a, /3, we 
must substitute (Art. 8) x - a, x - a, y - /3, y — /3, for x) x\ y, y\ 
respectively; the equation of the circle would become 

(* - a)2 + {y - py = r\ 

and that of the tangent 

[x - a) (x - a) 4- [y - fi) (ij - ft) = r2; 

a form easily remembered from its similarity to the equation of 
the circle. 

* This method is due to Mr. Burnside. 
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Cor. The tangent is perpendicular to the radius, for the 

equation of the radius, the centre being origin, is easily seen to be 

xy -y'x = 0; but this (Art. 32) is perpendicular to xx + yy — r2. 

86. The method used in the last article may be applied to 

the general equation* 

ax1 4 2lixy 4 by1 4 2gx + %fy + c = 0. 

The equation of the chord joining two points on the curve may 

be written 

a{x-x) [x -x") + 27i (x- x) {y -y") + h(y- y) {y -y") 

= ax2 4 2 hxy 4 by* + 2gx 4 2fy 4- c. 

For the equation represents a right line, the terms above the 

first degree destroying each other; and, as before, it is evidently 

satisfied by the two points on the curve xy\ x"y". Putting 

x" = x\ y" — y\ we get the equation of the tangent 

a[x~x'f-{-2]i{x—x){y—y')->rb{y—y')i—axl-\- 2hxyAby2+2gx+2fy\c; 

or, expanding, 

2 ax'x 4 2 h [xy 4 yx) 4 2 hy'y 4 2gx + 2fy 4-c — ax2 4- 2 hxy 4- by'2. 

Add to both sides 2gx 4- 2fy 4 c, and the right-hand side will 

vanish, because xy satisfies the equation of the curve. Thus the 

equation of the tangent becomes 

axx 4 h [xy 4 y’x) 4 by y 4 g [x 4 x) 4 f[y + y) + c = d. 

This equation will be more easily remembered if we compare 

it with the equation of the curve, when we see that it is derived 

from it by writing xx and yy for x2 and y2, xy 4yx for 2xy) 

and x 4 a?, y 4 y for 2x and 2y. 

Ex. 1. Find the equations of the tangents to; the curves xy = e- and y1 — px. 

Ans. x’y + y’x — 2c1 and 2yy' — p (x + xr). 

Ex. 2. Find the tangent at the point (5, 4) to {x — 2)2 + (y — 3)2 =10. 

Ans. 3x + y — 19. 

Ex. 3. What is the equation of the chord joining the points x'y\ x”y" on the 

circle x2 + y2 = r2 ? Ans. {xr + x") x + (?y' + y") y — r2 + x'x" + y'y”, 

Ex. 4. Find the condition that Ax + By + (7=0 should touch 

Ans. 

{x — a)2 + {y — (3)2 = r2. 

Act + B/3 + C 

J(A2 + JB2) ~r 
; since the perpendicular on the line from aft is equal to r. 

* Of course when this equation represents a circle we must have b = a, h — a cos w ; 

but since the process is the same, whether or not b or h have these particular values, 

we prefer in this and one or two similar cases to obtain at once formulae which will 

afterwards be required in our discussion of the general equation of the second degree. 
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87. To draw a tangent to the circle ad + if = r2 from any 

point x'y. Let the point of contact be x'y", then since, by hypo¬ 

thesis, the coordinates xy satisfy the equation of the tangent at 

x"y'\ we have the condition xx' ■+ y'y" = r2. 

And since x'y" is on the circle, we have also 
//2 , ft 2 *2 x +y =r. 

These two conditions are sufficient to determine the coordinates 

x'\ y". Solving the equations we get 

11 
X — 

*2 1 1 / / >2 i f'2 ‘2 \ r x ±ry \J[x +y — r ) 
/‘2 , t'2 

X +2/ y = 

*2 1 -r t // 1*2 . ‘2\ r y +rx \J{x +y —r ) 
'2 , '2 £C + ?/ 

Hence, from every point may be drawn two tangents to a circle. 

These tangents will be real when x2 -f y'2 is >r\ or the point 

outside the circle; they will be imaginary when x2-\V y’2 is < r\ 

or the point inside the circle; and they will coincide when 

x2 + y’2 — r2, or the point on the circle. 

88. We have seen that the coordinates of the points of 

contact are found by solving for x and y from the equations 

xx -f yy ------ r2; x2 -f y2 = r2. 

Now the geometrical meaning of these equations evidently is, 

that these points are the intersections of the circle xl + y2 — r2 

with the right line xx -f yy' = r2. This, last, then is the equation 

of the right line joining the points of contact of tangents from 

the point xy'; as may also be verified by forming the equation 

of the line joining the two points whose coordinates were found 

in the last article.* 

We see, then, that whether the tangents from xy' be real or 

imaginary, the line joining their points of contact will be the real 

line xx' + yy' — r2, which we shall call the polar of x'y' with 

regard to the circle. This line is evidently perpendicular to the 

* In general the equation of the tangent to any curve expresses a relation con¬ 

necting the coordinates of any point on the tangent, with the coordinates of the 

point of contact. If we are given a point on the tangent and required to find the 

point of contact, we have only to accentuate the coordinates of the point which is 

supposed to be known, and remove the accents from those of the point of contact, 

when we have the equation of a curve on which that point must lie, and whose 

intersection with the given curve determines the point of contact. Thus, if the 

equation of the tangent to a curve at any point x'y' be xx'2 + yy'2 =■ r3, the points 

of contact of tangents drawn from any point x'y' must lie on the curve x'x2 + y'y2 — r3. 

It is only in the case of curves of the second degree that the equation which deter¬ 

mines the points of contact is similar in form to the equation of the tangent. 
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line [xy — yx — 0), which joins x'y to the centre; and its dis- 

rl 
tance from the centre (Art. 23) is -;-— . Hence, the polar of 

^{x +y ) _ v 
any point P is constructed geometrically by joining1 it to the 

centre C, taking on the joining line a point such that 

CM. CP— r", and erecting a perpendicular to CP at M. We 

see, also, that the equation of the polar is similar in form to that 

of the tangent, only that in the former case the point xy is not 

supposed to be necessarily on the circle; if, however, xy be on 

the circle, then its polar is the tangent at that point. 

89. To find the equation of the polar of x'y' with regard to the 

curve ax2 4 2hxy 4 by14- 2gx 4 2fy 4 c = 0. 

We have seen (Art. 86) that the equation of the tangent is 

ax’x 4 h (x'y 4 y x) 4 by'y 4 g (x 4 x) Jrf(y 4- y) 4 c = 0. 

This expresses a relation between the coordinates xy of any 

point on the tangent, and those of the point of contact x'y'. 

We indicate that the former coordinates are known and the 

latter unknown, by accentuating the former, and removing the 

accents from the latter coordinates. But the equation, being sym¬ 

metrical with respect to the coordinates cry, xy\ is unchanged 

by this operation. The equation then written above (which 

when xy is a point on the curve, represents the tangent at that 

point), when xy is not on the curve, represents a line on which 

lie the points of contact of tangents real or imaginary from xy. 

If we substitute x'y' for xy in the equation of the polar we 

get the same result as if we made the same substitution in the 

equation of the curve. This result then vanishes when x'y' is on 

the curve. Hence the polar of a point passes through that point 

only when the point is on the curve, in which case the polar is 

the tangent. 

COR. The polar of the origin is gx -{- fy 4c = 0. 

Ex. 1. Find the polar of (4, 4) with regard to (x—l)2+(y—2)2=13. Ans. 3x+2^=20. 

Ex. 2. Find the polar of (4, 5) with regard to x2+y2—ox—±y=S. Ans. 5.r+6^=48. 

Ex. 3. Find the pole of Ax + By + (7=0 with regard to x2 + y2 — r2. 

, as appears from comparing the given equation with 

xx' + yy’ — r2. 

Ex. 4. Find the pole of ox + iy = 7 with regard to x2 + y2 — 14. Ans. (6, 8). 

Ex. 5. Find the pole of 2x + 3y = 6 with regard to (x — l)2 4 (y — 2)2 = 12. 

Ans. (—11} — 16)* 
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90. To find the length of the tangent drawn from any point to 

the circle [x — a)2 4 [y — ft)'2 — r2 = 0. 

The square of the distance of any point from the centre 

= (*- «)2+{y - P?; 

and since this square exceeds the square of the tangent by the 

square of the radius, the square of the tangent from any point is 

found by substituting the coordinates of that point for x and y 

in the first member of the equation of the circle 

(;x — aY + [y - /3)2 — r2 = 0. 

Since the general equation to rectangular coordinates 

a [x2 4- y1) 4 2gx 4 2/y 4 c — 0, 

when divided by a, is (Art. 80) equivalent to one of the form 

(x - a)2 4- {y - fi)2 - r2 = 0, 

we learn that the square of the tangent to a circle whose equa¬ 

tion is given in its most general form is found by dividing by 

the coefficient of #2, and then substituting in the equation the 

coordinates of the given point. 

The square of the tangent from the origin is found by 

making x and y = 0, and is, therefore, = the absolute term in the 

equation of the circle, divided by a. 

The same reasoning is applicable if the axes be oblique. 

*91. To find the ratio in which the line joining two given 

points xy\ xy \ is cut by a given circle. 

We proceed precisely as in Art. 42. The coordinates of any 

point on the line must (Art. 7) be of the form 

lx!' 4 mx ly" 4 my 

l + m ) l + m 

Substituting these values in the equation of the circle 

x2 4- yl — r2 = 0, 

and arranging, we have, to determine the ratio l: m) the quadratic 

Z2 (a;"2 4-yn — r2) 4- 2 Im [xx 4 yy' — r2) 4 mi2 [x2 4 yn — r2) — 0. 

The values of hm being determined from this equation, we have 

at once the coordinates of the points where the right line meets 

the circle. The symmetry of the equation makes this method 

sometimes more convenient than that used (Art. 82). 
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If x'y" lie on the polar of x'y', we have xx' 4 yy — r2 = 0 

(Art. 88), and the factors of the preceding equation must be of 

the form 14 /im, l — gm ; the line joining xy', x"y" is therefore cut 

internally and externally in the same ratio, and we deduce the 

well-known theorem, any line drawn through a point is cut har¬ 

monically by the point, the circle, and the polar of the point. 

*92. To find the equation of the tangents from a given point 

to a given circle. 

We have already (Art. 87) found the coordinates of the 

points of contact; substituting, therefore, these values in the equa¬ 

tion xx' 4 yy" — r2 — 0, we have for the equation of one tangent 

r [xx 4 yy' - X2 -y'2) 4 [xy' -yx) f [x2 4y'2 - r2) = 0, 

and for that of the other 

r (xx 4 yy' — x'2 - y'2) - (xy' — yx') f [x2 + y'2 — r2) =0. 

These two equations multiplied together give the equation of the 

pair of tangents in a form free from radicals. The preceding 

article enables us, however, to obtain this equation in a still more 

simple form. For the equation which determines l: m will have 

equal roots if the line joining x'y, x'y" touch the given circle; 

if then x'y" be any point on either of the tangents through x’y', 

its coordinates must satisfy the condition 

[x2 4- y"2 — r2) [x2 4/“ r2) = [xx 4 yy' — r2)2. 

This, therefore, is the equation of the pair of tangents through 

the point x'y'. It is not difficult to prove that this equation is 

identical with that obtained by the method first indicated. 

The process used in this and the preceding article is equally 

applicable to the general equation. We find in precisely the 

same way that l : m is determined from the quadratic 

l2 [ax"2 4 2hx'y" 4 ly 2 + 2gx 4 2fiy" + c) 

4 Tim [ax'x" + h [x'y" 4x'y') 4- by'y" + g [x 4 x") +f(y' + y") 4-c} 

4 m2 [ax'2 4 Thxy 4 by2 4 %gx 4 2fy 4 c) = 0 ; 

from which we infer, as before, that when x'y" lies on the polar 

of xy the line joining these points is cut harmonically; and also 

that the equation of the pair of tangents from x'y is 

[ax'2 4- Thxy 4 by2 4 ^gx +%fy + c) [ax2 Jr‘2hxy + by2 -\-2gx-\-2fy-\- c) 

~ {ax'x 4 h [x'y 4 xy') 4- byy + g [x 4 x) 4 f[y 4 y) 4 c}\ 
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93. To find the equation of a circle passing through three 

given points. 

We have only to write down the general equation 

x2 + if + 2gx + 2/y + c = 0, 

and then substituting in it, successively, the coordinates of each 

of the given points, we have three equations to determine the 

three unknown quantities <7, f c. We might also obtain the 

equation by determining the coordinates of the centre and the 

radius, as in Ex. 5, p. 4. 

Ex. 1. Find the circle through (2, 3), (4, 5). (6, 1). 

Ans. (x — y*)2 + (y — §)2 = (see p. 4). 

Ex. 2. Find the circle through the origin and through (2, 3) and (3, 4). 

Here c = 0, and we have 13 + 4g + 6f= 0, 25 + 6y 4- 8f= 0, whence 2g = — 23, 2f—11. 

Ex. 3. Taking the same axes as in Art. 48, Ex. 1, find the equation of the circle 

through the origin and through the middle points of sides; and shew that it also 

passes through the middle point of base. 

Ans. 2p (x2 + y1) — p (s — s') x — (p2 + ss') y = 0. 

*94. To express the equation of the circle through three points 

& x’y\ x"y" in terms of the coordinates of those points. 

We have to substitute in 

x2 + f -f 2gx + 2fy + c = 0, 

the values of <7, f c derived from 

(x2 -\-y"2 ) + 2gx -f 2fy + c = 0, 

(x"2 A- yni) 4- 2.gx" + 2fy" + c = 0, 

(x’"2 + y'"2) + 2gx"' + 2fy" + c = 0. 

The result of thus eliminating g, f c between these four equa¬ 

tions will be found to be* 

+y‘ ) (*’ (/' -y"') + x" \y"'-y' ) + «r(y -y")} 

-+ y‘) K W~y ) + (» - f) + * (f ~v"')} 
+ {x"* + y"2) [x" (?/ -2/')+* (y' -/')+*' (y"'-y )} 

{* iy -/) + *' iy" -y )+®"(y -/)1 = °> 
as may be seen by multiplying each of the four equations by 

the quantities which multiply (x2 + y2) &c. in the last written 

equation, and adding them together, when the quantities multi¬ 

plying g,f c will be found to vanish identically. 

* The reader who is acquainted with the determinant notation will at once see how 

the equation of the circle may be written in the form of a determinant. 
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If it were required to find the condition that four points 

should lie on a circle, we have only to write a?4, y4 for x and y 

in the last equation. It is easy to see that the following is the 

geometrical interpretation of the resulting condition. If A, B, 

(7, D be any four points on a circle, and 0 any fifth point taken 

arbitrarily, and if we denote by BCD the area of the triangle 

BCD, &c., then 

OA\ BCD 4 0 C\ ABD = OB2. A CD 4 OD\ ABC. 

95. We shall conclude this chapter by showing how to find 

the polar equation of a circle. 

We may either obtain it by substituting for a?, p cos#, and 

for ?/, p sin# (Art. 12), in either of the equations of the circle 

already given, 

a (x2 + y2) 4 2gx 4 2fy 4 c = 0, or [x - aY 4 (y — /3f = r\ 

or else we may find it independently, from the definition of the 

circle, as follows: 

Let 0 be the pole, C the centre of the circle, and OC the 

fixed axis; let the distance OC — d, 

and let OP be any radius vector, and, 

therefore, = p, and the angle POC=6, 

then we have 

PC* = OP2+ 0C2-20P0C cosPOC, 

that is, r2 = p2 4 d2 - 2pd cos #, 

or p2 - 2dp cos # 4 d2 — r2 = 0. 

This, therefore, is the polar equation of the circle. 

If the fixed axis did not coincide with 0(7, but made with it 

any angle a, the equation would be, as in Art. 44, 

p2 — 2dp cos (# ^ a) 4 d2 — r2 — 0. 

If we suppose the pole on the circle, the equation will take a 

simpler form, for then r = <7, and the equation will be reduced to 

p = 2r cos#, 

a result which we might have also obtained at once geometrically 

from the property that the angle in a semicircle is right; or else 

by substituting for x and y their polar values in the equation 

(Art. 79) x1 4 yl = 2rx. 
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CHAPTER VII. 

THEOREMS AND EXAMPLES ON THE CIRCLE. 

96. Haying in the last chapter shown how to form the 

equations of the circle, and of the most remarkable lines related 

to it, we proceed in this chapter to illustrate these equations by 

examples, and to apply them to the establishment of some of 

the principal properties of the circle. We recommend the 

reader first to refer to the answers to the examples of Art. 49, 

to examine in each case whether the equation represents a circle, 

and if so to determine its position either (Art. 80) by finding 

the coordinates of the centre and the radius, or (Art. 84) by 

finding the points where the circle meets the axes. We add a 

few more examples of circular loci. 

Ex. 1. Given base and vertical angle, find the locus of vertex, the axes having 

any position. 

Let the coordinates of the extremities of base be x'y', x"y". Let the equation 

of one side be 

y - y' = m (x - x'), 

then the equation of the other side, making with this the angle C, wiR be (Art. 33) 

(1 + m tan C) (y — y") = (m — tan C) [x — x"). 

Eliminating m, the equation of the locus is 

tan C {(y - y') (y - y") + (as - x') (x - x")} + x iy'-y") - y {x' - x") + x'y" - y'x" = 0. 

If C be a right angle, the equations of the sides are 

y — y' — m (x — x') ; m (y — y") + (x — x") — 0, 

and that of the locus 

(y - y') Gy - y") + {x- x') {x - x") = o. 

Ex. 2. Given base and vertical angle, find the locus of the intersection of perpen¬ 

diculars of the triangle. 

The equations of the perpendiculars to the sides are 

m [y — y") + {x — x") = 0, (m — tan C) (y — y') + (1 + m tan C) (x — x') — 0. 

Eliminating m, the equation of the locus is 

tan C {{y - y') {y - y") + (« - x') (x - x")j -x{y'~ y") - y (x’ - x") + x'y" - y'x"; 

an equation which only differs from that of the last article by the sign of tan C, and 

which is therefore the locus we should have found for the vertex had we been given 

the same base and a vertical angle equal to the supplement of the given one. 

Ex. 3. Given any number of points, to find locus of a point such that m' times 

square of its distance from the first + m" times square of its distance from the second 

+ &c. = a constant; or (adopting the notation used in Ex. 4, p. 49) such that Z (mr2) 

may be constant. 
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The square of the distance of any point xy from x'y' is (x — x')2 + {y — y’)2- 

Multiply this by and add it to the corresponding terms found by expressing the 

distance of the point xy from the other points x"y", &c. If we adopt the notation 

of p. 49, we may write for the equation of the locus 

2 (m) x2 + 2 (m) y2 — 22 {nix') x — 22 (my') y + 2 [mx'2) + 2 [my'2) — C. 

Hence the locus will be a circle, the coordinates of whose centre will be 

2 (nix') 2 {my') 

that is to say, the centre will be the point which, in p. 50, was called the centre of 

mean position of the given points. 

If we investigate the value of the radius of this circle we shall find 

R2Z {m) — 2 [mr2) — 2 {mp2), 

where 2 {mi'2) = C = sum of m times square of distance of each of the given points 

from any point on the circle, and 2 {mp2) — sum of m times square of distance of 

each point from the centre of mean position. 

Ex. 4. Find the locus of a point 0, such that if parallels be drawn through it 

to the three sides of a triangle, meeting them in points B, C \ C\ A! \ A'\ B" j the 

sum may be given of the three rectangles 

B 0.0 C + C' 0.0 A' + A" 0. OB”. 

Taking two sides for axes, the equation of the locus is 

x 
c-xy 
J = < 

or x2 + y2 + 2xy cos C — ax — by + m2 — 0, 

This represents a circle, which, as is easily seen, is concentric with the circumscribing 

circle, the coordinates of the centre in both cases being given by the equations 

2 (a + (3 cosC) = a, 2 (/? + a cos C} = b. These last two equations enable us to solve 

the problem to find the locus of the centre of circumscribing circle, when two sides 

of a triangle are given in position, and any relation connecting their lengths is given. 

Ex. 5. Find the locus of a point 0, if the line joining it to a fixed point makes the 

same intercept on the axis of x as is made on the axis of y by a perpendicular through 

0 to the joining line. 

Ex. 6. Find the locus of a point such that if it be joined to the vertices of a 

triangle, and perpendiculars to the joining lines erected at the vertices, these perpen¬ 

diculars meet in a point. 

97. We shall next give one or two examples involving the 

problem of Art. 82, to find the coordinates of the points where 

a given line meets a given circle. 

Ex. 1. To find the locus of the middle points of chords of a given circle drawn 

parallel to a given line. 

Let the equation of any of the parallel chords be 

x cos a + y sin a — p — 0,. 

where a is, by hypothesis, given, and p is indeterminate; the abscissae of the points 

where this line meets the circle are (Art. 82) found from the equation 

x2 — 2j)x cos a + p2 — r2 sin2 a — 0. 

Now, if the roots of this equation be x’ and x", the x of the middle point of th<? 

N 
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chord will (Art. 7) be \ {x' 4- x"), or, from the theory of equations, will = p cos a. 

In like manner, the y of the middle point will equal p sin a. Hence the equation 

of the locus is y = x tana, that is, a right line drawn through the centre perpendicular 

to the system of parallel chords, since a is the angle made with the axis of x by 

a perpendicular to any of the chords. 

Ex. 2. To find the condition that the intercept made by the circle on the line 

x cos a 4- y sin a = p 

should subtend a right angle at the point x'y\ 

We found (Art. 96, Ex. 1) the condition that the lines joining the points x'y", 

x"'y"’ to xy should be at right angles to each other • viz. 

(x - x") (x - x"') + {y- y") (y - y'") ~ 0. 

Let x"y", x'”yr" be the points where the line meets the circle, then, by the 

last example, 

x" + x'" — 2p cos a, x"x'" —p2 — r2 sin2 a, y" 4- y'" — 2'p sin a, y"y'" — p2 — r2 cos2a. 

Putting in these values, the required condition is 

x’2 _j_ y’2 _ 2\px' cos a — 2py' sin a + 2'p2 — r2 = 0. 

Ex. 8. To find the locus of the middle point of a chord which subtends a right 

angle at a given point. 

If x and y be the coordinates of the middle point, we have, by Ex. 1, 

p cos a — x, p sin a = y, p2 — x2 4- y2, 

and, substituting these values, the condition found in the last example becomes 

(x — x')2 + (y — y')2 + x2 + y2 — r2. 

Ex. 4. Given a line and a circle, to find a point such that if any chord be drawn 

through it, and perpendiculars let fall from its extremities on the given line, the 

rectangle under these perpendiculars may be constant. 

Take the given line for axis of x, and let the axis of y be the perpendicular on 

it from the centre of the given circle, whose equation will then be 

x2 + (y — /3)2 = r2. 

Let the coordinates of the sought point be x'y', then the equation of any line 

through it will be y — ?/ = m [x — x'). Eliminate x between these two equations 

and we get a quadratic for y, the product of whose roots will be found to be 

(y’ — mx')2 + m2 (/i2 — r2) 

1 + m2 

This will not be independent of m unless the numerator be divisible by 1 + m2, and 

it will be found that this cannot be the case unless x' — 0, y'2 = /32 — r2. 

Ex. 5. To find the condition that the intercept made on x cos a + y sin a — p 

by the circle 

x2 + y2 + 2gx + 2fy + c = 0 

may subtend a right angle at the origin. The equation of the pair of lines joining 

the extremities of the chord to the origin may be written down at once. For if we 

multiply the terms of the second degree in the equation of the circle by p2, those of 

the first degree by p (x cos a + y sin a), and the absolute term by (x cos a + y sin a)2, 

we get an equation homogeneous in x and y, which therefore represents right lines 

drawn through the origin; and it is satisfied by those points on the circle for which 

x cos a + y sin a —p. The equation expanded and arranged is 

(p2 + 2c/p COS a + c cos2 a) x2 + 2 {yp sin a +Jp COS a + c sin a cos a) xy 

+ (p2 + 2fp sin a 4- c sin2 a) y2 = 0. 
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These two lines cut at right angles (Art. 74-) if 

2p>2 + 2p (g cos a +f sin a) + c = 0. 

Ex. 6. To find the locus of the foot of the perpendicular from the origin on a 

chord which subtends a right angle at the origin. The polar coordinates of the locus 

are p and a in the equation last found; and the equation of the locus is therefore 

2 (x2 + y2) + 2gx + 2fy + c = 0. 

It will be found on examination that this is the same circle as in Ex. 8, 

Ex. 7. If any chord be drawn through a fixed point on a diameter of a circle and 

its extremities joined to either end of the diameter, the joining lines cut oh: on the 

tangent at the other end portions whose rectangle is constant. 

Find, as in Ex. 5, the equation of the lines joining to the origin the intersections 

of x2 + y2 — 2rx with the chord y — m (x — x') which passes through the fixed point 

(a/, 0). The intercepts on the tangent are found by putting x — 2r in this equation 

and seeking the corresponding values of y. The product of these values will be 

x* — 

found to be independent of m, viz. 4r2 ——^— . 

98. We shall next obtain from the equations (Art. 88) a few 

of the properties of poles and polars. 

If a point A lie on the polar of I?, then B lies on the polar of A. 

For the condition that xy should lie on the polar of x"y" is 

qgx" 4- yy" = r2; but this is also the condition that the point 

x"y" should lie on the polar of xy. It is equally true if we 

use the general equation (Art. 89) that the result of substituting 

the coordinates x'y" in the equation of the polar of x'y' is the 

same as that of substituting the coordinates of x'y' in the polar 

of x"y". This theorem then, and those which follow, are true 

of all curves of the second degree. It may be otherwise stated 

thus: if the polar of B pass through a fixed point A, the locus of 

B is the polar of A. 

99. Given a circle and a triangle ABC, if we take the polars 

with respect to the circle of A, B, (7, we form a new triangle 

A'B'C' called the conjugate triangle, A' being the pole of BC, 

B' of CA, and C' of AB. In the particular case where the polars 

of A, B, C respectively are BC, (7A, AF>, the second triangle 

coincides with the first, and the triangle is called a self-conjugate 

triangle. 

The lines AA', BB\ CC\ joining the corresponding vertices of 

a triangle and of its conjugate, meet in a point. 

The equation of the line joining the point xy to the inter- 
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section of the two lines xx"+yy"— r2 = 0 and xx'"-\- yy'" — r2 = 0 

is (Art. 40, Ex. 3) 

AA\ (x'x'" + y'ym - r2) (xx" + yf - r2) 

— (x'x" + yy" - r2) (xx'" -f yy" — r2) — 0. 

In like manner 

BB\ [x'x" + y'y" - r2) (xx'" + yym - r2) 

— [x'x" + y"y'" — r2) (xx' -f yy' — r2) = 0 

and GC\ [x"x'" + y"y" — r2) (xx' + yy' — r2) 

— (x'x" + y'y'" - r2) (xx" -f yy" — r2) = 0 ; 

and by Art. 41 these lines must pass through the same point. 

The following is a particular case of the theorem just proved: 

if a circle be inscribed in a triangle, and each vertex of the tri¬ 

angle joined to the point of contact of the circle with the opposite 

side, the three joining lines will meet in a point. 

The proof just given applies equally if we use the general 

equation. If we write for shortness Pt — 0 for the equation of 

the polar of x'y\ (aa?'a?+&c. = 0); and in like manner P2, P3 for 

the polars of x"y'\ x"y"; and if we write [1, 2] for the result of 

substituting the coordinates x"y" in the polar of x'y\ (aa/a//+&c.)> 

then the equations are easily seen to be 

A A' [lj 3] P2 = [1, 2] P3, 

BB' [l,2jP3 = [2,3]P1, 

CG' [2, 3] Pt = [1, 3] P2, 

which denote three lines meeting in a point. It follows (Art. 60, 

Ex. 3) that the intersections of corresponding sides of a triangle 

and its conjugate lie in one right line. 

100. Given any point O, and any two lines through it; join 

both directly and transversely the points in which these lines meet 

a circle ; then, if the direct lines intersect each other in P and the 

transverse in Q, the line PQ will be the polar of the point O with 

regard to the circle. 

Take the two fixed lines for axes, and let the intercepts made 

on them by the circle be A and A', fi and p. Then 

® , y x , y 
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will be the equations of the direct lines; and 

w-1-* 
the equations of the transverse lines. Now, the equation of the 

line PQ will be 
x x if y ■ A 

w+--t -,-2 = 0, 
A A ft ft 

for (see Art. 40) this line passes through the intersection of 

U 

and also of 

i £ + £ 
A ft J A' ft' 

x y „ x y 
*+4-1, w -t ^ - !. A ft A ft 

If the equation of the curve be 

«a32 4 2/za;?/ + by2 -f -f 2fy + c = 0, 

A and A' are determined from the equation ax2 + 2gx + c = 0 

(Art. 84), therefore, 

11 2 q , 1 1 2/ 
- + —, = — — , and —1—> = -—— • 
A A c ft fi c 

Hence, equation of PQ is 

gx+fy + c = 0; 

but we saw (Art. 89) that this was the equation of the polar of 

the origin 0. Hence it appears that if the point 0 were given, 

and the two lines through it were not fixed, the locus of the 

points P and Q would be the polar of the point 0. 

101. Given any two points A and J5, and their polars with 

respect to a circle whose centre is O ; let fall a perpendicular AP 

from A on the polar of B, and a perpendicular BQ from B on the 

7 /. a .7 OA OB 
polar oj A, then —j-p = ppQ • 

The equation of the polar of A (xy) is xx' -\-yy' - r2 = 0; and 

BQ, the perpendicular on this line from B(x"y"), is (Art. 34) 

xx -\-yy — r 

~Wf+FsT' 

Hence, since \!{x2 + y'2) = OA, we find 

OA ,BQ — xx' + yy" — r2 \ 
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and, for the same reason, 

OB.AP= x'x" 4 y'y" - r\ 

Hence 
OA _ OB 

AP~ BQ’ 

102. In working out questions on the circle it is often con¬ 

venient, instead of denoting the position of a point on the curve 

by its two coordinates x'y\ to express both these in terms of a 

single independent variable. Thus, let 0' be the angle which 

the radius to x'y' makes with the axis of a?, then x' = r cos#', 

y' = rs\n6',) and on substituting these values our formulae will 

generally become simplified. 

The equation of the tangent at the point x'y will by this sub¬ 

stitution become 

x cos O' + y sin 6' = r; 

and the equation of the chord joining x'y', x'y" ^ which (Art. 86, 

Ex. 3) is 

x [x + x") -f y (y + y") — A + x'x" + yy\ 

will, by a similar substitution, become 

x cos^ (O' + 6") -f y sin -J- (O' -f 6") — r cos-| (O' — 0"), 

6' and 6" being the angles which radii drawn to the extremities 

of the chord make with the axis of x. 

This equation might also have been obtained directly from 

the general equation of a right line (Art. 23) x eosa-f?/ sin a =y?, 

for the angle which the perpendicular on the chord makes with 

the axis is plainly half the sum of the angles made with the axis 

by radii to its extremities, and the perpendicular on the chord 

= r cos-g (6' - 0"). 

Ex. 1. To find the coordinates of the intersection of tangents at two given points 

on the circle. The tangents being 

x cos 6' + y sin 6' = r, x cos 0" + y sin d" = r, 

the coordinates of their intersection are 

cos 1(6'#") sin h(e’ + 6") 

cosi (0' - 0") ’ J ~ cos£ (0' - 0") * 

Ex. 2. To find the locus of the intersection of tangents at the extremities of 

a chord whose length is constant. 

Making the substitution of this article in 

(x' — x")2 + {y’ — y")2 = constant, 

it reduces to cos (0' — 0") = constant, or 6' — 0" = constant. If the given length of 
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the chord be 2r sin 8, then 6' — 0" = 28. The coordinates therefore found in the last 

example fulfil the condition 

(a:2 + y2) cos2 o = r2. 

Ex. 3. What is the locus of a point where a chord of a constant length is cut 

in a given ratio? 

Writing down (Art. 7) the coordinates of the point where the chord is cut in a 

given ratio, it will be found that they satisfy the condition x2 + y1 = constant. 

103. We have seen that the tangent to any circle yz— rz 

has an equation of the form 

x cos 6 + y sin 6 = r; 

and it can be proved, in like manner, that the equation of the 

tangent to [x — a)2 + (3/ — /3)2 = r1 may be written 

(x — a) cos 6 -f (y — /3) sin 6 — r. 

Conversely, then, if the equation of any right line contain an 

indeterminate 0 in the form 

(x - a) cos 6 + (y — (3) sin 6 — r, 

that line will touch the circle (x — a)2 -f [y - (3f = r2. 

Ex. 1. If a chord of a constant length be inscribed in a circle, it will always touch 

another circle. E01*, in the equation of the chord 

x cos £ (0' + 0") + y sin \ (0' + 0") = r cos | (0' — 0"); 

by the last article, 6' — 0" is known, and 0' + 0" indeterminate; the chord, therefore, 

always touches the circle 

x2 + y1 — v2 cos2 8. 

Ex. 2. Given any number of points, if a right line be such that m! times the 

perpendicular on it from the first point + m" times the perpendicular from the second 

+ &c. be constant, the line will always touch a circle. 

This only differs from Ex. 4, p. 49, in that the sum, in place of being = 0, is con¬ 

stant. Adopting then the notation of that Article, instead of the equation there found, 

{xZ (m) — Z (inx')} cos a + {yZ (m) — Z {my')) sin a = 0, 

we have only to write 

{ccZm — Z {mx')} cos a 4- {yZ (m) — Z {my')) sin a — constant. 

Hence this line must always touch the circle 

f Z {mx')'|2 r Z {my')]2 

I* ■- Z (S) } + F —£ (m) } = COnstant> 

whose centre is the centre of mean position of the given points. 

104. We shall conclude this chapter with some examples of 

the use of polar coordinates. 

Ex. 1. If through a fixed point any chord of a circle be drawn, the rectangle 

under its segments will be constant {Euclid in. 35, 36). 

Take the fixed point for the pole, and the polar equation is (Art. 95) 

p2 — 2pd cos 6 + d2 — r2 = 0} 
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the roots of which equation in p are evidently OP, OP', the values of the radius 

vector answering to any given value of 0 or POC. 

Now, by the theory of equations, OP. OP', the product of these roots will 

= <P — r2, a quantity independent of 0, and therefore constant, whatever be the 

direction in which the line OP is drawn. If the point 0 be outside the circle, it 

is plain that d2 — r2 must be = the square of the tangent. 

Ex. 2. If through a fixed point 0 any chord of a circle be drawn, and OQ, taken 

an arithmetic mean between the segments OP, OP', to find the locus of Q. 

We have OP + OP’, or the sum of the roots of the quadratic in the last example, 

= 2d cos 0; but OP + OP’ = 2OQ, therefore 

OQ = d cos 0. 

Hence the polar equation of the locus is 

p — d cos 0. 

Now it appears from the final equation (Art. 95) 

that this is the equation of a circle described on 

the line 0 C as diameter. 

The question in this example might have been otherwise stated: “ To find the 

locus of the middle points of chords which all pass through a fixed point.” 

Ex. 3. If the line OQ had been taken a harmonic mean between OP and OP' 

to find the locus of Q. 

2 OP. OP' 
That is to say, OQ - Qp^Qpt > but OP.OP'^d2 -r2, and 0P+ OP’ = 2d cos 0; 

therefore the polar equation of the locus is 

9- 

d? — r2 
, or p cos 0 = 

d2 — r2 

This is the equation of a right line (Art. 44) perpendicular to 00, and at a 
7»2 |*2 

distance from 0 — d — and, therefore, at a distance from C = . Hence (Art. 88) 

the locus is the polar of the point 0. 

We can, in like manner, solve this and similar questions when the equation is 

given in the form 

a (x2 + y2) + 2gx + 2fy + c = 0, 

for, transforming to polar coordinates, the equation becomes 

p2 + 2 cos 0 + — sin 0^) p + - = 0, 
\a a J a 

and, proceeding precisely as in this example, we find, for the locus of harmonic means, 

c 

^ ~ g cos 0 +/ sin 0 ’ 

and, returning to rectangular coordinates, the equation of the locus is 

gx + fy + c = 0, 

the same as the equation of the polar obtained already (Art. 89). 

Ex. 4. Given a point and a right line or circle; if on OP the radius vector to the 

line or circle a part OQ be taken inversely as OP, find the locus of Q. 

Ex. 5. Given vertex and vertical angle of a triangle and rectangle under sides, 

if one extremity of the base describe a right line or a circle, find the locus described 

by the other extremity. 

Take the vertex for pole; let the lengths of the sides be p and p', and the angles 

they make with the axis 0 and 0', then we have pp' = k2 and 0 6' = 0. 
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The student must write down the polar equation of the locus which one base angle 

is said to describe; this will give him a relation between p and 0; then, writing for p, 

k2 
—, and for 0, C + 0', he will find a relation between p' and 0', which will be the 
p 

polar equation of the locus described by the other base angle. 

This example might be solved in like manner, if the ratio of the sides, instead 

of their rectangle, had been given. 

Ex. 6. Through the' intersection of two circles a right line is drawn; find the 

locus of the middle point of the portion intercepted between the circles. 

The equations of the circles will be of the form 

p = 2r cos (0 — a) j- p = 2r' cos (0 — a') j 

and the equation of the locus will be 

p — r eos (0 — a) + r' cos (0 — a') j 

which also represents a circle. 

Ex. 7. If through any point 0, on the circumference of a circle, any three chords 

be drawn, and on each, as diameter, a circle be described, these three circles (which, 

of course, all pass through 0) will intersect in three other points, which lie in one 

right line (See Cambridge Mathematical Journal, vol. I. p. 169). 

Take the fixed point 0 for pole, then if d be the diameter of the original circle, 

its polar equation will be (Art. 95) 

p — d cos 0. 

In like manner, if the diameter of one of the other circles make an angle a with the 

fixed axis, its length will be = d cos a, and the equation of this circle will be 

p — d cos a cos (0 — a). 

The equation of another circle will, in like manner, be 

p - d cos (3 cos (0 — ft). 

To find the polar coordinates of the point of intersection of these two, we should 

seek what value of 0 would render 

COS a cos (0 — a) = COS (3 cos (0 — /3), 

and it is easy to find that 0 must = a + (3, and the corresponding value of 

p — d cos a cos /3. 

Similarly, the polar coordinates of the intersection of the first and third circles are 

0 = a + y, and p = d cos a cos y. 

Now, to find the polar equation of the line joining these two points, take the 

general equation of a right line, p cos (k — 6) = p (Art. 41), and substitute in it suc¬ 

cessively these values of 0 and p, and we shall get two equations to determine p 

and k. We shall get 

p — d cos a cos /3 cos {& — (a + [3)} = d cos a cos y cos {& — (a + y)}. 

Hence k = a + (3 + y, and p = d cos a cos J3 cos y. 

The symmetry of these values shows that it is the same right line which join 

the intersections of the first and second, and of the second and third circles, and, 

therefore, that the three points are in a right line. 

0 
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CHAPTER VIII. 

PROPERTIES OP A SYSTEM OF TWO OR MORE CIRCLES. 

105. To find the equation of the chord of intersection of two 

circles. 

If S — 0, S' = 0 be the equations of two circles, then any 

equation of the form S + 7cS' = 0 will be the equation of a figure 

passing through their points of intersection (Art. 40). 

Let us write down the equations 

S =[z-a.y+{y-/3y-r* =0, 

S'=[X - O2 + [y - /3')2 - ^2=o, 

and it is evident that the equation S + 7c S' = 0 will in general 

represent a circle, since the coefficient of xy — 0, and that of 

x2 = that of y2. There is one case, however, where it will re¬ 

present a right line, namely, when 7c ——1. The terms of the 

second degree then vanish, and the equation becomes 

S- S'= 2 (a' - a) a + 2 (ff - /3) y + r'2 - r2 + a2- a'2 + /32- /3,2= 0. 

This is, therefore, the equation of the right line passing through 

the points of intersection of the two circles. 

What has been proved in this article may be stated as in 

Art. 50. If the equation of a circle be of the form S + 7cS' = 0 

involving an indeterminate 7c in the first degree, the circle passes 

through two fixed points, namely, the two points common to the 

circles S and S'. 

106. The points common to the circles S and S' are found 

by seeking, as in Art. 82, the points in which the line S — S' 

meets either of the given circles. These points will be real, co¬ 

incident, or imaginary, according to the nature of the roots of 

the resulting equation; but it is remarkable that, whether the 

circles meet in real or imaginary points, the equation of the 

chord of intersection, S — S' = 0, always represents a real line, 

having important geometrical properties in relation to the two 

circles. This is in conformity with our assertion (Art. 82), that 
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the line joining two points may preserve its existence and its 

properties when these points have become imaginary. 

In order to avoid the harshness of calling the line S — S', the 

chord of intersection in the case where the circles do not 

geometrically appear to intersect, it has been called* the radical 

axis of the two circles. 

107. We saw (Art. 90) that if the coordinates of any point 

xy be substituted in S, it represents the square of the tangent 

drawn to the circle S from the point xy. So also S' is the 

square of the tangent drawn to the circle S'; hence the equation 

S — S' = 0 asserts, that if from any point on the radical axis 

tangents he drawn to the two circles, these tangents will he equal. 

The line (S— S') possesses this property whether the circles 

meet in real points or not. When the circles do not meet in 

real points, the position of the radical axis is determined geome¬ 

trically by cutting the line joining their centres, so that the 

difference of the squares of the parts may = the difference of the 

squares of the radii, and erecting a perpendicular at this point; 

as is evident, since the tangents from this point must be equal 

to each other. 

If it were required to find the locus of a point whence tan¬ 

gents to two circles have a given ratio, it appears, from Art. 90, 

that the equation of the locus will be S-Jc2S'=0, which (Art. 105) 

represents a circle passing through the real or imaginary points 

of intersection of S and S'. When the circles S and S' do not 

intersect in real points, we may express the relation wThich they 

bear to the circle S—Ic2S\ by saying that the three circles have 

a common radical axis. 

Ex. Find the coordinates of the centre, and the radius of kS + IS*. 

tea 4-la' k(3 + 1(3 
Ans. Coordinates are — 7 — , , 

fc ~J~ L k + i 
; that is to say, the line joining the centres 

of S, S' is divided in the ratio k : l. Radius is given by the equation 

{Jc + T)2r"2 = [k + T) (kX + lr'2) - MI)2, 

where D is the distance between the centres of S and Sf. 

108. Given any three circles, if we take the radical axis of 

each pair of circles, these three lines will meet in a point, which 

is called the radical centre of the three circles. 

* By M. Gaultier, of Tours (Journal de V Icole Polt/tecknique, Cahier xvi. 1813). 
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For the equations of the three radical axes are 

£-£' = 0, 8' — S" = 0, S" — 8 = 0, 
which, by Art. 41, meet in a point. 

From this theorem we immediately derive the following: 

If several circles pass through two fixed points, their chords of 

intersection with a fixed circle will pass through a fixed point. 

For, imagine one circle through the two given points to be 

fixed, then its chord of intersection with the given circle will be 

fixed; and its chord of intersection with any variable circle 

drawn through the given points will plainly be the fixed line join¬ 

ing the two given points. These two lines determine by their 

intersection a fixed point through which the chord of intersection 

of the variable circle with the first given circle must pass. 

Ex. 1, Find the radical axis of 

x2 + y1 — 4x — by + 7 = .0 j x2 + y1 + 6# + % — 9 = 0. 

Ans. 10# 4- 13^ =16. 
Ex. 2. Find the radical centre of 

(# - l)2 + (y - 2)2 = 7; {x - 3)2 + y* = 5; (® + 4)2 + (y + l)2 = 9. 

( iV> — if)- 

*T09. A system of circles having a common radical axis 

possesses many remarkable properties, which are more easily 

investigated by taking the radical axis for the axis of y, and the 

line joining the centres for the axis of x. Then the equation of 

any circle will be 

x2 + yl — %hx + S2 = 0, 
where S2 is the same for all the circles of the system, and the 

equations of the different circles are obtained by giving different 

values to k. For it is evident (Art. 80) that the centre is on 

the axis of a?, at the variable distance k; and if we make x = 0 

in the equation, we see that no matter what the value of k may 

be, the circle passes through the fixed points on the axis of y, 

yl ± S2 = 0. These points are imaginary when we give S2 the 

^ign +, apd real when we give it the sign —. 

*110. The polars of a given pointy with regard to a system of 

circles having a common radical axis, always pass through a 

fixed point. 

The equation of the polar of x'y with regard to 

of + yl — 2kx 4- 8* = 0, 
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is (Art. 89) xx + yy' - h [x + x) + 81 = 0; 

therefore, since this involves the indeterminate Tc in the first 

degree, the line will always pass through the intersection of 

xx -f yy -f 82 = 0, and x + x' — 0. 

*111. There can always he found two points, however, such 

that their polar s, with regard to any of the circles, will not only 

pass through a fixed pointy hut will he altogether fixed. 

This will happen when xx' + yy + 82 = 0 and x-\-x' — 0 re¬ 

present the same right line, for this right line will then be the 

polar whatever the value of 7c. But that this should be the case 

we must have 

y' = 0 and x'2 = S2, or x' = + 8. 

The two points whose coordinates have been just found have 

many remarkable properties in the theory of these circles, and 

are such that the polar of either of them, with regard to any of 

the circles, is a line drawn through the other, perpendicular to 

the line of centres. These points are real when the circles of 

the system have common two imaginary points, and imaginary 

when they have real points common. 

The equation of the circle may be written in the form 

if + (x - 7c)2 = 7cl - 8% 

which evidently cannot represent a real circle if W be less than 

82; and if ^‘2 = S2, then the equation (Art. 80) will represent a 

circle of infinitely small radius, the coordinates of whose centre 

are y — 0, x — ± 8. Hence the points just found may themselves 

be considered as circles of the system, and have, accordingly, 

been termed by Poncelet* the limiting points of the system of 

circles. 

*112. If from any point on the radical axis we draw tan¬ 

gents to all these circles, the locus of the point of contact must 

be a circle, since we proved (Art. 107) that all these tangents 

wrere equal. It is evident, also, that this circle cuts any of the 

given system at right angles, since its radii are tangents to the 

given system. The equation of this circle can be readily found. 

* Traite des Proprietes Projectices, p. II. 
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The square of the tangent from any point (x=0, y — h) to the 
circle 

x1 + y2 — 2 ~kx + S2 = 0, 

being found by substituting these coordinates in this equation 

is lil -f 82; and the circle whose centre is the point (a: = 0, y — h\ 

and whose radius squared = li14- S2, must have for its equation 

^ + [y - W = h2 4- s2, 

or x2 4- yl — Zhy — 82. 

Hence, whatever be the point taken on the radical axis [i.e. 

whatever the value of h may be), still this circle will always pass 

through the fixed points [y—0, x=± 8) found in the last Article. 

And we infer that all circles which cut the given system at right 

angles pass through the limiting points of the system. 

Ex. 1. Find the condition that two circles 

x1 + y2 + 2qx + -2fy + c = 0, x2 + y2 4- 2g'x + 2f’y + c' = 0 

should cut at right angles. Expressing that the square of the distance between the 

centres is equal to the sum of the squares of the radii, we have 

(s - nr+(f-.fr ^r+ft-c+c/*+r - 
or, reducing, 2gg' + 2ff — c + e'. 

Ex. 2. Find the circle cutting three circles orthogonally. We have three equations 

of the first degree to determine the three unknown quantities g, f, c; and the problem, 

is solved as in Art. 94. Or the problem may be solved otherwise, since it is evident 

from this article that the centre of the required circle is the radical centre of the three 

circles, and the length of its radius equal to that of the tangent from the radical 

centre to any of the circles. 

Ex. 3. Find the circle cutting orthogonally the three circles, Art. 108, Ex. 2. 

Ans. (x + 4g)2 + (g + *$)* = We6- 

Ex. 4. If a circle cut orthogonally three circles S', S”, S"', it cuts orthogonally 

any circle 7c S' + IS" + mSm — 0. Writing down the condition 

2g (kg' + lg" + mg'") + 2f ( hf + If" + mf") = {Jc + l + m) c + (7cc' + Ic" -f me'"), 

we see that the coefficients of 7c, l, m vanish separately by hypothesis. 

Similarly, a circle cutting S', S” orthogonally, also cuts orthogonally 7cS' + IS". 

Ex. 5. A system of circles which cuts orthogonally two given circles S', S" has 

a common radical axis. This, which has been proved in Art. 112, may be proved 

otherwise as follows: The two conditions 

2gg’ + 2ff = c + c', 2gg" + 2ff" = c + c", 

enable us to determine g and f linearly in terms of c. Substituting the values so 

found in 
x2 + y1 + 2gx + 2fj + c = 0, 

the equation retains a single indeterminate c in the first degree, and therefore 

(Art. 105) denotes a system having a common radical axis. 

Ex. G. If AB be a diameter of a circle, the polar of A with respect to any circle 

which cuts the first orthogonally will pass through B. 
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Ex. 7. The square of the tangent from any point of one circle to another is 

proportional to the perpendicular from that point upon their radical axis. 

Ex. 8. To find the angle (a) at which two circles intersect. 

Let the radii of the circles be R, r, and let D be the distance between their 

centres, then 
D2 — R2 + r2 — 2Rr cos a, 

since the angle at which the circles intersect is equal to that between the radii to 

the point of intersection. 

When the circles are given by the general equations, this expression becomes 

2Rr cos a = 2 Gg + 2Ff — C — c. 

If S = 0 be the equation of the circle whose radius is r, the coordinates of the 

centre of the other circle must fulfil the condition Rr — 2Rr cos a — S, as is evident 

from Art. 90, since D2 — r2 is the square of the tangent to S from the centre of the 

other circle. 

Ex. 9. If we are given the angles a, (3 at which a circle cuts two fixed circles S, S', 

the circle is not determined, since we have only two conditions; but we can determine 

the angle at which it cuts any circle of the system JcS + IS'. For we have 

R2 — 2Rr cos a — S, R2 — 2Rr' cos (3 = S', 

, „ Jcr cos a + lr’ cos 6 JcS + IS' 
whence R2 — 2R-----— = —.-- , 

Jc+l Jc + l ’ 

which is the condition that the moveable circle should cut JcS + IS’ at the constant 

angle y $ where (Jc + l) r" cos y = Ter cos a + lr' cos /?, r" being the radius of the 

circle JcS + IS'. 

Ex. 10. A circle which cuts two fixed circles at constant angles will also touch 

two fixed circles. For we can determine the ratio Jc : I, so that y shall = 0, or cos y = 1. 

We have (Art. 107, Ex.) 

(Jc+l)2 r"2 ~(Jc + l) (Jcr2 + lr'2) - Jell)2, 

Substituting this value for r" in the equation of the last example, we get a quadratic 

to determine Jc : l. 

113. To draw a common tangent to two circles. 

Let tlieir equations be 

(»—«)*+(y—£ )'“»* (S), 
and {x - a J + (y - /S')2 = r"‘ (S'). 

We saw (Art. 85) that the equation of a tangent to ($) was 

[x - a) [x - a) + (y - /3) (/ - fi) = r2; 

or? as in Art. 102, writing 

x — a 
— cos 0. 

y'-3 
= sin 6, 

r r 

[x — a) cos 6 + [y — j3) sin 6 = r. 

In like manner, any tangent to {S') is 

(;x — a) cos 6' + {y — /3') sin 6' = r . 

Now if we seek the conditions necessary that these two 

equations should represent the same right line 5 first, from com¬ 

paring the ratio of the coefficients of x and y, we get tan0 = tan0', 
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whence & either = 0, or = 180° -f 6. If either of these conditions 

be fulfilled, we must equate the absolute terms, and we find, in 
the first case, 

(a - cl) cos 6 + {/3 - ft') sin 0 -f r - r = 0, 

and in the second case, 

(a - cl) cos 6 4 (/3 - /3') sin 6 + r + / = 0. 

Either of these equations would give us a quadratic to deter¬ 

mine 6. The two roots of the first equation would correspond 

to the direct or exterior common tangents, Aa, A'a ; the roots 

of the second equation would correspond to the transverse or 

interior tangents, Bb, B'b'. 

If we wished to find the coordinates of the point of contact 

of the common tangent with the circle (#), we must substitute, 

in the equation just found, for cos 0, its value, 

sin 0, -—- , and we find 

x - CL 

r 
and for 

(a — a') (a/ — a) + (/3 — /3') (y' — /3) + r (r — r) = 0; 

or else, (a — cl) [x' — a) + (/3 — J3') [y'- jd)+r(r+/)= 0. 

The first of these equations, combined with the equation [S) 

of the circle, will give a quadratic, whose roots will be the 

coordinates of the points A and A\ in which the direct common 

tangents touch the circle (S); and it will appear, as in Art. 88, 

that 
(a' - cl) [x - a) + (£' -fi){y-(3)=r(r- r) 

is the equation of AA\ the chord of contact of direct common 

tangents. So, likewise, 

(a' - a) (x - a) + (£' - @)[y - P) = r[r + r') 

is the equation of the chord of contact of transverse common 
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tangents. If the origin be the centre of the circle (£), then a and 
(3 = 0; and we find, for the equations of the chords of contact, 

ax 4- fty — r [r + /). 

Ex. Find the common tangents to the circles 

x2 4- y2 — 4x — 2y + 4 = 0, x1 4- y2 + 4x + 2y - 4 = 0. 

The chords of contact of common tangents with the first circle are 

2x + y — 6, 2x + y = 3. 

The first chord meets the circle in the points (2, 2), (y, §), the tangents at which are 

y = 2, 4x - 8y = 10, 

and the second chord meets the circle in the points (1, 1), (|, £), the tangents at 
which are' 

3 = 1, 8x + 4y = 5. 

114. The points 0 and 0\ in which the direct or transverse 
tangents intersect, are (for a reason explained in the next 
Article) called the centres of similitude of the two circles. 

Their coordinates are easily found, for 0 is the pole, with 
regard to circle (S), of the chord A A', whose equation is 

(a- a) r (ft-ft r, 
- «) + _ j (y-ft = r\ r - r r — r 

Comparing this equation with the equation of the polar of the 
point x'y\ 

we get 

(*'-«) (*-*) + (y' “ &) [y- P) = r‘i 
, (a' - a) r , dr — ar 

x —a—-— , or x = —-7- , 

y'-P= 

r — r 

08' - P) r 
or y = 

r—r 

ftr - (3r 
r — r r — r 

So, likewise, the coordinates of O' are found to be 

x = 
ar + ar 

and y — 
ftr + 

r4 r u r + r 

These values of the coordinates indicate (see Art. 7) that the 
centres of similitude are the points where the line joining the 
centres is cut externally and internally in the ratio of the radii. 

Ex. Find the common tangents to the circles 

x2 + y1 ~ 6x — 8y = 0, x1 + y2 — 4.x — 6y = 3, 

The equation of the pair of tangents through x'y’ to 

(x — a)- + {y — ft)2 — r2 

is found (Art. 92) to be 

1 (»' - a)2 + (?/' - ft)2 - r2} {(* - a)2 + (y - ($)2 - r2} = {(* - a) (x' - «) + (y - /3) (/ -(3)- r2}r 

P 
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Now the coordinates of the exterior centre of similitude are found to "be (— 2, — 1) 

and hence the pair of tangents through it is 

25 (x2 + y2, — — 8y) — (5x + 5y — 10)2 ; or xy 4- x + 2?/ + 2 = 0 ; or {x + 2) (y + I) = 0 

As the given circles intersect in real points, the other two common tangents 

become imaginary; but their equation is found, by calculating the pair of tangents 

through the other centre of similitude (^, ^), to be 

40a;2 + xy + 40y2 — 199a? — 278y + 722 = 0, 

115. Every right line drawn through the intersection of com¬ 

mon tangents is cut similarly by the two circles. 

It is evident that if on the radius vector to any point P there 

be taken a point Q, such that OP=m times OQ, then the x and 

y of the point P will be respectively m times the x and y of the 

point Q; and that, therefore, if P describe any curve, the locus 

of Q is found by substituting mx, my for x and y in the equation 

of the curve described by P. 

Now, if the common tangents be taken for axes, and if we 

denote Oa by a, OA by a', the equations of the two circles are 

(Art. 84, Ex. 2) 

x2 -f y2 + 2xy cos co — 2a x — 2a y -f a2 =0, 

x2 + y14- 2 xy cos co — 2 ax - 2a'y -}- a!2 = 0. 

But the second equation is what we should have found if we 

had substituted for a?, y in the first equation; and it 

therefore represents the locus formed by producing each radius 

vector to the first circle in the ratio a : a'. 

Cor. Since the rectangle Op. Op' is constant (see fig. next 

page), and since we have proved OR to be in a constant ratio to 

Op, it follows that the rectangle OR. Op = OR'. Op is constant, 

however the line be drawn through O. 

116. If through a centre of similitude we draw any two lines 

meeting the first circle in the points A, R\ A, and the second in 

the points p, p', <r, er', then the chords RS, per ; R'S', p'er' will be 

parallel, and the chords RS, per' / R'S', per will meet on the 

radical axis of the two circles. 

Take OR, OS for axes, then we saw (Art. 115) that 

OR — mOp, OS=mOeri and that if the equation of the circle 

pap'a' be 

a (x2 + 2xy cos co + y2) + 2gx + Vfy + c = 0, 
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that of the other will be 

a (x2 -f 2xy cosco -f yf) 

+ 2m [gx +fy) 4- rrdc = 0, 

and, therefore, the equation of the 

radical axis will be (Art. 105) 

2 fgx +fy) 4- [m + 1) c = 0. 

Now let the equations of pa and 

of p'a' be 

x+i-i - + y=i 
a + J-1’ a' + b' ’ 

then the equations of RS and 

R'S' must be 

* +^=i, 
ma mb 

x v 
-- = 1 r i 71 1 • 

ma mb 

It is evident, from the form of the equations, that RS is 

parallel to pa; and RS and p'a' must intersect on the line 

x i+y+2/G+y=i+m» 
or, as in Art. 100, on 

2 [gx +fy) + (m + 1) c = 0, 

the radical axis of the two circles. 

A particular case of this theorem is, that the tangents at R 

and p are parallel, and that those at R and p meet on the 

I’adical axis. 

117. Given three circles S, S\ S" ; the line joining a centre 

of similitude of S and S' to a centre of similitude of S and S" 

will pass through a centre of similitude of S' and S". 

Form the equation of the line joining the first two of the points 

fro!-cur r/3'-/3r'\ fro!'-or" r/3"-/3r"\ fr'o!'-r"o! r'/3"-r"/3'\ 

\r — r ’ r — r ) J \ r — r" 5 r — r" ) ? \ r — r" ’ r — r" J J 

(Art. 114), and we get (see Ex. 6, p. 24), 

— {r [o! — a") + r (a" — a) + r" (a — a')} y 

= r (ft’a" - ft"a!) + r (/3"a - /3a") + r" (/3a' - ff a). 
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Now the symmetry of this equation sufficiently shows, that the 

line it represents must pass through the third centre of similitude. 

This line is called an axis of similitude of the three circles. 

Since for each pair of 

circles there are two cen¬ 

tres of similitude, there 

will be in all six for the 

three circles, and these 

will be distributed along 

fpur axes of similitude, 

as represented in the 

figure. The equations 

of the other three will 

be found by changing 

the signs of either r, or 

/, or r", in the equation 

just given. 

Cqr. If a circle (2) touch two others (S and /S"), the line joinr 

ing the points of cpntact will pass through a centre of similitude of 

S and S'. For when two circles touch, one of their centres of 

similitude will coincide with the point of contact. 

If 2 touch S and either both externally or both internally^ 

the line joining the points of contact will pass through the exter? 

nal centre of similitude of S and S'. If 2 touch one externally 

and the other internally, the line joining the points pf contact 

will pass through the internal centre of similitude. 

*118. To find the locus of the centre of a circle putting three 

given circles at equal angles. 

If a circle whose radius is i?, cut at an angle a the three 

circles S, S\ S"9 then (Art. 112, Ex. 8) the coordinates of its 

centre fulfil the three conditions 

S—E1 — 2Er cos a, S' — Ez — 2Rr cos a, S" — Ez — 2Er" cos a. 

From these conditions we can at once eliminate Ez an4 

R cosgc. Thus, by subtraction, 

S- S' = 2i2 [f - r) cos a, S-S" = 2 E [r" - r) cos a, 

whence (S — S') [r — r") == (S— S") [r — F), 

the equation of a line on which the centre must lie. It obviously 
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■passes through the radical centre (Art. 108); and if we write 

for S— S', S— S", their values (Art. 105), the coefficient of x in 

the equation is found to be 

— 2 {a (r — r") + a! (rn — r) -f a" [r — /)}, 

while that of y is 

- 2 [13 (/ - r”) + /3' {r” - r) 4- 0" [r - /)}. 

Now if we compare these values with the coefficients in the 

equation of the axis of similitude (Art. 117), we infer (Art. 32), 

that the locus is a perpendicular let fall from the radical centre 

on an axis of similitude. 

It is of course optional which of two supplemental angles we 

consider to be the angle at which two circles intersect. The 

formula (Art. 112) which we have used assumes that the angle 

at which two circles cut is measured by the angle which the 

distance between their centres subtends at the point of meeting; 

and with this convention, the locus under consideration is a per¬ 

pendicular on the external axis of similitude. If this limitation 

be removed, the formula we have used becomes S=Ei±2Rr cosa; 

or, in other words, we may change the sign of either r\ or r" 

in the preceding formulae, and therefore (Art. 117) the locus is a 

perpendicular on any of the four axes of similitude.* 

When two circles touch internally, their angle of intersec¬ 

tion vanishes, since the radii to the point of meeting coincide. 

But if they touch externally, their angle of intersection accord¬ 

ing to the preceding convention is 180°, one radius to the point 

of meeting being a continuation of the other. It follows, from 

* In fact, all circles cutting three circles at equal angles have one of the axes 

of similitude for a common radical axis. Let Z, Z', Z" be three circles, all cutting 

the given circles at the same angles a. (3, y respectively. Then the coordinates of the 

centre of each of the circles S, S', S" must fulfil the conditions 

Z = r2 — 2rR cos a, Z’ = r2 — 2rR’ cos (3, Z" — r2 — 2rR" cos y j 

whence (R cos a — R" cos y) (Z — Z') = (R cos a — R' cos /3) (Z — Z"). 

This which appears to be the equation of a right line is satisfied by the coordinates 

of the centre of S. of S', and of S”, three points which are not supposed to be on a 

right line. Now the only way in which what seems an equation of the first degree, 

such as ax + ly + c = a'x + b'y + c' can be satisfied by the coordinates of three points 

which are not on a right line, is if the equation is in truth an identical one, a = a', 

b — b', c — (/. The equation, therefore, written above denotes an identical relation of 

£lie form Z = + /Z", shewing that the three circles have a common radical axis. 
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what has been just proved, that the perpendicular on the external 

axis ©f similitude contains the centre of a circle touching three 

given circles, either all externally, or all internally. If we 

change the sign of r, the equation of the locus which we found 

denotes a perpendicular on one of the other axes of similitude 

which will contain the centre of the circle touching S externally, 

and the other two internally, or vice versa. Eight circles in all 

can be drawn to touch three given circles, and their centres lie, 

a pair on each of the perpendiculars let fall from the radical 

centre on the four axes of similitude. 

*119. To describe a circle touching three given circles. We 

have found one locus on which the centre must lie, and we could 

find another by eliminating B between the two conditions 

S=B*+2Br, S' = Bl + 2Br'. 

The result, however, would not represent a circle, and the solu¬ 

tion will therefore be more elementary, if instead of seeking 

the coordinates of the centre of the touching circle, we look for 

those of its point of contact with one of the given circles. We 

have already one relation connecting these coordinates, since 

the point lies on a given circle, therefore another relation be¬ 

tween them will suffice completely to determine the point.* 

Let us for simplicity take for origin the centre of the circle, 

the point of contact with which we are seeking, that is to say, 

let us take a = 0, (3 = 0, then if A and B be the coordinates of 

the centre of 2, the sought circle, we have seen that they fulfil 

tbe relations 

S-S' = 2B[r- /), S- S" = 2B (r — r"). 

But if x and y be the coordinates of the point of contact of S 

with /S', we have from similar triangles 

A = a(-ft +r) jg_y(-R+y)- 
r ? r 

Now if in the equation of any right line we substitute mx, my for 

x and ?/, the result will evidently be the same as if we multiply 

the whole equation by and subtract {in — 1) times the absolute 

term. Hence, remembering that the absolute term in S — S' is 

* This solution is by M. Gergonne, Annales des Mathemaliques, vol. vn. p. 289. 
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(Art. 105) r2 — r2 — a1- /3'2, the result of making the above sub¬ 

stitutions for A and B in [S— S') = 2R (r — r) is 

?L±Z[S-S') + ^ («" + O = 2B{r-/), 

or [R + r){S- S') =R {{r - r' f - a'2 - /3'2). 

Similarly (R + r) {S - S") = R {{r - r'J - a"2 - /3"2}, 

Eliminating R, the point of contact is determined as one of 

the intersections of the circle S with the right line 

S-S' S-S" 

a'2 4 /3'2 - [r - r'f ~ a"2 4 /3"2 - [r - r" f * 

120. To complete the geometrical solution of the problem, it 

is necessary to show how to construct the line whose equation has 

been just found. It obviously passes through the radical centre 

of the circles; and a second point on it is found as follows: 

Write at full length for S — S' (Art. 105), and the equation is 

2clx -f 2(3'y+ r'2— r2— a'2— /3'2 _ 2a"x + 2(3 'y -f r"2— r2—a"2 — /5"2 

a'2 + /3'2 - [r - r'f = ^ + /3"2 - (r - r"f ' 

Add 1 to both sides of the equation, and we have 

olx + $’y + (r —r)r a'x 4 (3"y + [r" — r)r 

a'2 + /3'2 - (r - r'f = ‘ a"2 4 yS"2 - (r - r")2 ' * 

showing that the above line passes through the intersection of 

ax 4 /3'y + (r — r) r = 0, a"x 4-13"y 4- (r" — r)r = 0. 

But the first of these lines (Art. 113) is the chord of common 

tangents of the circles S and S'; or, in other words (Art. Ill), is 

the polar with regard to S of the centre of similitude of these 

circles. And, in like manner, the second line is the polar of the 

centre of similitude of S and S" ; therefore (since the intersection 

of any two lines is the pole of the line joining their poles) the 

intersection of the lines 

ax 4 (3'y + (/ — r) r = 0, a'x 4- (3"y 4 [r" — r)r = 0 

is the pole of the axis of similitude of the three circles, with 

regard to the circle S. 

Hence we obtain the following construction: 

Drawing any of the four axes of similitude of the three 

circles, take its pole with respect to each circle, and join the 
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points so found (P, P', P'") 

with the radical centre; then, 

if the joining lines meet the 

circles in the points 

(a, b; a\ V • a'\ b''), 

the circle through a, a', a!' will S _ 

be one of the touching circles, 

and that through 5, b\ b" will 

be another. Repeating this 

process with the other three 

axes of similitude, we can de¬ 

termine the other six touching 

circles. 

121. It is useful to show how the preceding results may be 

derived without algebraical calculations. 

(1) By Cor., Art. 117, the lines ab, ab\ ab" meet in a point, 

viz., the centre of similitude of the circles aaa \ bb'b". 

(2) In like manner a'a!\ b'b" intersect in P, the centre of 

similitude of C\ C". 

(3) Hence (Art. 116) the transverse lines a'b\ a'b" intersect 

on the radical axis of 0", G". So again ab'\ ab intersect on 

the radical axis of G'\ G. Therefore the point R (the centre of 

similitude of aa!a\ bb'b") must be the radical centre of the 

circles G, C\ G". 

(4) In like manner, since ab\ a'b" pass through a centre of 

similitude of aaa \ bb'b" \ therefore (Art. 116) aa \ b'b" meet on 

the radical axis of these two circles. So again the points S' and 

S" must lie on the same radical axis; therefore SS'S", the axis 

of similitude of the circles (7, O', 0", is the radical axis of the 

circles aaa \ bb'b". 

(5) Since a'b" passes through the centre of similitude of 

aa'a!\ bb'b", therefore (Art. 116) the tangents to these circles 

where it meets them intersect on the radical axis SS'S". But 

this point of intersection must plainly be the pole of a"b" with 

regard to the circle G". Now since the pole of a"b" lies on 

SS'P", therefore (Art. 98) the pole of SS'S" with regard to G" 

lies on a'b". Hence a"b" is constructed by joining the radical 

centre to the pole of SS'S" with regard to G". 
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(6) Since the centre of similitude of two circles is on the line 

joining their centres, and the radical axis is perpendicular to that 

line, we learn (as in Art. 118) that the line joining the centres of 

aaa!\ bb'b" passes through Rr and is perpendicular to SS'S". 

121 (a).* Dr. Casey has given a solution of the problem 

we are considering, depending on the following principle due 

to him: If four circles be all touched by the same fifth circle, 

the lengths of their common tangents are connected by the 

following relation, 12.34 + 14.23 + 13.24 = 0, where 12 denotes 

the length of a common tangent to the first and second circles, 

&c. This may be proved by expressing each common tangent 

in terms of the length of the line joining the points where the 

circles touch the common touching circle. 

Let B be the radius of the latter circle 

whose centre is 0, r and r of the circles 

whose centres are A and B, then, from the 

isosceles triangle a Ob, we have 

ab = 2B sin\aOb. 

But from the triangle A OB, whose base 

is D, and sides B — r, B — /, we have 
J)* _ (r- r'Y 

sin2la 06 = —^-\ / t) "w • Now the numerator of this frac- 
4 (B — r) (B — r) 

tion is the square of the common tangent 12, hence 

B. 12 

a0~~*J(R-r) (.R-r') ‘ 

But since the four points of contact form a quadrilateral in¬ 

scribed in a circle, its sides and diagonals are connected by the 

relation ab.cd + ad.bc = ac.bd. Substitute in this equation the 

expression just given for each chord in terms of the corre¬ 

sponding common tangent, and suppress the numerator B2 and 

the denominator \/(B — r) (B — r) (B - r") (B - r") which are 

common to every term, and there remains the relation which 

we are required to prove. 

121 (b). Let now the fourth circle reduce itself to a point, 

this will be a point on the circle touching the other three, and 

* In order to avoid confusion in the references, I retain the numbering of the articles 

in the fourth edition, and mark separately those articles which have been since added. 

Q 
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41, 42, 43 will denote the lengths of the tangents from that 

point to these three circles. But the lengths of these tangents 

are (Art. 90) the square roots of the results of substituting the 

coordinates of that point in the equations of the circles. We 

see then that the coordinates of any point on the circle which 

touches three others must fulfil the relation 

23 V($) ± 31 vW) ± 12 = 0. 

If this equation be cleared of radicals it will be found to be one 

of the fourth degree, and when 23, 31, 12 are the direct common 

tangents, it will be the product of the equations of the two 

circles (see fig., p. 112) which touch either all externally or 

all internally. 

121 (c). The principle just used may also be established 

without assuming the relation connecting the sides and dia¬ 

gonals of an inscribed quadrilateral. If on each radius vector 

OP to a curve we take, as in Ex. 4, p. 96, a part OQ in¬ 

versely proportional to OP, the locus of Q is a curve which 

is called the inverse of the given curve. It is found with¬ 

out difficulty that the equation of the inverse of the circle 

x2 + y2 + 2gx + 2fy 4- c is 

c (x2 -1- y2) + 2gx + 2fy + 1 = 0, 

which denotes a circle, except when c = 0 (that is to say, when 

the point 0 is on the circle), in which case the inverse is a right 

line. Conversely, the inverse of a right line is a circle passing 

through the point 0. Now Dr. Casey has noticed that if wq 

are given a pair of circles, and form the inverse pair with 

regard to any point, then the ratio of the square of a common 

tangent to the product of the radii is the same for each pair 

of circles.* For if in +/2 - wduch (Art. 80) is P, we 
q f 1 

substitute for q. f. c: we find that the radius of the 

inverse circle is r divided by c; and if we make a similar 

substitution in c + c — 2gg — 2\ff\ which (Ex. 1, p. 102) is 

D2 — r2 - r'\ we get the same quantity divided by cc. Hence 

the ratio of D2 — r2 — r2 to rr is the same for a pair of circles 

* This is equivalent (see Ex. 8, p. 108) to saying that the angle of intersection is 

the same for each pair, as may easily be proved geometrically. 
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and for the inverse pair ; and, therefore, so is also the ratio to 

rv of D~ — (r + r')2. 

Consider now four circles touching the same right line in 

four points, Now the mutual distances of four points on a right 

line are connected by the relation 12.34 + 14.32 = 13.24* as 

may easily be proved by the identical equation 

(b — a) [d — c) + (d — a) (c — b) = (c — a) [d — 5), 

where a, 6, c, d denote the distances of the points from any 

origin on the line. Thus then the common tangents of four 

circles which touch the same right line are connected by the 

relation which is to be proved. But if we take the inverse 

of the system with regard to any point, we get four circles 

touched by the same circle, and the relation subsists still; for 

if the equation be divided by the square root of the products 

of all the radii, it consists of members 
12 34 

, &c., 
V(rr) ’ *J[r"r") 

which are unchanged by the process of inversion. 

The relation between the common tangents being proved in 

this way,* we have only to suppose the four circles to become 

four points, when we deduce as a particular case the relation 

connecting the sides and diagonals of an inscribed quadrilateral. 

This method also shews that, in the case of two circles which 

touch the same side of the enveloping circle, we are to use the 

direct common tangent; but the transverse common tangent 

when one touches the concavity, and the other the convexity 

of that circle. Thus then we get the equation of the four pairs 

of circles which touch three given circles, 

23 */(S) ± 31 V(£') ± ^2 V(£") = 0. 

When 12, 23, 31 denote the lengths of the direct common tarn 

gents, this equation represents the pair of circles having the 

given circles either all inside or all outside. If 23 denotes a 

direct common tangent, and 31, 12 transverse, we get a pair 

of circles each having the first circle on one side, and the other 

two on the other. And, similarly, we get the other pairs of 

circles by taking in turn 31, 12 as direct common tangents, and 

the other common tangents transverse. 

* Another proof will be given in the appendix to the next chap:er. 
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^CHAPTER IX. 

APPLICATION OF ABRIDGED NOTATION TO THE EQUATION 
OF THE CIRCLE, 

122. If we have an equation of the second degree expressed 

in the abridged notation explained in Chap, iv., and if we desire 

to know whether it represents a circle, we have only to transform 

to x and y coordinates, by substituting for each abbreviation (a) 

its equivalent (x cos a 4?/ sin a— p) j and then to examine whether 

the coefficient of xy in the transformed equation vanishes, and 

whether the coefficients of x2 and of ya are equal. This is suffi¬ 

ciently illustrated in the examples which follow. 

When will the locus of a point he a circle if the product of 

perpendiculars from it on two opposite sides of a quadrilateral he 

in a given ratio to the product of perpendiculars from it on the 

other two sides ? 

Let a, /5, 7, 8 be the four sides of the quadrilateral, then the 

equation of the locus is at once written down ay = &/58, which 

represents a curve of the second degree passing through the 

angles of the quadrilateral, since it is satisfied by any of the 

four suppositions, 

a = 0, /5 = 0; a = 0, 8 = 0; /5 = 0, 7=05 7 = 0, 8 = 0. 

Xow, in order to ascertain whether this equation represents a 

circle, write it at full length 

(x cosa +y sina -p) [x COS74 y sin7 —p") 

= Jc [x cos/3 +y sin/3 - p) {x cos 8 +3/ sin 8 - p"). 

Multiplying out, equating the coefficient of x2 to that of y\ and 

putting that of xy = 0, we obtain the conditions 

cos (a + 7) = h cos [fi + 8); sin (a + 7) = h sin (0 + 8). 

Squaring these equations, and adding them, we find k = + 1; and 

if this condition be fulfilled, we must have 

a 4 7 = + 5, or else = 180° 4/54 S; 

a —/3 = 8 —7, or 180 4 S —7. whence 
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Recollecting (Art. 61) that a-/3 is the supplement of that 

angle between a and /3, in which the origin lies, we see that this 

condition will be fulfilled if the quadrilateral formed by a(3y8 be 

inscribable in a circle (Euc. ill. 22). And it will be seen on 

examination that when the origin is within the quadrilateral we 

are to take h — — 1, and that the angle (in which the origin lies) 

between a and /3 is supplemental to that between y and 8; but 

that we are to take k — -f 1, when the origin is without the quad¬ 

rilateral, and that the opposite angles are equal. 

123. When will the locus of a'point he a circle, if the square 

of its distance from the base of a triangle he in a constant ratio to 

the product of its distances from the sides f 

Let the sides of the triangle be a, /3, 7, and the equation of 

the locus is a/3 = Jcf. If now we look for the points where the 

line a meets this locus, by making in it a = 0, we obtain the 

perfect square y2 — 0. Hence a meets the locus in two coincident 

points, that is to say (Art. 83), it touches the locus at the point 

ay. Similarly, /3 touches the locus at the point /3y. Hence a 

and (3 are both tangents, and 7 their chord of contact. Now, 

to ascertain whether the locus is a circle, writing at full length 

as in the last article, and applying the tests of Art. 80, we obtain 

the conditions 

cos (a + /3) = k cos27 ; sin (a + j3) — k sin27; 

whence (as in the last article) we get k — 1, a ~ 7 = 7 — /?, or the 

triangle is isosceles. Hence we may infer that if from any point 

a circle perpendicudai s he let fall on any two tangents and on 

their chord of contact, the square of the last will he equal to the 

rectangle under the other two. 

Ex. When will the locus of a point be a circle if the sum of the squares of the 

perpendiculars from it on the sides of any triangle be constant ? 

The locus is a2 + /32 + y2 — d1; and the conditions that this should represent 
a circle are 

cos 2a + cos 2/3 + cos 2y = 0 ; sin 2a + sin 2/3 + sin 2y = 0. 

cos 2a —— 1 cos (/3 + y) cos (/3 — y) ; sin 2a = — 2 sin (j3 + y) cos (j3 — y). 

Squaring and adding, 

1 = 4 cos2 (j3 — y) ; /3 — y = 60°. 

And so, in like manner, each of the other two angles of the triangle is proved to 

be 60°, or the triangle must be equilateral, 
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124. To obtain the equation of the circle circumscribing the 

triangle formed by the lines a = 0, ft = 0, 7 = 0. 

Any equation of the form 

lfty 4 mya -f naft = 0 

denotes a curve of the second degree circumscribing the given 

triangle, since it is satisfied by any of the suppositions 

a = 0, /3 = 0; ft = 0,7 = 0; 7 = 0, a = 0. 

The conditions that it should represent a circle are found, by the 

same process as in Art. 122, to be 

l cos [ft -f 7) -f m cos (7 4 a) 4 n cos (a 4 ft) = 0, 

l sin [ft 4 7) 4 m sin (7 -f a) + w sin (a 4 ft) = 0. 

Now we have seen (Art. 65) that when we are given a pair 

of equations of the form 

la! + mft' + ny — 0, la 4 mft" 4 ny" = 0, 

Z, rn) n must be respectively proportional to ft'y"— ft”y\ y'd'—y"d, 

a'ft" — a'ft'. In the present case then Z, w, n must be pro¬ 

portional to sin ($ — 7), sin (7 —a), sin (a — /3), or (Art. 61) to 

sin A, sin P, sin C. Hence the equation of the circle circum¬ 

scribing a triangle is 

fty sin A 4 7 a sin B+ aft sin (7=0. 

125. The geometrical interpretation of the equation just 

found deserves attention. If from any point O we let fall per¬ 

pendiculars OP, OQj on the lines a, /3, then (Art. 54) a, ft are 

the lengths of these perpendiculars; and since the angle be¬ 

tween them is the supplement of O, the 

quantity aft sin Cfisdouble the area of the 

triangle OPQ. In like manner, ya sinB 

and fty sin A are double the triangles 

OPR, OQR. Hence the quantity 

fty sin A 4 ya sinP 4 aft sin G 

Is double the area of the triangle PQR, 

and the equation found in the last article 

asserts that if the point O be taken on the circumference of 

the circumscribing circle, the area PQR will vanish, that is 

to say (Art. 36, Cor. 2), the three points P, Q, R will lie on 

one right line. 

C 
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If it were required to find the locus of a point from which, 

if we let fall perpendiculars on the sides of a triangle, and join 

their feet, the triangle PQR so formed should have a constant 

magnitude, the equation of the locus would be 

/3y sin A 4 7 a sin B 4- a/3 sin C = constant, 

and, since this only differs from the equation of the circum¬ 

scribing circle in the constant part, it is (Art. 81) the equation 

of a circle concentric with the circumscribing circle.* 

126. The following inferences may be drawn from the equa¬ 

tion Iffy 4 7nya. 4 naff = 0, whether or not Z, m, n have the values 

sin A, sini?, sin (7, and therefore lead to theorems true not only 

of the circle but of any curve of the second degree circum¬ 

scribing the triangle. Write the equation in the form 

7 [Iff 4 ma) 4 naff = 0 ; 

and we saw in Art. 124 that 7 meets the curve in the two points 

where it meets the lines a and ff; since if we make 7 = 0 in the 

equation, it reduces to a/3 = 0. Now, for the same reason, the 

two points in which Iff 4 ma meets the curve are the two points 

where it meets the lines a and ff. But these two points coincide, 

since Iff 4 raa passes through the point a/3. Hence the line 

Iff 4 ma, which meets the curve in two coincident points, is 

(Art. 83) the tangent at the point a/3. 

In the case of the circle the tangent is a sin B 4/3 sin A. 

Now we saw (Art. 64) that a sin A 4 ff sin B denotes a parallel 

to the base 7 drawn through the vertex. Hence (Art. 55) the 

tangent makes the same angle with one side that the base makes 

with the other (Euc. HI. 32). 

* Consider a quadrilateral inscribed in a circle of ■which, a. (3, y, 0 are sides and s 

a diagonal; then the equation of the circle may he written in either of the forms 

sin A sin B sin E „ sin C sin E sin E -+-= 0,-+-=0, 
a (3 £ yds 

where A is the angle in the segment subtended by a, Ac., and we have written s with 

a negative side in the second equation, because opposite sides of the line are considered 

in the two triangles. Hence, every point on the circle satisfies also the equation 

sin A sinH sin C sinD 
-+__ +-+ -~T" = 0. 

a (3 y 6 

This equation when cleared of fractions is of the third degree, and represents, 

together with the circle, the line joining the inter sections of ay, (38. In the same 

manner, if we have an inscribed polygon of any number of sides, Dr. Casey has shewn 

that an equation of similar form will be satisfied for any point of the circle. 
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Writing the equations of the tangents at the three vertices 

in the form 

£ + 2 = 0,2 + ? = o « + £=<>, 
m n n t t rn 

we see that the three points in which each intersects the opposite 

side are in one right line, whose equation is 

? + — + - = 0. 
c m n 

Subtracting, one from another, the equations of the three 

tangents, we get the equations of the lines joining the vertices 

of the original triangle to the corresponding vertices of the 

triangle formed by the three tangents, viz., 

£_du0|2-?=o, ?-*=<* 
m n n l cm 

three lines which meet in a point (Art. 40).* 

127. If a'/3V, d'/3"y" be the coordinates of any two points 

on the curve, the equation of the line joining them is 

Iol m/3 ny 
i Tt d" r\H d” 7 ii 

a a [3/3 yy 
o; 

for if we substitute in this equation d/3'y’ for a/3y, the equation 

is satisfied, since a"/3"y" satisfy the equation of the curve, which 

may be written 
l m n 
-+n + “ = 0. 
a P 7 

In like manner the equation is satisfied by the coordinates 

o!'/3"y". It follows that the equation of the tangent at any 

point a/37' may be written 

la. m(3 ny 
■-1-- 4- — = 0 * 

12 * Of2 * /2 w ) 
a p 7 

and conversely, that if \a + ya/3 -f vy — 0 is the equation of a 

tangent, the coordinates of the point of contact a!/3'y are given 

by the equations 
l m n 

0^==A') = 

* The theorems of this article are by M. Bobillier (Annales des Mathematiques, 

vol. xvin. p. 320), The first equation of the next article is by M. Hermes. 
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Solving for a', /3', y from these equations, and substituting in 

the equation of the curve, which must be satisfied by the point 

a'/3'y\ we get 

4 a/ (my) 4 */(nv) = 0. 

This is the condition that the line Xa + yft + vy may touch 

/3y -1- mya 4 na/3* or it may be called (see Art. 70) the tangential 

equation of the curve. The tangential equation might also 

be obtained by eliminating y between the equation of the 

line and that of the curve, and forming the condition that the 

resulting equation in a : (3 may have equal roots; 

128'. To- find the conditions that the general equation of the 

second degree in a, /3, y f 

ad1 -Jr h/32 4- cy2 4 2\f$y 4 2^ya 4 2/*a/3 = 0, 

may represent a circle. [Dublin Exam. Papers, Jan. 1857]. 

It is convenient to avail ourselves of the result of Art. 124’. 

Since the terms of the second degree, xl 4 y\ are the same in 

the equations of all circles, the equations of two circles can only 

differ in the linear part; and if S represent a circle, an equation 

of the form $4 lx + my + n — 0 may represent any circle what¬ 

ever. In like manner, in trilinear coordinates, if we have found 

one equation which represents a circle, we have only to add to 

it terms la 4- m/3 + ny (which in order that the equation may be 

homogeneous we multiply by the constant a sinAq-/3s\nB+ys\n C), 

and we shall have an equation which may represent any circle 

whatever. Thus then (Art. 124) the equation of any circle may 

be thrown into the form 

(la 4 m/3 + ny) (a sin A 4- /3 sin B + y sin C) 

4- h (/3y sin A + ya sin B + a/3 sin C) = 0. 

If now we compare the coefficients of a2, J32, 72 in this form 

with those in the general equation, we see that, if the latter 

represent a circle, it must be reducible to the form 

. ct 4 ^ p {3 4- ~C n y \ (a sin A + /3 sin B 4 7 sin C) 
sin A sin I? sin G / } 

4- h (f3y sin A 4 7a sin i? 4 a/3 sin C) =» 

( 

R 
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and a comparison of the remaining coefficients gives 

sin B sin C—c sin2I> + b sin2 C -\-k sin A sin B sin (7, 

2g sin C sin A— a sin2 C -j- c sin'TI -f k sin A sin B sin (7, 

2 h sin A sin B—b sin* A + a sin 2B + k sin A sin B sin (7, 

whence eliminating k, we have the required conditions, viz. 

b sin2C+c sin*B —2f sini?sin C = c sin2-4 + a sin2G — 2g sin(7.sin-4 

= a sin*B + b sin2-4 — sin A sin B. 

If wTe have the equations of two circles written in the form 

[la + m/3 H- ny) (a sin A -f j3 sin B + 7 sin C) 

+ k [Ay sin ^4 4- 7a sin I? + a/3 sin G) = 0, 

(Ta -f m'/3 -f ny) (a sin A + (3 sin B-f 7 sin C) 

+ k {(3y sin ^4 + 7a sin J7 + a/3 sin C) — 0, 

it is evident that their radical axis is 

la 4-mj3 + ny — [Ta + m (3 + n'y\ 

and that la -f m/3 + ny is the radical axis of the first with the 

circumscribing circle. 

Ex. 1. Verify that a(S — y2 represents a circle if A — B (Art. 123). 

The equation may be written 

a/3 sin C + (3y sin A + ya s'mB — y (a sin A + (3 sin B + y sin C) = 0. 

Ex. 2. When will aa2 + bft2 + cy2 represent a circle ? 

Ex. 3. The three middle points of sides, and the three feet of perpendiculars lie 

on a circle. The equation 

a2 sin A cos A + /32 sin B cos B + y2 sin C cos C — (/3y sin A + ya sinB + a/3 sin C)=0, 

represents a curve of the second degree passing through the points in question. For 

if we make y = 0, we get 

a2 sin A cos A + (32 sin B cos B — a/3 (sin A cos B + sin B cos A) = 0, 

the factors of which are a sin A — /3 sin B and a cos A — (3 cos B. Now the curve is 

a circle, for it may be written 

(a cos A + /3 cos B + y cos C) (a sin A + (3 sin B + y sin C) 

— 2 (/3y sin A + ya sin B + a/3 sin C)= 0 

Thus the radical axis of the circumscribing circle and of the circle through the middle 

points of sides is a cos A + (3 cos B + y cos C, that is, the axis of homology of the 

given triangle with the triangle formed by joining the feet of perpendiculars. 

129. We shall next show how to form the equations of the 

circles which touch the three sides of the triangle a, (3, y. The 
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general equation of a curve of the second degree touching the 

three sides is 

Fa2 + m2/32 + r? y2 — 2mn/3y — 2nlyoi — 2 lma/3 = 

Thus 7 is a tangent, or meets the curve in two coincident 

points, since, if we make 7 = 0 in the equation, we get the 

perfect square 72a2 -f m2/32 — 27ma/3 — 0. The equation may also 

be written in a convenient form 

V(7a) + V(m/3) 4- \/{ny) = 0; 

for, if we clear this equation of radicals, we shall find it to be 

identical with that just written. 

Before determining the values of 7, m, n, for which the equa¬ 

tion represents a circle, we shall draw from it some inferences 

which apply to all curves of the second degree inscribed in the 

triangle. Writing the equation in the form 

ny [ny —2 7a - 2m/3) -f (7a — m/3)2 = 0, 

we see that the line (7a - m/3), which obviously passes through 

the point a/3, passes also through the point where y meets the 

curve. The three lines, then, which join the points of contact 

of the sides with the opposite angles of the circumscribing 

triangle are 

7a - ??i/3 = 0, m/3 — ny = 0, ny - 7a = 0, 

and these obviously meet in a point. 

The very same proof which showed that y touches the curve 

shows also that ny — 27a —2m/3 touches the curve, for when this 

quantity is put = 0, we have the perfect square (7a — m/3)2 = 0; 

hence this line meets the curve in two coincident points, that is, 

touches the curve, and 7a — m/3 passes through the point of con¬ 

tact. Hence, if the vertices of the triangle be joined to the 

* Strictly speaking, the double rectangles in this equation ought to be written 

with the ambiguous sign +, and the argument in the text would apply equally. If, 

However, we give all the rectangles positive signs, or if we give one of them a positive 

sign, and the other two negative, the equation does not denote a proper curve of the 

second degree, but the square of some one of the lines la + m/3 + ny. And the form 

in the text may be considered to include the case where one of the rectanglesi is 

negative and the other two positive, if we suppose that l, m, or n may denote a 

negative as well as a positive quantity. 
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points of contact of opposite sides, and at the points where the 

joining lines meet the circle again tangents be drawn, their 

equations are 

27a -f 2m ft — wy = 0, 2m ft + 2727 — 7a = 0, 2wy + 27a — mft — 0. 

Hence we infer that the three points, where each of these tarn- 

gents meets the opposite side, lie in one right line, 

7a + mft + ny = 0, 

for this line passes through the intersection of the first line with 

7, of the second with a, and of the third with ft. 

130. The equation of the chord joining two points a'ft'Y) 

a"ft”^'\ on the curve is 

« VM WV) 4 V(/3'Y)} + £ VW {V(yV') + VfoV)} 
+ 7 VW jVK/3") + V(a7)) = o* 

For substitute a', /3', 7' for a, /?, 7, and it will be found that the 

quantity on the left-hand side may be written 

W(«ftY) + VOVO 4 V(yV/3")} (V(Za') + V(^yS') + V(ny')} 

- V(aW) + VY/3") 4 V(*y")}, 
which vanishes, since the points are on the curve. The equation 

of the tangent is found by putting a", ft'\ 7" = a', ft\ 7' in the 

above. Dividing by 2 \/{<xft/^')) it becomes 

Conversely, if Xa -f (ift 4- vy is a tangent, the coordinates of 

the point of contact are given by the equations 

Solving for a'/S'y', and substituting in the equation of the curve, 

we get 
l m n 
r + “ 4 - = 0, 
X /x v 1 

which is the condition that Xa + fift + vy may be a tangent; 

that is to say, is the tangential equation of the curve. 

* This equation is Dr. Hart’s. 
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The reciprocity of tangential and ordinary equations will be 

better seen if we solve the converse problem, viz. to find the 

equation of the curve, the tangents to which fulfil the condition 

l m n 
- + - + - = 0, 
A Jl V 

We follow the steps of Art. 127. Let X'a 4 /i'/3 4- v'yi 

X"a+/i"/3+v"y be any two lines, such that A'/aV, X" fi'v" satisfy 

the above condition, and which therefore are tangents to the 

curve whose equation we are seeking; then 

l\ mil nv — - - 0 , 
X'X" fi /ji 

is the tangential equation of their point of intersection. For 

(Art. 70) any equation of the form AX 4 B/i + Cv = 0 is the 

condition that the line X« + fi(3 4 vy should pass through a 

certain point, or, in other words, is the tangential equation of a 

point; and the equation we have written being satisfied by the 

tangential coordinates of the two lines is the equation of their 

point of intersection. Making A', /A, v = A", //', v" we learn 

that if there be two consecutive tangents to the curve, the 

equation of their point of intersection, or, in other words, of 

their point of contact, is 

IX mil nv 
rr, + -71 + Ti = 0. 

/ // 

V V 

Xfi ■ v 

’The coordinates then of the point of contact are 

l 
a = 

fi 5 

„ m n 

/3=^’ 1 = 7‘ 

Solving for A', yu', v from these equations, and substituting in the 

relation, which by hypothesis A'/zV satisfy, we get the required 

equation of the curve 

[la) + V(:m/3) 4 V(ny) = 0. 

131. The conditions that the equation of Art. 129 should 

represent a circle are (Art. 128) 

m2 sin2 G 4 n2 sin2B + 2mn sin B sinO= n2 sin'2A 4- ?2 sin2 G 

4- 2nl sin G sin A = l2 sin2.B + nil sin‘2A + 2Im sin A sin 7?, 

or m sin C+ n si \\B = ±[n sin A 4 l sin G) =±[l sin 2? 4 m sin A). 
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Four circles then may be described to touch the sides of the 

given triangle, since, by varying the sign, these equations may 

be written in four different ways. If we choose in both cases 

the + sign, the equations are 

l sin C —in sinC-V n (sin A — sinB) — 0] 

l sinl>-!- tyl (sin A — sin C) — n smB = 0. 

The solution of which gives (see Art. 124) 

l = sin A (sin 2? + sin C — sin A), m = sin A (sin C + sin A — sinZ>), 

n = sin C (sin A + sin B — sin G). 

But since in a plane triangle 

sin I? -f sinO — sin A = 4 cos^A sin\B sin| (7, 

these values for Z, m, n are respectively proportional to cos2-§A, 

cosl\B, cos2 JO, and the equation of the corresponding circle, 

which is the inscribed circle, is 

cos \A \j (a) 4- cos J B V(/3) -f cos J G */(y) = 0,® 

or a2 cos4JA + /32 cos4JI? + <y'2 cos4 JO — 2j3y cos2JI? cos2JO 

— 2ya cos2JO cos2JA —2a/3 cos2JA cos2JI> = 0. 

We may verify that this equation represents a circle by 

writing it in the form 

'a cos \A A cos7 cos J 6 \ , . . „ . ,, . 
—+ -.—4— + -—(a sin A + fi smB+ry sin C) 

, sin A smil sinG / 

4 cos24A cos2JZ? cos2 JO 
2^x 2 2 ^ sin A 4- 70c sinl?-j- a/3 sin G) — 0. 

sin A sin I? sin G 

* Dr. Hart derives this equation from that of the circumscribing circle as follows : 

Let the equations of the sides of the triangle formed by joining the points of contact 

of the inscribed circle be a =0, f3' = 0, y' = 0, and let its angles be Af, B’, C* $ then 

(Art. 124) the equation of the circle is 

/3'y' sin A' + y'a sin B' + a (3' sin C’ — 0. 

But (Art. 123) for every point of the circle we have a'2 = (3y, (3'2 = ya, y’2 — a{3, 

and it is easy to see that A' = 90 — ^A, &c. Substituting these values, the equation 

of the circle becomes, as before, 

cos\A J(a) + cos \B J(/3) + cos\C J(y) = 0. 

If the equation of the note, p. 119, be treated similarly, we find that every point of 

the circle, of which a, (3, y, <5 are tangents, satisfies the equation, 

cos l (12) cos y(23) cos i (34) cos ^ (41) 

■!(“/3) J(/3y) *J( y°) “) 

where (12) denotes the angle between a/3, &c. Similarly for any number of tangents. 
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In the same way, the equation of one of the exscribed circles is 

found to be 

ot2 cos4\A 4 /32 sin4^i? 4 y2 sin4-| G — 2/?y sin2sin2| G 

4 sin2-§-(7 cos2 ^4 4 2a/3 sin2\B cos2j^l = 0, 

or cosJ aI V(_ a) + sinfi? 4 sin j C V(y) = 

The negative sign given to a is in accordance with the fact, that 

this circle and the inscribed circle lie on opposite sides of the 

line a. 

Ex. Eind the radical axis of the inscribed circle and the circle through the middle 

points of sides. 

The equation formed by the method of Art. 128 is 

2 cos2 £4. cos2^ cos21C {a cos A + /3 cos B + y cos £7} 

cos41A 

sin A 
= sin A sin B sin C ( a 'AZAA + p ~ ^ + y 

, cos4 hB 

sin B 

Divide by 2 cos\A cos \B cos \ C, and the coefficient of a in this equation is 

cos \A {2 cos2 sin\B sin ^£7 - cos A cos \B cos ££7}, 

or cos\A sin \ (A — B) sin £ (4 — £7). 

cos4 J£7\ 

sin £7 ) * 

The equation of the radical axis then may be written 

a cos /3 cos hB <ycos|£7 _ 

sin %(B — £7) + sin ^ (6r — A) sin \ (A — B) ~ ’ 

and it appears from the condition of Art. 130 that this line touches the inscribed circle, 

the coordinates of the point of contact being sin2 h (B—G), sin2 \ (£7— A), sin2£ (A—B). 

These values shew (Art. 66) that the point of contact lies on the line joining the two 

centres whose coordinates are 1, 1, 1, and cos (B — £7), cos (£7 — A), cos (A — B). 

In the same way it can be proved that the circle through the middle points of sides 

touches all the circles which touch the sides. This theorem is due to Feuerbach.* 

* Dr. Casey has given a proof of Feuerbach’s theorem, which •will equally prove 

Dr. Hart’s extension of it, viz. that the circles which touch three given circles can be 

distributed into sets of four, all touched by the same circle. The signs in the follow¬ 

ing correspond to a triangle whose sides are in order of magnitude a, b, c. The 

exscribed circles are numbered 1, 2, 8, and the inscribed 4 ; the lengths of the direct 

and transverse common tangents to the first two circles are written (12), (12)'. Then 

because the side a is touched by the circle 1 on one side, and by the other three circles 

on the other, we have (see p. 115) 

(13)' (24) = (12)' (34) 4- (14)' (23). 

Similarly (12)' (34) + (24)' (13) = (23)' (14), 

(23)' (14) = (13)' (24) + (34)' (12), 

whence, adding, we have (24)' (13) = (14)' (23) + (34)' (12); 

showing that the four circles are also touched by a circle, having the circle 4 on one 

side and the other three on the other. 
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132. If the equation of a circle in trilinear coordinates is 

equivalent to an equation in rectangular coordinates, in which 

the coefficient of x2 4 y‘2 is wz, then the result of substituting in 

the equation the coordinates of any point is m times the square 

of the tangent from that point. This constant m is easily deter¬ 

mined in practice if there be any point, the square of the tangent 

from which is known by geometrical considerations; and then 

the length of the tangent from any other point may be inferred. 

Also, if wre have determined this constant m for two circles, and 

if we subtract, one from the other, the equations divided respec¬ 

tively by m and wz', the difference which must represent the ra¬ 

dical axis will always be divisible by a sin A 4/3 s\nB+y sin G. 

Ex. 1. Find the value of the constant m for the circle through the middle points 

of the sides 

a2 sin A cos A + /32 sin B cos B + y2 sin67 cos67 — (3y sin A — ya sin B — a/3 sin 67 = 0. 

Since the circle cuts any side y at points whose distances from the vertex A are \c 

and b cos A, the square of the tangent from A is \bc cos A. But since for A we have 

(3 = 0, y = 0, the result of substituting in the equation the coordinates of A is 

asin A cos A (where a is the perpendicular from A on the opposite side), or is 

be sin A sin B sin67 cos A. It follows that the constant m is 2 sin A sin B sin 67. 

Ex. 2. Find the constant m for the circle /3y sin A + ya sin B + a/3 sin67. If from 

the preceding equation we subtract the linear terms 

(a cos A + /3 cos 23 + y cos 67) (a sin A + /3 sin 5 + y sin67), 

the coefficient of x2 + y2 is unaltered. The constant therefore for (3y sin A &c., is 

— sin A sin B sin 67. It follows that for an equation written in the form at the end 

of Art. 128 the constant is — k sin A sin B sin 67. 

Ex. 3. To find the distance between the centres of the inscribed and circumscribing 

circle. We find I)2 — R2, the square of the tangent from the centre of the inscribed to 

, . ... „ . r2 (sinA + sin2?+sin67) 
the circumscribing circle, by substituting a=/3=y=r, to be-sinATAni) sin ~67—' 

or, by a well-known formula, ~ — 2Rr. Hence B2 — R2 — 2Rr. 

Ex. 4. Find the distance between the centres of the inscribed circle and tha, 

lhrough the middle points of sides. If the radius of the latter be p, making use of 

the formula, 

sin A cos A + sin B cos B + sin 67 cos 67 = 2 sin A sin B sin 67, 

we have D2 — p2 — r2 — rR. 

Assuming then that we otherwise know R = 2p, we have B = r — p; or the 

circles touch. 

Ex. 5. Find the constant m for the equation of the inscribed circle given above. 

Ans. 4 cos2 \ A cos2 % B cos2 £67 

Ex. 6. Find the tangential equation of a circle whose centre is afi'y' and radius r. 

This is investigated as in Art. 86, Ex. 4; attending to the formula of Art. 61; and 

is found to be 

(Ku + pfi' + vy’)2 — r2 (A2 + p2 + v2 - 2pv cos A - 2v\ cos B — 2Xp cos 67). 
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The corresponding equation in a, /3, y is deduced from this by the method afterwards 

explained, Art. 285, and is 

r2 (a sin A + /3 sin B + y sin C)2 = (/3y' — /3'y)2 + (ya' — y'a)2 + (a/3' — a'/3)2 

— 2 (ya'—y'a) (a/3' —a'/3) COsA —2 (a/3'—a'/3)(/3y'—/3'y) cosi? — 2 (/3y' — /3'y) (ya'—y'a) 003(7. 

This equation also gives an expression for the distance between any two points. 

Ex. 7. The feet of the perpendiculars on the sides of the triangle of reference from 

the points a', /3', y'j -I, p, -p ; (see Art. 55) lie on the same circle. By the help of 

Ex. 6, p. 60, its equation is found to be 

(J3y sinA+ya smB+ajS sin C ) (a' sinA+/3' sini?+y' sin (7) (/3'y' sin A + y'a' sini? + a'/3' sin C) 

= sin A sini? sin C (a sin A + /3 sin 5 + y sin (7) 

aa'(/3'+y'cosA)(y'+/3'cosA) (3f3'(y'+ar COsB) (a-ry'cosB) ] yy'(a'+/3'cosCy/3'+a'c08C’) 

{ sin A sini? 
+ 

sin C \ 
Ex. 8. It will appear afterwards that the centre of a circle is the pole of the line 

at infinity a sin A + /3 sin B 4- y sin C; and it is evident that if we substitute the 

coordinates of the centre in the equation of a circle, for which the coefficient of 

x2 + y2 has been made unity, we get the negative square of the radius. By these 

principles we establish the following expressions of Mr. Cathcart. The coordinates 

of the centre of the circle (Art. 128) 

(ila 4- wz/3 + ny) (a sin A + &c.) + k (/3y sin A 4- &c.), 

me 
It 

h 
(k cos A l — vi cos C — n cos B), 

R 
k 

R 

k 

(k cos B — l cosC + m — n cos A), 

(A* cos C — l cos B — m cos A + n), 

where R is the radius of the circumscribing circle. The radius p is given by the 

equation 

k2p2 - R2 [k2 + 2k (1 cos A + m cos B + n cos(7) 

4-12 + ra2 + n2 — 2mn cos A — 2nl cos B — 2hn cosC}, 

and the angle of intersection of two circles is given by 

pp'cos0 , l cos A + m cos B n cos (7 l' cos A + m' cosi? + n' cos{7 

IP ~ W k + k' 
IV + mmr + nn' — (mu' + mrn) cos A — (nV + n’l) cos B — (lmr + I'm) cosC 

+ W ' 

DETERMINANT NOTATION. 

132(a). In the earlier editions of this book 1 did not venture 

to introduce the determinant notation, and in the preceding 

pages I have not supposed the reader to be acquainted with it. 

But the knowledge of determinants has become so much more 

common now than it was, that there seems no reason for 

excluding the notation, at least from the less elementary chapters 

of the book. Thus the equation of the line joining two points 

(Art. 29), the double area of a triangle (Art. 36) and the 
s 
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condition (Art. 38), that three lines should meet in a point, may 
be written respectively 

*» y > 1 *u Vo 1 A , B , G 

/, i »s» 1 A', B\ C' 

y",1 = 0, V* 1 J A'\ G" 

Ex. 1. Find the area of the triangle contained by the three lines la + m(3 4- W7, 
a + &c., &c., (J. J. Walker). 

Ans. If a, b, c be the sides and A the area of the triangle of reference 

Aabc 

l , m , n 

V, m', n' 

1", m", n" 

2 

a, b, c a, b , c a, b , c 

l, m , n V, m’, n' l”, m", n” 

l', m', n' r, m", »" l , m , n 

Ex. 2. The equation of the perpendicular from a/3'y’ on la + m/3 + ny — 0, may be 

written 

a, a’, l — m cos C — n cos B 

P, j8', m — n cos A — l cos C 

y, y\ n — l cos B — m cos A = 0. 

132 (5). The equations of the circle through three points 
(Art. 94), and of the circle cutting three at right angles (Ex. 2, 
p. 102), may be written respectively 

** ix ,y ?1 

rH c
s

 

1 •> 

8 S «
N

 

5* 8 

x'1 + y"‘ ,x ,y' , 1 O' , 9 , /', 1 
x"* + y"*,x", y",l o" , 9", /",1 
x’n + y’"\ x"\ y"\ 1 

= 0, o'" , </", /",1 = 0. 

The equation of the latter circle may also be formed by the 
help of the principle (Ex. 6, p. 102), as the locus of the point 
whose polars with respect to three given circles meet in a 
point, in the form 

*+.</ , y+f , g'x +fy + c 
x + g",y +/", f* +f'y + c' 
x+g'",y+f",9’"x+f"y + c'" =o. 

jr 

The corresponding equation for any three curves of the second 
degree will be discussed hereafter. 

132 (c). If the radius of a circle vanishes, (x-af-t- [y-PY = 0 
the polar of any point xy, [x' — a) [x - a) + (y' — /3) (y — /3) = 0 
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evidently passes through the point cuff. It is in fact the 

perpendicular through that point to the line joining a/3, xy\ as is 

evident geometrically. Hence then if the circle 

x2 “j- y2 -T 2gx + 2fy -f c = 0 

reduce to a point, that point which, as being the centre, is given 

by the equations x + y = 0, y+f=0, also satisfies the equation 

of the polar of the origin gx -\-fy + c = 0. 

If given three circles S': S'\ S'" we examine in what cases 

lS'+viS"-f 7iS'" can represent a point, we see that the coordinates 

of such a point must satisfy the three equations 

l[x+ g) + m (x + g") + n[x+ g"') = 0, 

1 (y +/) t-m (y +/") + n(y +f") = 0, 

1 (g'x +fy + O + m, [g"x +f"y + e") + n (g"'x +f"y + o'") = 0, 

from which if we eliminate l, m, 7?, we get the same determinant 

as in the last article; showing that the orthogonal circle is the 

locus of all the points that can be represented by IS'+mS''-^ nS"\ 

The expression (Ex. 8, p. 103) for the angle at which two 

circles intersect may be written 2rr cos 6 = 2gg + 2ff — c — e'. 

If now we calculate by the formula of p. 76 the radius of the 

circle lS'+mS"+ nSv/, and reduce the result by the formula just 

given, we find 
/ 7 1 1 \ 2 2 72 /2 1 2 ^2 1 2 fff'i + in + n) r =t r 1 m r + nr 

+ 2mnr'r" cos 6' + 2 nlr"r' cos 6" + 2 Imr'r" cos 6ff\ 

where 0', 6"' are the angles at which the circles respec¬ 

tively intersect. And since the coordinates of the centre of 

7 a, 0„ 0,„ Ig + mg" -f ng'" If'+mf'+nf"' 
IS+mS" + nS" are J . 7 -7 --—, we see 

l + m + n t -f m 4- n 

that these coordinates will represent a point on the orthogonal 

circle if Z, m) n are connected by the relation I2r2+m2r'/2+&c. =0. 

If the three given circles be mutually orthogonal this relation 

reduces itself to its three first terms.^ 

132 (d). The condition that four circles may have a common 

orthogonal circle is found by eliminating (7, F\ G from the 

four conditions 

2 Gg -f 2 Ff - C- c = 0, &c., 

* Casey, Phil. Trans., 1871, p. 586. 
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and is C ,ff , / 5 1 

c", 1 
jrr rrr rrrr A 
c > 9 > J > 1 = 0. 

Since c denotes the square of the tangent from the origin to 

the first circle, and since the origin may be any point, this 

condition, geometrically interpreted, expresses (see Art. 94) that 

the tangents from any point to four circles having a common 

orthogonal circle are connected by the relation 

OA*.BCD + OC\ABD= 0&.ACD+ OB\ABG* 

132 (e). If a circle 

os2 + y1 + 2 Gx + 2jFy 4 G = 0, 

cut three others at the same angle 0, we have, besides the 

equation first given, three others of the form 

c + 2Mr' cos <9 — 2 Gg — 2Fff + (7= 0 5 

from which, eliminating 6r, A7, (7, we have 

*+/ i - - Vi 1 t 
c' -f 25/ cos 0, g , , 1 

c" +25/' cos0, 1 

d" 4 25/" cos 0, 1 =0, 

Now if we write 25cos0 = 'X, the determinant just written is 

resolvable into 

rf+tf, — X , -y 1 0 , — X , -y , 1 

O , 9 » f , 1 
4 A, 

»•'» 9 j f, 1 

c", 9”, f", 1 9" i r, 1 

o'", 9”\ 
rrrr 
J 5 1 /// 

T J 
/// 

9 j 
rrrr 

J J 1 = 0. 
The first determinant equated to zero is, as has just been 

pointed out, the equation of the orthogonal circle, and the second 

when expanded will be found to be the equation of the axis of 

similitude (Art. 117). Thus we have the theorem (Note, p. 109) 

that all circles cutting three circles at the same angle have a 

* This theorem is Mr. R. J. Harvey’s (Casey, Trans. Royal Irish Acad, xxiv. 458). 
f Since this only differs from the equation of the orthogonal circle by writing 

c’ + Xr' for c', &c. we obtain another form for this determinant by making the same 
change in the last determinant of Art. 132 (5). I owe this form to Mr. Catkcart. 
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common radical axis, viz., the axis of similitude. If in the 

second determinant we change the sign either of /, r", or r//r, 

we get the equations of the other three axes of similitude. Now 

it has been stated (Art. 118) that it is optional which of two 

supplemental angles we consider to be the angle at which two 

circles intersect; and if in any line of the first determinant of 

this article we substitute for 6 its supplement, this is equivalent to 

changing the sign of the corresponding r. Hence it is evident 

that we may have four systems of circles cutting the given 

three at equal angles, each system having a different one of the 

axes of similitude for radical axis; calculating by the usual 

formula the radius of the circle whose equation has been written 

above, we get R in terms of X, and then from the equation 

2i?cos#=X we get a quadratic to determine the value of X 

corresponding to any value of 9. 

Ex. 1. To find the condition for the co-existence of the equations 

ax 4- by + c — a’x + b'y + c' — a"x + b"y + c" = a"’x + b'"y + cm. 

Let the common value of these quantities be X; then eliminating x, y, X from the four 

equations of the form ax + by + c = X, we have the result in the form of a determinant 

1, 1, 1 , 1 
a, a', a", a'" 

b, b', b", V” 

c, c', c", c'" = 0, 

or A. + C — B + D, where A, B, (7, D are the four minors got by erasing in turn each 

column, and the top row in this determinant. 

To find the condition that four lines should touch the same circle, is the same as to 

find the condition for the co-existence of the equations a — (3 = y = 8. In this case 

the determinants A, B, C, D geometrically represent the product of each side of the 

quadrilateral formed by the four lines, by the sines of the two adjacent angles. 

Ex. 2. The expression, p. 129, for the distance between two points may be 'written 

r2 (a sin A + (3 sin_B + y sin(7)2 — 0, 0, a , (3 , y 

0, 0, a' , /S' , y' 

a, a’, 1 , — cos C, — COS B 

(3, /3', — cos C, 1 , — cos A 

y, y', — cos B. — cos A, 1 

and this determinant may be resolved into the product 

a, a, - 1 a, a, - 1 

13 13’, i° 

, ~iB 
r> y> e 

• ft ft, eiC 
, iB 

Y> e 

or analogous factors arising from A + B + C — tt. 
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Ex. 3. To find the relation connecting the mutual distances of four points on a 

circle. The investigation is Prof. Cayley’s (see Lessons on Higher Algebra, p. 23), 

Multiply together according to the ordinary rule the determinants 

*i2 + Vii “ 2®„ - 2y1? 1 
*22 + 2/225 - 2^2, - 2y2, 1 
*s2 + ys2, - 2^3, - 2y3, 1 

*42 + y2i - 2*45 - 2y4, 1 

1? *15 2/15 *i2 + 2/12 

*25 2/25 *22 + y2 
I? *35 y&> *32 + y2 

1, *45 2/45 *42 + y2 , 

which are only different ways of writing the condition of Art. 94 j and we get the 

required relation 

0 , (12)2, (13)2, (14)2 

(12) 2, 0 , (23)*, (24)* 

(13) *, (23)*, 0 , (34)* 

(14) *, (24)*, (34)*, 0 

where (12)2 is the square of the distance between two points. This determinant 

expanded is equivalent to (12) (34) + (13) (42) + (14) (23) = 0. 

Ex. 4. To find the relation connecting the mutual distances of any four points in a 

plane. This investigation is also Prof. Cayley’s (Lessons on Higher Algebra, p. 24). 

Prefix a unit and cyphers to each of the determinants in the last example; thus 

1, 0, 0, 0 0, 0, 0, 1 

*12 + y2, - 2*x, - 2yu 1 X 1, xu ylf xi2 + y!2 

Ac. Ac. 

We have then five rows and four columns, the determinant formed from which, accord¬ 

ing to the rules of multiplication, must vanish identically. But this is 

which, expanded, is 

0, 1 , 1 , 1 , 1 
1, 0 , (12)2, (13)2, (14)2 

1, (12)2, 0 , (23)2, (24)2 

1, (IS)2, (23)2, 0 , (34)2 

1, (14)2, (24)2, (34)2, 0 

(12)2 (34)2 {(12)2 + (34)2 - (13)2 - (14)2 - (23)2 - (24)2} 

+ (13)2 (24)2 {(13)2 + (24)2 - (12)2 - (14)2 - (23)2 - (34)2} 

+ (14)2 (23)2 {(14)2 + (23)2 - (12)2 - (13)2 - (24)2 - (34)2} 

+ (23)2 (34)2 (42)2 + (31)2 (14)2 (43)2 + (12)2 (24)2 (41)2 + (23)2 (31)2 (12)2 = 0. 

If we write in the above a, b, c for 23, 31, 12; and R + r, R + r', R + r" for 14, 24, 

34, we get a quadratic in R, whose roots are the lengths of the radii of the circles 

touching either all externally or internally three circles, whose radii are r, r', r", and 

whose centres form a triangle whose sides are a, b, c. 

Ex. 5. A relation connecting the lengths of the common tangents of any five 

circles may be obtained precisely as in the last example. Write down the two matrices 

1, 0, 0, 0, 0 0, 0, 0, 0, 1 

x'2 + y'2 - r'2, — 2a?', -2y', 2r', 1 1, x', y', r’, x"1 + y'2 — r'2 

x"2 + y"2 _ r"i} _ - 2y", 2r", 1 1, x!\ y", r", x"2 + y"2 — r"2 

Ac. ) Ac. 9 
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where there are six rows and five columns, and the determinant formed according to 
the rules of multiplication must vanish. But this is 

0, 1 , 1 , 1 , 1 , 1 
1, 0 , (12)2, (13)2> (14)2 (15)2 

1, (12)2, 0 , (23)2, (24)2, (25)2 

1, (13)2, (23)2, o , (34)2, (35)2 

1, (14)2, (24)2, (34)2, o , (45)2 

1, (15)2, (25)2, (35)2, (45)2, 0 

where (12), etc. denote the lengths of the common tangents to each pair of circles. If 
we suppose the circle 5 to touch all the others, then (15), (25), (35), (45), all vanish, and 
we get, as a particular case of the above, Dr. Casey’s relation between the common 
tangents of four circles touched by a fifth, in the form 

0 , (12)2, (13)2, (14)2 

(12) 2, o , (23)2, (24)2 

(13) 2, (23)2, o , (34)2 

(14) 2, (24)2, (34)2, o = 0. 

Ex. 6. Relation between the angles at which four circles whose radii are r, r', r", r"' 

intersect. If the circle r have its centre at the point 1 in Ex. 4, r' at 2, &c. we may 

put for 122 = r- + r'2 — 2rr' cos 12, &c. in the determinant of that example-which 
becomes then 

0, 1 , 1 1 1 

l, 0 , r'2+r2 —2r'r cos21,r"2+r2 —2r"r cosSl, r'"2+r2 —2r'”r cos41 

1, r2+r’2 —2rr’ cos 12, 0 , r"2+r'2 —2r'V cos32, r'"2+r'2 — 2r"V cos42 

1, r2_|_7,"2 _2rr" cosl3, r'2+7-"2 —2r'r" cos23, 1 , r"'2+r"2—2r,'V/,cos43 

1, ,,2+r"/2_2?T'"cosl4, r'2+r"'2-2r,r'/,cos24, r',2+r",2-2r"rwcos34, 0 

= 0, 
subtracting from each row and column the first multiplied by corresponding square 

of radius and writing p for -, p' for \, &c. this reduces to 
r r 

0 , p > p' > p" j P"' 

p > 1 , cos 21, cos 31, cos 41 

p' > cos 12, 1 , cos 32, cos 42 

p") cos 13, cos 23, 1 , cos 43 

p J cos 14, cos 24, cos 34, 1 

If in this we let cos 21 = cos 31 = cos 41 = cos 0, we have the quadratic in A 
mentioned at the end of Art. 132 e. 
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CHAPTER X. 

PROPERTIES COMMON TO ALL CURVES OF THE SECOND DEGREE, 
DEDUCED FROM THE GENERAL EQUATION. 

133. The most general form of the equation of the second 

degree is 
ax1 + 2hxy + by1 -f 2gx 4- 2fy + c = 0, 

where a, &, c, /, g, h are all constants. 

It is our object in this chapter to classify the different curves 

which can be represented by equations of the general form just 

written, and to obtain some of the properties which are common 

to them all.* 

Five relations between the coefficients are sufficient to deter¬ 

mine a curve of the second degree. For though the general 

equation contains six constants, the nature of the curve depends 

not on the absolute magnitude, but on the mutual ratios of these 

coefficients; since, if we multiply or divide the equation by 

any constant, it will still represent the same curve. We may, 

therefore, divide the equation by c, so as to make the absolute 

term = 1, and there will then remain but five constants to be 

determined. 

Thus, for example, a conic section can be described through 

five points. Substituting in the equation (as in Art. 93) the 

coordinates of each point (xy) through which the curve must 

pass, we obtain five relations between the coefficients, which will 

enable us to determine the five quantities, ?, &c. 

134. We shall in this chapter often have occasion to use the 

method of transformation of coordinates; and it will be useful 

* We shall prove hereafter, that the section made by any plane in a cone standing 
on a circular base is a curve of the second degree, and, conversely, that there is no 
curve of the second degree which may not be considered as a conic section. It was in 
this point of view that these curves were first examined by geometers. We mention 
the property here, because we shall often find it convenient to use the terms “ conic 
section,” or “ conic,” instead of the longer appellation, “ curve of the second degree.” 
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to find what the general equation becomes when transformed to 

parallel axes through a new origin (x'y'). We form the new 

equation by substituting x+ x' for x, and y + y for y (Art. 8), 

and we get 

a [x+x']2+2h{x+x') {y-\-y')-\-b{y-\y)2-\- [x-5rx')-sr(2f{y-\-y')JrC=0. 

Arranging this equation according to the powers of the vari¬ 

ables, we find that the coefficients of x2^ cry, and ?/2, will be, as 

before, a, 2A, b; that 

the new g, g = ax 4 by' 4 g ; 

the new f f = hx + by' 4- f ° 

the new c, c = ax2 4 2 hxy' 4- by'* 4- 2ycr' 4* 2fy 4 c. 

Hence, if the equation of a curve of the second degree be trans¬ 

formed to parallel axes through a new origin, the coefficients of the 

highest powers of the variables will remain unchanged, while the 

new absolute term will be the result of substituting in the original 

equation the coordinates of the new origin.* 

135. Every right line meets a curve of the second degree in 

two real, coincident, or imaginary points. 

This is inferred, as in Art. 82, from the fact that we get a 

quadratic equation to determine the points where any line 

y = mx 4 n meets the curve. Thus, substituting this value of y 

in the equation of the second degree, we get a quadratic to 

determine the x of the points of intersection. In particular 

(see Art. 84) the points where the curve meets the axes are 

determined by the quadratics 

ax2 4 2§gx 4 c = 0, by2 4 2fy 4 c - 0. 

An apparent exception, however, may arise which does not 

present itself in the case of the circle. The quadratic may 

reduce to a simple equation in consequence of the vanishing of 

the coefficient which multiplies the square of the variable. Thus 

xy 4 2 y2 + cc4 5?/43 = 0 

is an equation of the second degree ; but if we make y = 0, we 

get only a simple equation to determine the point of meeting 

of the axis of x with the locus represented. Suppose, however, 

that in any quadratic Ax2 4 %Bx 4 C— 0, the coefficient C 

* This is equally true for equations of any degree, as can be proved in like manner. 
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vanishes, we do not say that the quadratic reduces to a simple 

equation; but we regard it still as a quadratic, one of whose 
2 B. 

roots is # = 0, and the other x==~~^f‘ Now this quadratic 

may be also written 

cS) +2B(l) +A=°> 
and we see by parity of reasoning that, if A vanishes, we ought 

to regard this still as a quadratic equation, one of whose roots is 

1 „ , . 1 2B G 
— = 0, or x =oo ; and the other -=—77 , or x = — —=. 1 he 
x xC IB 
same thing follows from the general solution of the quadratic, 

which may be written in either of the forms 

B±</{B*-AC) _ G 
x~ A ~ -Bl*J{B'-Acy 

the latter being the form got by solving the equation for the 

reciprocal of a?, and the equivalence of the two forms is 

easily verified by multiplying across. Now the smaller A is, the 

more nearly does the radical become = + B] and therefore the 

last form of the solution shows that the smaller A is, the larger 

is one of the roots of the equation; and that when A vanishes 

we are to regard one of the roots as infinite. When, therefore, 

we apparently get a simple equation to determine the points in 

which any line meets the curve, we are to regard it as the 

limiting case of a quadratic of the form 0 . x2 4- 2Bx +(7=0, one 

of whose roots is infinite; and we are to regard this as indi¬ 

cating that one of the points where the line meets the curve is 

infinitely distant. Thus the equation, selected as an example, 

which may be written [y + 1) [x + 2y + 3) = 0, represents two 

right lines, one of which meets the axis of a; in a finite point, 

and the other being parallel to it meets it in an infinitely 

distant point. 

In like manner, if in the equation Ax2 + 2Bx (7=0, both B 
and G vanish, we say that it is a quadratic equation, both of 

whose roots are x = 0; so if both B and A vanish we are to say 

that it is a quadratic equation, both of whose roots are x— co . 

With the explanation here given, and taking account of infinitely 

distant as well as of imaginary points, we can assert that every 

right line meets a curve of the second degree in two points. 
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136. The equation of the second degree transformed to 

polar coordinates^ is 

(a cos2# -f 2h cos # sin # 4- h sin2#) p2 -f 2 [g cos # -{-/sin #) p 4- c = 0; 

and the roots of this quadratic are the two values of the length 

of the radius vector corresponding to any assigned value of #. 

Now we have seen in the last article that one of these values 

will be infinite, (that is to say, the radius vector will meet the 

curve in an infinitely distant point,) when the coefficient of p2 

vanishes. But this condition will be satisfied for two values 

of #, namely those given by the quadratic 

a -f 2h tan # 4- h tan2# = 0. 

Hence, there can he drawn through the origin two real, coincident, 

or imaginary lines, which will meet the curve at an infinite 

distance ; each of which lines also meets the curve in one finite 

point whose distance is given by the equation 

2 [g cos # 4-/ sin #) p 4- c — 0, 

If we multiply by p2 the equation 

a cos2# 4- 2h cos # sin 9 + h sin2# = 0, 

and substitute for p cos #, p sin # their values x and we obtain 

for the equation of the two lines 

ax2 4- 2hxy 4- hyl — 0. 

There are two directions in which lines can be drawn through 

any point to meet the curve at infinity, for by transformation 

of coordinates we can make that point the origin, and the 

preceding proof applies. Now it was proved (Art. 134) that 

a, h, h are unchanged by such a transformation; the directions 

are, therefore, always determined by the same quadratic 

a cos2# 4- 2h cos # sin # 4- h sin2# = 0. 

Hence, if through any point two real lines can he drawn to meet 

the curve at infinity, parallel lines through any other point will 

meet the curve at infinity.f 

* The following processes apply equally if the original equation had been in oblique 

coordinates. We then substitute mp for x, and np for ?/. where m is -)n ^ and n is 
sin to 

^-— (Art. 12); and proceed as in the text. 
smw ' 
t This indeed is evident geometrically, since parallel lines may be considered as 

passing through the same point at infinity. 
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137. One of the most important questions we can ask, con¬ 

cerning the form of the curve represented by any equation, is, 

whether it be limited in every direction, or whether it extend in 

any direction to infinity. We have seen, in the case of the circle, 

that an equation of the second degree may represent a limited 

curve, while the case where it represents right lines shows us 

that it may also represent loci extending to infinity. It is 

necessary, therefore, to find a test whereby we may distinguish 

which class of locus is represented by any particular equation 

of the second degree. 

With such a test we are furnished by the last article. For 

if the curve be limited in every direction, no radius vector drawn 

from the origin to the curve can have an infinite value; but we 

found in the last article that when the radius vector becomes 

infinite, we have a + 2A tan 6 + b tan2# = 0. 

(1) If now we suppose Ul — ab to be negative, the roots of 

this equation will be imaginary, and 

no real value of # can be found which 

will render 

a cos2# + 2h cos # sin # +■ b sin2# = 0. 

In this case, therefore, no real line 

can be drawn to meet the curve at 

infinity, and the curve will be limited 

in every direction. We shall show, in the next chapter, that 

its form is that represented in the figure. A curve of this class 

is called an Ellipse. 

(2) If? — ah be positive, the roots of the equation 

a + 2h tan # + b tan2# = 0 

will be real; consequently there 

are two real values of # which will 

render infinite the radius vector to 

the curve. Hence, two real lines 

(ax1 -f 2hxy + by2 = 0) can, in this 

case, be drawn through the origin 

to meet the curve at infinity. A 

curve of this class is called a 

Hyperbola, and we shall show in the next chapter that its form 

is that represented in the figure. 
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(3) If h2 - ab = 0, the roots of the equation 

a 4 2b tan 6 4 b tan'2# = 0 

will then be equal, and, therefore, 

the two directions in which a right 

line can be drawn to meet the 

curve at infinity will in this case 

coincide. A curve of this class is 

called a Parabola, and wTe shall 

(Chap, xil.) show that its form is 

that here represented. The condition here found may be other¬ 

wise expressed, by saying that the curve is a parabola when 

the first three terms of the equation form a perfect square. 

138. We find it convenient to postpone the deducing the 

figure of the curve from the equation until we have first, by 

transformation of coordinates, reduced the equation to its 

simplest form. The general truth, however, of the statements 

in the preceding article may be seen if we attempt to construct 

the figure represented by the equation in the manner explained 

(Art. 16). Solving for y in terms of x, wTe find (Art. 76) 

by — — {Jix +f)± ~ ab) d* + 2 [bf— by) x 4 (f2 — be)). 

Now, since by the theory of quadratic equations, any quantity 

of the form xi 4 ]ox 4 <l is equivalent to the product of two real 

or imaginary factors [x — a) [x — /3), the quantity under the 

radical may be written [h2 — ab) [x — a) (x — j3). If then K2 — ab 

be negative, the quantity under the radical is negative (and 

therefore y imaginary), w7hen the factors a; —a, x — /3 are either 

both positive or both negative. Real values for y are only 

found when x is intermediate between a and /3, and therefore 

the curve only exists in the space included between the lines 

x = a, x = (3 (see Ex. 3, p. 13). The case is the reverse wrhen 

lil - ab is positive. Then we get real values of y for any values 

of a*, which make the factors x—a, x — /3 either both positive 

or both negative; but not so if one is positive and the other 

negative. The curve then consists of two branches stretching 

to infinity both in the positive and in the negative direction, but 

separated by an interval included by the lines x = a1 x = /3, in 

which no part of the curve is found. If h2 — ab vanishes, the 
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quantity under the radical is of the form either x— a or a — x. 

In the one case we have real values of ?/, provided only that x 

is greater than a; in the other, provided only that it is less. 

The curve, therefore, consists of a single branch stretching to 

infinity either on the right or the left-hand side of the line x = a. 

If the roots a and /3 be imaginary, the quantity under the 

radical may be thrown into the form (Ji2 -- ab) {[x — y)2 + S2}. 

If then lil — ab is positive, the quantity under the radical is 

always positive, and lines parallel to the axis of y always meet 

the curve. Thus in the figure of the hyperbola, Art. 137, lines 

parallel to the axis of y always meet the curve, although lines 

parallel to the axis of x may not. On the other hand, if Kl — ab 

is negative, the quantity under the radical is always negative, 

and no real figure is represented by the equation. 

Ex. 1. Construct, as in Art. 1G, the figures of the following curves, and determine 

their species: 

3x2 + 4xy + y2 — 3x — 2y + 21 = @. Ans. Hyperbola. 

bx1 + 4xy + y2 — bx — 2y — 19 = G. Ans. Ellipse. 

4a;2 + 4xy + y2 — 5x — 2y — 10 = 0. Ans. Parabola. 

Ex. 2. The circle is a particular case of the ellipse. For in the most general form 

of the equation of the circle, a = b, h = a cos co (Art. 81); and therefore h2 — ab is 

negative, being — — a2 sin2a>. 

Ex. 3. What is the species of the curve when h — 0 ? Ans. An ellipse when a and 

b have the same sign, and a hyperbola when they have opposite signs. 

Ex. 4. If either a or b — 0, what is the species? Ans. A parabola if also h = 0 ; 

otherwise a hyperbola. When a = 0 the axis of x meets the curve at infinity; and 

when b — 0, the axis of y. 

Ex. 5. What is represented by 

+1=0? 
a2 ab b1 a b 

Ans. A parabola touching the axes at the points x — a, y = b. 

139. If in a quadratic Ax1 + 2Bx -f C— 0, the coefficient B 

vanishes, the roots are equal with opposite signs. This then 

will be the case with the equation 

(a cos29 + 2h cos 0 sin 6 + b sin2#) p2 + 2 (g cos 6 +f sin 6) p + e = 0, 

if the radius vector be drawn in the direction determined by 

the equation g cos 9 -\- f sin 0 = 0. 

The points answering to the equal and opposite values of p 

are equidistant from the origin, and on opposite sides of itj 
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therefore the chord represented by the equation gx+fy — Q is 

bisected at the origin. 

Hence, through any given point can in general he drawn one 

chord which will he bisected at that point. 

140. There is one case, however, where more chords than one 

can be drawn, so as to be bisected, through a given point. 

If, in the general equation, we had <7 = 0, /=0, then the 

quantity g cos0+ f sin 6 would be =0, whatever were the value 

of and we see, as in the last article, that in this case every 

chord drawn through the origin would be bisected. The origin 

would then be called the centre of the curve. How, wTe can in 

general, by transforming the equation to a new origin, cause 

the coefficients g and f to vanish. Thus equating to nothing 

the values given (Art. 134) for the new g and/, we find that 

the coordinates of the new origin must fulfil the conditions 

ax' + hy g = 0, hoc -f by' -j- /= 0. 

These two equations are sufficient to determine x and /, and 

being linear, can be satisfied by only one value of x and y; 

hence, conic sections have in general one and only one centre. Its 

coordinates are found, by solving the above equations, to be 

x 
/ V- , hg-af. 

ab -V’J ab - h2 

In the ellipse and hyperbola ah - li is always finite (Art. 137); 

but in the parabola ah - A2 = 0, and the coordinates of the centre 

become infinite. The ellipse and hyperbola are hence often 

classed together as central curves, while the parabola is called 

a non-central curve. Strictly speaking, however, every curve 

of the second degree has a centre, although in the case of 

the parabola this centre is situated at an infinite distance. 

141. To find the locus of the middle points of chords, parallel 

to a given line, of a curve of the second degree. 

We saw (Art. 139) that a chord through the origin is bisected 

if g cos 0-f/sin 6 = 0. Now, transforming the origin to any 

point, it appears, in like manner, that a parallel chord will be 
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bisected at the new origin if the new g multiplied by cos0 + the 

new f multiplied by sin 0 = 0, or (Art. 134) 

cos 9 [ax' -f hy + g) + sin 6 (hx + by' -f /) = 0. 

This, therefore, is a relation which must be satisfied by the co¬ 

ordinates of the new origin, if it be the middle point of a chord 

making with the axis of x the angle 9. Hence the middle point 

of any parallel chord must lie on the right line 

cos 9 (ax -f liy + g) + sin 9 (hx + by + f) =0, 

which is, therefore, the required locus. 

Every right line bisecting a system of parallel chords is called 

a diameter, and the lines which it bisects are called its ordinates. 

The form of the equation shows (Art. 40) that every diameter 

must pass through the intersection of 

the two lines 

ax -f by + g = 0, and hx + by +f= 0; 

but, these being the equations by 

which we determined the coordinates 

of the centre (Art. 140), we infer that 

every diameter passes through the centre of the curve, 

It appears by making 6 

alternately = 0, and = 90° in 

the above equation, that 

ax + hy -f g = 0 

is the equation of the diameter 

bisecting chords parallel to the 

axis of x, and that 

hx + by + f= 0 

is the equation of the diameter bisecting chords parallel to the 

axis of y,* 

In the parabola Jiz = ab, or ^ ^, and hence the line 

Y 

* The equation (Art. 138) which is of the form by — — [lix +f) + R is most easily 

constructed by first laying down the line hx + by + f and then taking on each ordi¬ 

nate MP of that line portions PQ, PQ', above and below P and equal to R. Thus 

also it appears that each ordinate is bisected by hx + by + f. 
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ax-\-Jiy -\-g is parallel to the line 

hx + by + f\ consequently, all dia¬ 

meters of a 'parabola are parallel 

to each other. This, indeed, is 

evident, since we have proved 

that all diameters of any conic 

section must pass through the 

centre, which, in the case of the 

parabola, is at an infinite distance, 

and since parallel right lines may be considered as meeting in 

a point at infinity.* 

The familiar example of the circle will sufficiently illustrate to 

the beginner the nature of the diameters of curves of the second 

degree. He must observe, however, that diameters do not in 

general, as in the case of the circle, cut their ordinates at right 

angles. In the parabola, for instance, the direction of the dia¬ 

meter being invariable, while that of the ordinates may be any 

whatever, the angle between them may take any possible valuei 

142. The direction of the diameters of a parabola is the same 

as that of the line through the origin which meets the curve at an 

infinite distance* 

For the lines through the origin which meet the curve at ina 

finity are (Art. 136) 

ax2 4- '2hxy + by2 = 0, 

or, writing for h its value >J(ab\ 

{\/{a)x + \/(b) 2/}2 = d 

But the diameters are parallel to ax -f hy = 0 (by the last article), 

which, if we write for h the same value f[ab), will also reduce to 

*J{a) x + V[b) y — 0. 

Hence, every diameter of the parabola meets the curve once at 

infinity, and, therefore, can only meet it in one finite point. 

* Hence, a portion of any conic, section being drawn on paper, we can find its 

centre and determine its species. For if we draw any two parallel chords, and join 

their middle points, we have one diameter. In like manner we can find another dia¬ 

meter. Then, if these two diameters be parallel, the curve is a parabola; but if not, the 

point of intersection is the centre. It will be on the concave side when the curve is an 

ellipse, and on the convex when it is a hyperbola. 

U 
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143. If two diameters of a conic section be such that one of 

them bisects all chords parallel to the other, then, conversely) the 

second will bisect all chords parallel to the first. 

The equation of the diameter which bisects chords making 

an angle 0 with the axis of x is (Art. 141) 

[ax + hy + g) -f (hx -f by -f f) tan 0 — 0. 

But (Art. 21) the angle which this line makes with the axis is 6' 

where 

tan 0' = — 
a + h tan 0 

h-\ b tan 6 ’ 

whence b tan 0 tan O' -f h (tan 0 ■+ tan O') 4- a = 0. 

And the symmetry of the equation shows that the chords making 

an angle O' are also bisected by a diameter making an angle 0. 

Diameters so related, that each bisects every chord parallel 

to the other, are called conjugate diameters * 

If in the general equation h = 0, the axes will he parallel to 

a pair of conjugate diameters. For the diameter bisecting chords 

parallel to the axis of x will, in this case, become ax + g — 0, 

and will, therefore, be parallel to the axis of y. In like manner, 

the diameter bisecting chords parallel to the axis of y will, in 

this case, be by + f = 0, and will, therefore, be parallel to the 

axis of x. 

144. If in the general equation c=0, the origin is on the curve 

(Art. 81); and accordingly one of the roots of the quadratic 

(a cos*0 + 2h cos 0 sin 0 -f b sina<9) f + 2 [g cos 0 +/sin 0) p = 0 

is always p = 0. The second root will be also p = 0, or the 

radius vector will meet the curve at the origin in two coincident 

points, if g cos# + /sin# = 0. Multiplying this equation by p, 

we have the equation of the tangent at the origin, viz. gx-\-fy = 0.'\ 

The equation of the tangent at any other point on the curve 

may be found by first transforming the equation to that point 

as origin, and when the equation of the tangent has been then 

found, transforming it back to the original axes. 

* It is evident that none but central curves can have conjugate diameters, since in 

the parabola the direction of all diameters is the same. 

f The same argument proves that in an equation of any degree when the absolute 

term vanishes the origin is on the curve, and that then the terms of the first degree 

represent the tangent at the origin. 
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Ex. The point (1, 1) is on the curve 

3x2 — 4xy + 2y1 4- lx — 5y — 3 = 0 ; 

transform the equation to parallel axes through that point and find the tangent at it, 

Ans. 9a; — by — 0 referred to the new axes, or 9 (x — 1) = 5 (y — 1) referred to 
the old. 

If this method is applied to the general equation, we get for 

the tangent at any point xy the same equation as that found 

by a different method (Art. 86), viz. 

axx + h [xy + y'x) 4 byy + g [x 4 x) +f[y 4 f) 4 c = 0„ 

145. It was proved (Art. 89) that if it be required to draw 

a tangent to the curve from any point x'y\ not supposed to be 

on the curve, the points of contact are the intersections with 

the curve of a right line whose equation is identical in form 

with that last written, and which is called the polar of xy. 

Consequently, since every right line meets the curve in two 

points, through any point xy there can be drawn two real, coin¬ 

cident ^ or imaginary tangents to the curve.* 

It was also proved (Art. 89) that the polar of the origin is 

gx +fy 4 c = 0. Now this line is evidently parallel to the chord 

gx+fy, which (Art. 139) is drawn through the origin so as to 

be bisected. But this last is plainly an ordinate of the diameter 

passing through the origin. Hence, the polar of any point is 

parallel to the ordinates of the diameter passing through that point. 

This includes as a particular case: The tangent at the extremity 

of any diameter is parallel to the ordinates of that diameter. Or 

again, in the case of central curves, since the ordinates of any 

diameter are parallel to the conjugate diameter, we infer that 

the polar of any point on a diameter of a central curve is parallel 

to the conjugate diameter. 

146. The principal properties of poles and polars have been 

proved by anticipation in former chapters. Thus it was proved 

(Art. 98) that if a point A lie on the polar of B, then B lies on 

the polar of A. This may be otherwise stated: If a point move 

along a fixed line [the polar of B] its polar passes through a 

fixed point [J5] ; or, conversely, If a line [the polar of A~] pass 

* A curve is said to be of the nlXi class when through any point n tangents can be 

drawn to the curve. A conic is, therefore, a curve of the second degree and of the 

second class; but in higher curves the degree and class of a curve are commonly not 

the same. 
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through a fixed point, then the locus of its pole [A~] is a fixed 

right line. Or, again, The intersection of any two lines is the 

pole of the line joining their poles; and, conversely, The line 

joining any two points is the polar of the intersections of the polars 

of these points. For if we take any two points on the polar 

of A, the polars of these points intersect in A. 

It was proved (Art. 100) that if two lines he drawn through 

any point, and the points joined where they meet the curve, the 

joining lines will intersect on the polar of that point. Let the 

two lines coincide, and we derive, as a particular case of this, 

If through a point 0 any line OR he drawn, the tangents at R' 

and R" meet on the polar of 0 ; a property which might also be 

inferred from the last paragraph. For since R'R", the polar of 

P, passes through 0, P must lie on the polar of 0. 

And it was also proved (Ex. 3, p. 96), that if on any radius 

vector through the origin, OR be 

taken a harmonic mean between OR* 

and OR", the locus of R is the polar 

of the origin; and therefore that, 

any line drawn through a point is 

cut harmonically hy the point, the 

curve, and the polar of the point; as 

was also proved otherwise (Art. 91), 

Lastly, we infer that if any line 

OR be drawn through a point 0, and 

Pthe pole of that line be joined to 0, then the lines OP, OR 

will form a harmonic pencil with the tangents from 0. For 

since OR is the polar of P, PTRT' i3 cut harmonically, and 

therefore OP, OT, OR, OT' form a harmonic pencil. 

Ex. 1. If a quadrilateral ABCD be inscribed in a conic section, any of the points 

E, F, 0 is the pole of the line joining the other 

two. 
Since EC, ED are two lines drawn through 

the point E, and CD, AB, one pair of lines join¬ 

ing the points where they meet the conic, these 

lines must intersect on the polar of E; so must 

also AD and CB; therefore the line OF is the 

polar of E. In like manner it can be proved that 

EF is the polar of 0 and EO the polar of F. 

Ex. 2. To draw a tangent to a given conic A ^ 

section from a point outside, with the help of the ruler only. 

Draw any two lines through the given point E, and complete the quadrilateral as 
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in the figure, then the line OF will meet the conic in two points, which, being joined 

to E, will give the two tangents required. 

Ex. 3. If a quadrilateral be circumscribed about a conic section, any diagonal is 

the polar of the intersection of the other two. 

"We shall prove this Example, as we might have proved Ex. 1, by means of the 

harmonic properties of a quadrilateral. It was proved (Ex. 1, p. 57) that FA, EQ, 

EB, EF are a harmonic pencil. Hence, since EA, EB are, by hypothesis, two 

tangents to a conic section, and EF a line through their point of intersection, by 

Art. 146, EO must pass through the pole of EF; for the same reason, FO must pass 

through the pole of EF •, this pole must, therefore, be 0. 

147. We have proved (Art. 92) that the equation of the pair 

of tangents to the curve from any point xy' is 

(ax'*+ 2hx'y'+ by'2+ 2gxJr 2\fy'+ c)(ax2+ 2hxy + by2+ 2gx-\-2fy+ c) 

- [ax'x + h {xy + yx) + ly'y + g [x + x) +f{y’ + y) + cja. 

The equation of the pair of tangents through the origin may be 

derived from this by making x =y' = 0 ; or it may be got directly 

by the same process as that used Ex. 4, p. 78. If a radius 

vector through the origin touch the curve, the two values of p 

must be equal, which are given by the equation 

(a cos2# + 2h cos # sin # + b sin2 #) p2 -f 2 [g cos # +/sin #) p + c = 0. 

Now this equation will have equal roots if # satisfy the equation 

(a cos29 + 2h cos 6 sin 6 + b sin2#) c=[g cos # -f/sin #)*. 

Multiplying by p2 we get the equation of the two tangents, viz. 

{ac - g*) x‘ + 2 (ch — gf) xy + (/be -f‘) y2 = 0. 

This equation again will have equal roots; that is to say, the 

two tangents will coincide if 

{ac - g‘) {be -f) = (ch -fg)\ 

or c [abc + 2 fgh — afl - bg2 — di1) = 0. 

This will be satisfied if c = 0, that is if the origin be on the 

curve. Hence, any point on the curve may be considered as the 

intersection of two coincident tangents, just as any tangent may 

be considered as the line joining two consecutive points. 

The equation will have also equal roots if 

abc + 2fgh — a/2 — bg1 — cKl = 0. 

Now we obtained this equation (p. 72) as the condition that the 

equation of the second degree should represent two right lines. 

To explain why we should here meet with this equation again, 
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it must be remarked that by a tangent we mean in general a line 

which meets the curve in two coincident points; if then the 

curve reduce to two right lines, the only line which can meet 

the locus in two coincident points is the line drawn to the point 

of intersection of these right lines, and since two tangents can 

always be drawn to a curve of the second degree, both tangents 

must in this case coincide with the line to the point of inter¬ 

section. 

148. If through any point 0 two chords he drawn, meeting the 

curve in the points R\ R'\ S', then the ratio of the rectangles 

OR' OR " 
~Olf~~OS" cons^an^ whatever he the position of the point Oj 

provided that the directions of the lines OR, OS he constant. 

For, from the equation given to determine p in Art. 136, it 

appears that 

OR". OR" = 

In like manner 

OS'. OS" = 

a cos2# -f 2h cos 0 sin 0 + h sin2# * 

a cos2#' + 2h cos #' sin #' + h sin2# 

, OR". OR" _ a cos2#' + 2h cos #' sin #' + h sin2#' 

OS'. OS" a cos2# + 2h cos # sin # + h sin2# 

But this is a constant ratio; for a, h, h remain unaltered 

when the equation is transformed to parallel axes through any 

new origin (Art. 134), and #, #' are evidently constant while the 

direction of the radii vectores is constant. 

The theorem of this Article may be otherwise stated thus: 

If through two fixed points 0 and O' any two parallel lines OR 

and O'p he drawn, then the ratio of the rectangles will 

he constant, whatever he the direction of these lines. 

For these rectangles are 

a cos2# + 2h cos # sin # -f h sin2# 9 a cos2# + 2h cos # sin # + h sin2# 

(c being the new absolute term when the equation is transferred 

to O' as origin); the ratio of these rectangles = , and is, there¬ 

fore, independent of #. 

This theorem is the generalization of Euclid III. 35, 36. 
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149. The theorem of the last Article includes under it several 

particular cases, which it is useful to notice separately. 

I. Let O' be the centre of the curve, then O'p' = O'p" and 

the quantity O'p'.O'p" becomes the square of the semi-diameter 

parallel to OR'. Hence, The rectangles under the segments of 

two chords which intersect are to each other as the squares of the 

diameters parallel to those chords. 

II. Let the line OR be a tangent, then OR' = OR", and the 

quantity OR'.OR" becomes the square of the tangent; and, 

since two tangents can be drawn through the point 0, we may 

extract the square roct of the ratio found in the last paragraph, 

and infer that Two tangents drawn through any point are to each 

other as the diameters to which they are parallel. 

III. Let the line 00' be a diameter, and OR, O'p parallel to 

its ordinates, then OR' —OR" and O’p — O'p". Let the diameter 

meet the curve in the points A, B, then -r 
r J 1 AO. OB AO. OB 

Hence, The squares of the ordinates of any diameter are propor¬ 

tional to the rectangles under the segments which they make on the 

diameter. 

150. There is one case in which the theorem of Article 148 

becomes no longer applicable, namely, when the line OS is 

parallel to one of the lines which meet the curve at infinity; the 

segment OS" is then infinite, and OS only meets the curve in 

one finite point. We propose, in the present Article, to inquire 

0 S' 
whether, in this case, the ratio rv7 will be constant. 

Uli. UR 

Let us, for simplicity, take the line OS for our axis of x, and 

OR for the axis of y. Since the axis of x is parallel to one of 

the lines which meet the curve at infinity, the coefficient a will = 0 

(Art. 138, Ex. 4), and the equation of the curve will be of the form 

2 hxy + by2 + 2gx + 2fy + c = 0. 

Making y — 0, the intercept on the axis of x is found to be 

c 
OS'= — k—; and, making x = 0, the rectangle under the inter- 

hi 

cepts on the axis of y is = ^ . 
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Hence 
OS' _ b 

OR. OR' “ 2g * 

Now, if we transform the axes to parallel axes through any point 

xy (Art. 134), b will remain unaltered, and the new g — ity' 4- g. 

Hence the new ratio will be 

b 

a (h'+a) ‘ 

Now, if the curve Vie a parabola, h = 0, and this ratio is eon- 

slant; hence, If a line parallel to a given one meet any diameter 

(Art. 142) of a parabola, the rectangle under its segments is in a 

constant ratio to the intercept on the diameter. 

If the curve be a hyperbola, the ratio will only be constant 

while y is constant; hence, The intercepts made by two parallel 

chords of a hyperbola, on a given line meeting the curve at infinity, 

are proportional to the rectangles under the segments of the chords* 

*151. To find the condition that the line Xx + yy + v may 

touch the conic represented by the general equation. Solving for y 

from Xx -t- yy 4- v = 0, and substituting in the equation of the 

conic, the abscissas of the intersections of the line and curve are 

determined by the equation 

(ay — 2hXy + bX2) x2 -f 2 [gy2 — hyv - fyX -f bXv) x 

4- (cy — 2fyv 4 bv2) = 0. 

The line will touch when the quadratic has equal roots, or when 

(ay2 — 2h\y 4- b\2) (cyl — 2fyv 4 bv1) = (gy2 — hyv —fyX 4- b\v)2. 

Multiplying out, the equation proves to be divisible by y21 and 

becomes 

(be - f) X2 + {ca -/) y2 4- [ab - h2) v2 + 2 [gh - of) yv 

4- 2 (Jif— bg) vX 4- 2 (fg - ch) Xy = 0. 

We shall afterwards give other methods of obtaining this 

equation, which may be called the tangential equation of the 

curve. We shall often use abbreviations for the coefficients, and 

write the equation in the form 

AX2 4- By2 4- Cv2 4- 2Fyv + 2 GvX 4- 2IlXy = 0. 

The values of the coefficients will be more easily remembered by 
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the help of the following rule. Let A denote the discriminant 

of the equation j that is to say, the function 

abc + 2fgh + af2 — bg* — cA2, 

whose vanishing is the condition that the equation may represent 

right lines. Then A is the derived function formed from A, 

regarding a as the variable; and B, (7, 2F, 2 G, 2H are the 

derived functions taken respectively with regard to 5, c,/, g, h. 

The coordinates of the centre (given Art. 110) may be written 

G F 

C' O' 

Miscellaneous Examples. 

Ex. 1. Form the equation of the conic making intercepts X, X', fx. y! on the axes. 

Since if we make y — 0 or x = 0 in the equation, it must reduce to 

x2 — (X 4- X') x + XX' = 0, y2 — (jx + y) y + /x/x' = 0; 

the equation is 

yy x2 + 2hxy + XX y2 — yy' (X + X') x — XX' (jx + Ju') y + W'yy' — 0, 

and h is undetermined, unless another condition be given. Thus two parabolas cafi 

be drawn through the four given points j for in this case 

h = F *}(\\'fx[x'). 

Ex. 2. Given four points on a conic, the polar of any fixed point passes through 

a fixed point. We may choose the axes so that the given points may lie two on each 

axis, and the equation of the curve is that found in Ex. 1. But the equation of the 

polar of any point x’y' (Art. 145) involves the indeterminate h in the first degree, 

and, therefore, passes through a fixed point. 

Ex. 3. Find the locus of the centre of a conic passing through four fixed points. 

The eentre of the conic in Ex. 1 is given by the equations 

2/x/x'x + 2hy — iufx' (X + X') — 0, 2XX'y + 2hx — XX' (jut, + yS) — 0 J 

whence, eliminating the indeterminate h. the locus is 

2yfx'x2 — 2Wy2 — ufx' (X + X') x + XX' (jx + fxQ y = 0, 

a conic passing through the intersections of each of the three pairs of lines which 

can be drawn through the four points, and through the middle points of these lines. 

The loeus will be a hyperbola when X, X' and /x, /x' have either both like or both 

unlike signs ; and an ellipse in the contrary case. Thus it will be an ellipse when the 

two points on one axis he on the same side of the origin, and on the other axis on 

opposite sides; in other words, when the quadrilateral formed by the four given 

points has a re-entrant angle. This is also geometrically evident; for a quadrilateral 

with a re-entrant angle evidently cannot be inscribed in a figure of the shape of the 

ellipse or parabola. The circumscribing conic must, therefore, always be a hyperbola, 

so that some vertices may he in opposite branches. And since the centre of a hyper¬ 

bola is never at infinity, the locus of centres is in this case an ellipse. In the other 

case, two positions of the centre will be at infinity, corresponding to the two parabolas 

which can be described through the given points. 

X 
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CHAPTER XI. 

EQUATIONS OF THE SECOND DEGREE REFERRED TO THE 

CENTRE AS ORIGIN. 

152. In investigating the properties of the ellipse and hyper¬ 

bola, we shall find our equations much simplified by choosing 

the centre for the origin of coordinates. If we transform the 

general equation of the second degree to the centre as origin, we 

saw (Art. 140) that the coefficients of x and y will =0 in the 

transformed equation, which will be of the form 

ax1 -f 2hxy -f by2 + c = 0. 

It is sometimes useful to know the value of c in terms of the 

coefficients of the first given equation. We saw (Art. 134) that 

c = ax2 -f 2hxy + by'2 + 2gx + 2fy -f c, 

where x, y are the coordinates of the centre. The calculation 

of this may be facilitated by putting c into the form 

c = [ax' -f hy + g) x' + [hx' + by -\-f)y/jr gx' -\-fy'-\-c. 

The first two sets of terms are rendered = 0 by the coordi¬ 

nates of the centre, and the last (Art. 140) 

. ¥- k9 . f - of . . _ abc + 2\fgh - of* - l(f - ch * 
~9ab-W'YJab-K1^ ab-V 

153. If the numerator of this fraction were = 0, the trans¬ 

formed equation would be reduced to the form 

ax2 -f 2 hxy -f by2 = 0, 

and would, therefore (Art. 73), represent two real or imaginary 

* Observing that when f and g vanish the discriminant reduces to c (ab — A2), we 

can see that what has been here proved shows that transformation to parallel axes 

does not alter the value of the discriminant, a particular case of a theorem to be 

proved afterwards (Art. 371). 

It is evident in like manner that the result of substituting x'ythe coordinates 

of the centre, in the equation of the polar of any point x"y", viz. 

(ax’ + hy’ +g) x" + (hx' + by' +/) y" + gx’ +fy' + c, 

is the same as the result of substituting x'y' in the equation of the curve. For the 

first two sets of terms vanish in both cases. 
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right lines, according as ab — hd is negative or positive. Hence, 
as we have already seen, p. 72, the condition that the general 
equation of the second degree should represent two right lines, is 

abc + 2fgh — afi2 — bg2 — ch‘2 = 0. 

For it must plainly be fulfilled, in order that when we transfer 
the origin to the point of intersection of the right lines, the 

absolute term may vanish. 

Ex. 1. Transform 3x® + Axy + y2 — 5x - 6y — 3 = 0 to the centre (£, — 4). 
Ans. 12x2 + 16x2/ + 4y2 + 1 = 0* 

Ex. 2. Transform x2 + 2xy — y2 + 8x + Ay — 8 = 0 to the centre (-3,-1). 
Ans. x1 + 2x2/ — y2 — 22. 

154. We have seen (Art. 136) that when 9 satisfies the 
condition 

a cos26 + 2h cos 6 sin 9 + b sin2# = 0, 

the radius vector meets the curve at infinity, and also meets 
the curve in one other point, whose distance from the origin is 

c 
^ g cos 9 -f/sind * 

But if the origin be the centre, we have g — 0, f= 0, and this 
distance will also become infinite. Hence two lines can be drawn 
through the centre, which will meet the curve in two coincident 
points at infinity, and which therefore may be considered as tan¬ 
gents to the curve whose points of contact are at infinity. These 
lines are called the asymptotes of the curve; they are imaginary 
in the case of the ellipse, but real in that of the hyperbola. We 
shall show hereafter, that though the asymptotes do not meet the 
curve at any finite distance, yet the further they are produced 
the more nearly they approach the curve. 

Since the points of contact of the two real or imaginary tan¬ 
gents drawn through the centre are at an infinite distance, the 
line joining these points of contact is altogether at an infinite 
distance. Hence, from our definition of poles and polars (Art. 89), 
the centre may be considered as the pole of a line situated altogether 
at an infinite distance. This inference may be confirmed from 
the equation of the polar of the origin, gx +fy + c = 0, which, 
if the centre be the origin, reduces to c = 0, an equation which 
(Art. 67) represents a line at infinity. 
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155. We have seen that by taking the centre for origin, the 

coefficients g and f in the general equation can be made to 

vanish; but the equation can be further simplified by taking a 

pair of conjugate diameters for axes, since then (Art. 143) h will 

vanish, and the equation be reduced to the form 

ax1 + by1 + c = 0. 

It is evident, now, that any line parallel to either axis is bisected 

by the other; for if we give to x any value, we obtain equal and 

opposite values for y. Now the angle between conjugate diame¬ 

ters is not in general right; but we shall show that there is 

always one pair of conjugate diameters which cut each other at 

right angles. These diameters are called the axes of the curves 

and the points where they meet it are called its vertices. 

We have seen (Art. 143) that the angles made with the axis 

by two conjugate diameters are connected by the relation 

b tan # tan & + h (tan # -f tan #') 4 a = 0. 

But if the diameters are at right angles, tan#' = — 

(Art. 25). Hence 

Ji tan2# + [a — V) tan # — k = 0. 

We have thus a quadratic equation to determine #. Multiply¬ 

ing by p2, and writing x) y, for p cos#, p sin#, we get 

hx* — (a — b) xy — by1 — 0. 

This is the equation of two real lines at right angles to each other 

(Art. 74); we perceive, therefore, that central curves have two, 

and only two, conjugate diameters at right angles to each other. 

On referring to Art. 75 it will be found that the equation 

which we have just obtained for the axes of the curve is the same 

a that of the lines bisecting the internal and external angles 

between the real or imaginary lines represented by the equation 

ax2 + 2 hxy + by1 — 0. 

The axes of the curve, therefore, are the diameters which bisect 

the angles between the asymptotes; and (note, p. 71) they will 

be real wdiether the asymptotes be real or imaginary; that is to 

say, whether the curve be an ellipse or a hyperbola. 

156. We might have obtained the results of the last Article 

by the method of transformation of coordinates, since we can 
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thus prove directly that it is always possible to transform the 

equation to a pair of rectangular axes, such that the coefficient 

of xy in the transformed equation may vanish. Let the original? 

axes be rectangular; then, if we turn them round through any 

angle #, we have (Art. 9) to substitute for cc, x cos0 —y sin#, 

and for ?/, x sin# + y cos#; the equation will therefore become 

a [x cos 0 — y sin Of + 2h [x cos 6 — y sin 6) (x sin 0 4- y cos 0) 

+ b [x sin 0 + y cos #)2 + c = 0 

or, arranging the terms, we shall have 

the new a —a cos2 0 + 2h cos 0 sin 0 f b sin2 0; 

the new h — b sin 0 cos 0 + h (cos2 0 — sin2 0) — a sin 0 cos 0; 

the new b — a sin2 0 — 2h cos 0 sin 0 + b cos2 0. 

Now, if we put the new h = 0, we get the very same equation 

as in Art. 155, to determine tan#. This equation gives us a 

simple expression for the angle made with the given axes by 

either axis of the curve, namely, 

- 2A 
tan2# =-. 

a — b 

157. When it is required to transform a given equation to 

the form ax? + by2 ■+• c = 0, and to calculate numerically the value 

of the new coefficients, our work will be much facilitated by the 

following theorem : If we transform an equation of the second 

degree from one set of rectangular axes to another, the quantities 

a + b and ab — 7i2 will remain unaltered. 

The first part is proved immediately by adding the values of 

the new a and b (Art. 156), when we have 

a' + b' = a + b. 

To prove the second part, write the values in the last article 

2a' = a + b + 2h sin2# + (a — b) cos2#, 

2b' —a + b — 2h sin2# — (a — b) cos2#. 

Hence 4ab' = (a + b)2 — {2h sin2# 4- (« — b) cos2#}2. 

But 4^/2 = [2h cos2# — (a — b) sin2#}2; 

therefore 4 (db' — h'2) = [a + b)2 — 4h2 — (a — b)2 — 4 (ab — h2). 

When, therefore, we want to form the equation transformed 

to the axes, we have the new h = 0, 

a + br = a + b) ab' — ab - h2. 
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Having, therefore, the sum and the product of a and b\ we can 

form the quadratic which determines these quantities. 

Ex. 1. Find the axes of the ellipse 14a;2 — 4xy + ID/2 = 60, and transform the 
equation to them. 

The axes are (Art. 155) 4a;2 + §xy — Ay2 = 0, or (2a? — y) (x + 2y) = 0. 
We have a' + b' = 25 ; a'b' = 150 ; a' — 10 j b' = 15; and the transformed equation 

is 2a;2 + 3y2 = 12. 

Ex. 2, Transform the hyperbola 11a?2 + 8ixy — 24y2 = 156 to the axes. 

a' + b' = - 13, a'b' = — 2028 ; a'= 39; b'- - 52. 

Transformed equation is 3a;2 — 4y2 = 12. 

Ex. 3. Transform ax2 + 2hxy + by2 = c to the axes. 

Ans. (a + b — R) x2 + {a + b + R) y2 = 2c, where R2 = 4h2 + (a — b)2. 

^158. Having proved that the quantities a -f b and ab - h2 

remain unaltered when we transform from one rectangular system 

to another, let us now inquire what these quantities become if 

we transform to an oblique system. We may retain the old axis 

of cc, and if we take an axis of y inclined to it at an angle 

then (Art. 9) we are to substitute x-\-y cosw for x, and y sina> 

for y. We shall then have 

a = a, Ii = a cos (o + h sin o>, 

bf — a coszo) + 2h cos co sin w + b sinzw. 

Hence, it easily follows 

a' + b' — 2Ti cos w 7 a'b' — h'2 7 7B 
--= a -f 6. —-= ab — h . 

sin co 1 sin &> 

If, then, we transform the equation from one pair of axes to any 

other, the quantities 
a-\-b — 2A cos co , ab — h 

sin co 
and 

sin2&> 
remain unaltered. 

We may, by the help of this theorem, transform to the axes 

an equation given in oblique coordinates, for we can still 

express the sum and product of the new a and b in terms of 

the old coefficients. 

Ex. 1, If cos oo = f, transform to the axes 10a;2 + 6xy + 5y2 = 10, 

a + b = 2&, ab='% §3, a = 5, b = 2fi?. 

Ans, 16a;2 + 41 y2 = 32. 

Ex. 2. Transform to the axes a;2 — 3xy + y2 + 1 = 0, where oo = 60°. 

Ans. x2 — 1 by2 = 3. 

Ex. 3. Transform ax2 + 2hxy + by2 = c to the axes. 

Ans. (a + b — 2h cos oo — R) x2 + (a + b — 2h cos oo + R) y2 = 2c sin2 oo, where 

R2 = {2h — (a + b) cos oo}2 + (a - b)2 sin2 oo. 
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*159. We add the demonstration of the theorems of the last 

two articles given by Professor Boole {Cambridge Math, Jour., 

III. 1, 106, and New Series, VI. 87). 

Let us suppose that we are transforming an equation from 

axes inclined at an angle a?, to any other axes inclined at an 

angle 12 j and that, on making the substitutions of Art. 9, the 

quantity ax2 -f 2hxy + by2 becomes a X2 -f 2h'XY + b' Y2, Now 

we know that the effect of the same substitution will be to make 

the quantity x2 4 2xy cos co + y2 become X1 + 2XYcosl2 + Y2, 

since either is the expression for the square of the distance of 

any point from the origin. It follows, then, that 

ax2 + 2 hxy + by2 + A (Y5 + 2 xy cos co -f y2) 

= aX2 + 2h'XY+ b'Y2 + \ (X2 4- 2XYcos!2 + Y2). 

And if we determine X so that the first side of the equation may 

be a perfect square, the second must be a perfect square also. 

But the condition that the first side may be a perfect square is 

(a + A) [b 4 A) = [h -f A cos c«>)2, 

or A must be one of the roots of the equation 

A2 sin2eo -f [a + b — 2h cos «) A -f ab— li2 — 9. 

We get a quadratic of like form to determine the value of A, 

which will make the second side of the equation a perfect square; 

but since both sides become perfect squares for the same values 

of A, these two quadratics must be identical. Equating, then, 

the coefficients of the corresponding terms, we have, as before, 

a -f b — 2h cos co a -f V — 2 h' cos 12 ab — li2 a'b' — li2 
. —— . _• __ —  __ 

sin co sin 12 sin 12 sin 12 

Ex. 1. The sum of the squares of the reciprocals of two semi-diameters at right 

angles to each other is constant. 

Let their lengths be a and (3; then making alternately x = 0, y — 0, in the equation 

of the curve, we have aa2 = c, b(32 = c, and the theorem just stated is only the 

geometrical interpretation of the fact that a + b is constant. 

Ex. 2. The area of the triangle formed by joining the extremities of two conjugate 

semi-diameters is constant. 

The equation referred to two conjugate diameters is ~ = 1, and since —.-- 
a- (3 2 sm?w 

is constant, we have a (3' sincu constant. 

Ex. 3. The sum of the squares of two conjugate semi-diameters is constant. 

a + b —2h cos u>. 1 (\ 1 \ a'2 + I3'2 . 
Since-—-is constant, ( —, + 757J = - A 1S constant: and 

sm-w sin2w \a 2 (3 2J a 2(3 2 sm2w ’ 

since u'(3' sinou is constant, so must a'2 + (3'2. 
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THE EQUATION REFERRED TO THE AXES. 

160 We saw that the equation referred to the axes was of 

the form 
Ax2 + By2 = (7, 

B being positive in the case of the ellipse, and negative in that 

of the hyperbola (Art. 138, Ex. 3). We have replaced the 

small letters by capitals, because we are about to use the letters 

a and b with a different meaning. 

The equation of the ellipse may be written in the following 

more convenient form: 

Let the intercepts made by the ellipse on the axes be # = <?, 

y = b, then making y — 0 and x — a in the equation of the curve, 

G G 
we have Aa2 = C, and A — —,. In like manner B=-,. Sub- 

’ a2 V 

stituting these values, the equation of the ellipse may be written 

® >y_ 
a* + b* 

1. 
Since we may choose whichever axis we please for the axis 

of x, we shall suppose that we have chosen the axes so that a 

may be greater than b. 

The equation of the hyperbola, which we saw only differs 

from that of the ellipse in the sign of the coefficient of y2, may 

be written in the corresponding form : 

The intercept on the axis of x is evidently = + a, but that on 

the axis of y, being found from the equation y*=—b'\ is imaginary ; 

the axis of y, therefore, does not meet the curve in real points. 

Since we have chosen for our axis of x the axis which meets 

the curve in real points, we are not in this case entitled to 

assume that a is greater than b. 

161. To find the polar equation of the ellipse, tJie centre being 

the pole. 

Write pcosO for x. and psin0 for y in the preceding equa¬ 

tion, and we get 
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an equation which we may write in any of the equivalent forms, 

a2b% c?b* a2b2 

P ~ a‘ sin2# + J2 cos2# ~ b2 + (a2 - b*) sin26 ~ a2 - (a2 - V) cos20 ' 

It is customary to use the following abbreviations j 

and the quantity e is called the eccentricity of the curve. 

Dividing by a2 the numerator and denominator of the fraction 

last found, we obtain the form most commonly used, viz. 

^ 1 - e2 cos2# ° 

162. To investigate the figure gJ the ellipse;* 

The least value that b2 + (a2 — b2) sin2#, the denominator in 

the value of p2, can have, is when # = 0; therefore the greatest 

value of p is the intercept on the axis of a?, and is = a. 

Again, the greatest value of b'2 -f (a2 — b'2) sin2# is when 

sin# = l, or # = 90°; hence, the least value of p is the intercept 

on the axis of y, and is = b. The greatest line, therefore, that 

can be drawn through the centre is the axis of xr and the least 

line the axis of y. From this property these lines are called 

the axis major and the axis minor of the curve. 

It is plain that the smaller # is, the greater p will be; hence,- 

the nearer any diameter is to the axis 

major, the greater it will be. The 

form of the curve will, therefore, be 

that here represented. 

We obtain the same value of p 

whether we suppose # = a, or 6 = - a. 

Hence, Two diameters which make 

equal angles with the axis will be equal. And it is easy to show 

that the converse of this theorem is also true. 

This property enables us, being given the centre of a conic, 

to determine its axes geometrically. For, describe any concen¬ 

tric circle intersecting the conic, then the semi-diameters drawn 

to the points of intersection will be equal) and by the theorem 

just proved, the axes of the conic will be the lines internally 

and externally bisecting the angle between them. 

Y 
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163. The equation of the ellipse can be put into another 

form, which will make the figure of the curve still more 

apparent. If we solve for y we get 

Now, if we describe a concentric circle with the radius a its 

equation will be 

y = f (a2 _ xl). 
Hence we derive the following construction: 

u Describe a circle on the axis major, and take on each ordinate 

LQ a point P, such that LP may he to 

LQ in the constant ratio h : a, then the 

locus of P will he the required ellipse.” 

Hence the circle described on the 

axis major lies wholly without the curve. 

"We might, in like manner, construct the 

ellipse by describing a circle on the axis 

minor and increasing each ordinate in 

the constant ratio a : h. D 

Hence the circle described on the axis minor lies wholly 

within the curve. 

The equation of the circle is the particular form which the 

equation of the ellipse assumes when we suppose h — a. 

164. To find the polar equation of the hyperbola. 

Transforming to polar coordinates, as in Art. 161, we get 

a b 
pz = 

a 2h2 a2h2 

p cos'2# — dl sin2# P - [cl + P) sin'2 # (a2 + P) cos2 # - a2 * 

Since formulas concerning the ellipse are altered to the corre¬ 

sponding formulae for the hyperbola by changing the sign of P, 

we must in this case use the abbreviation c2 for a2-f P and 

ct* 1 
e2 for —j—, the quantity e being called the eccentricity of the 

Ch 

hyperbola. Dividing then by a2 the numerator and denominator 

of the last found fraction, we obtain the polar equation of the 

hyperbola, which only differs from that of the ellipse in the sign 

of b*9 viz. 
* i *> 

P =3 e2 cos2# — 1 * 
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165. To investigate, the figure ofi the hyperbola. 

The terms axis major and axis minor not being applicable 

to the hyperbola (Art. 160), we shall call the axis of x the 

transverse axis, and the axis of y the conjugate axis. 

Now b2 — (a2 + b2) sin2#, the denominator in the value of p2, 

will plainly be greatest when 6 = 0, therefore, in the same case, 

p will be least ; or the transverse axis is the shortest line which 

can be drawn from the centre to the curve. 

As 6 increases, p continually increases, until 

sin# = or tan 6 = - , a. 
when the denominator of the value of p becomes = 0, and p 

becomes infinite. After this value of 0, p2 becomes negative, and 

the diameters cease to meet the curve in real points, until again 

sin# = or tan 6 — — 
a, fi[a2 + bj ? 

when p again becomes infinite. It then decreases regularly as 

6 increases, until 6 becomes = 180°, when it again receives its 

minimum value = a. 

The form of the hyperbola, therefore, is that represented by 

the dark curve on the figure, next article. 

166. We found that the axis of y does not meet the hyper¬ 

bola in real points, since we obtained the equation y* = — b2 to 

determine its point of intersection with the curve. We shall, how¬ 

ever, still mark off* j' 

on the axis of y por- 

tions CB, CB' — ±b, 

and we shall find 

that the length CB 

has an important 

connexion with the 

curve, and may be conveniently called an axis of the curve. 

In like manner, if we obtained an equation to determine the 

length of any other diameter, of the form p2 = — A2, although 

this diameter cannot meet the curve, yet if we measure on it 

from the centre lengths = ± 12, these lines may b$ conveniently 

spoken of as diameters of the hyperbola. 
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The locus of the extremities of these diameters which do not 

meet the curve is, by changing the sign of p2 in the equation of 

the curve, at once found to be 

1 sin12 6 cos20 

72 = ~TX * 

or y_ 
b2 

X 

a 

This is the equation of a hyperbola having the axis of y for 

the axis meeting it in real points, and the axis of x for the axis 

meeting it in imaginary points. It is represented by the dotted 

curve on the figure, and is called the hyperbola conjugate to the 

given hyperbola. 

167. We proved (Art. 165) that the diameters answering to 

b 
tan6 — ±~ meet the curve at infinity; they are, therefore, the 

same as the lines called, in Art. 154, the asymptotes of the curve. 

They are the lines CK, CL on the figure, and evidently separate 

those diameters which meet the curve in real points from those 

which meet it in imaginary points. It is evident also that two 
conjugate hyperbolae have the same asymptotes. 

b 
The expression tan 6 = ± - enables us, being given the axes 

in magnitude and position, to find the asymptotes, for if we 

form a rectangle by drawing parallels to the axes through B 

and Ay then the asymptote CK must be the diagonal of this 

rectangle. 

Again cos 0 
a 

V[of 4 b2) 

1 
e 

But, since the asymptotes make equal angles with the axis of Xj 

the angle which they make with each other must be = 20. 

Hence, being given the eccentricity of a hyperbola, we are given 

the angle between the asymptotes, which is double the angle whose 

secant is the eccentricity. 

,Ex. To find the eccentricity of a conic given by the general equation. 

We can (Art. 74) write down the tangent of the angle between the lines denoted 

by ox2 + 2hxy + by2 — 0, and thence form the expression for the secant of its half; 

or we may proceed by the help of Art. 157, Ex. 3 
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We have 

where 

Hence 

1 & b — E 1 ct b -i~ A 

2; > (32 

E2 = 4h2 + (a — b)2 = 4h2 — 4«3 4- (« + &)5 

1 1 _ R a2 - (32 _ 2 R 

p2~ a2 ~ c ’ a2 ~ a + 6 + A ' 

CONJUGATE DIAMETERS. 

168. We now proceed to investigate some of the properties 

of the ellipse and hyperbola. We shall find it convenient to 

consider both curves together, for, since their equations only 

differ in the sign of b‘\ they have many properties in common 

which can be proved at the same time, by considering the sign 

of b2 as indeterminate. We shall, in the following Articles, use 

the signs which apply to the ellipse. The reader may then 

obtain the corresponding formulae for the hyperbola by changing 

the sign of b2. 
2 2 

oc y 
We shall first apply to the particular form — + ,p = 1, some 

of the results already obtained for the general equation. Thus 

(Art. 86) the equation of the tangent at any point xy being 

got by writing xx and yy for x2 and y2 is 

y'y X X 

+ = 1. 
a- b2 

The proof given in general may be repeated for this particular 

case. The equation of the chord joining any two points on 

the curve is 

[x - x') (x - a-") + (y - rf) fy - y") _ X y 
a b2 ~ ^ + TT‘~ h a 

or 
/ r , ff\ l r i // \ / , {x-\-x)x^[y-\-y)y xx 

a 

// „ / // 

+ ^ + i; 
V‘ a2 1 b‘ 

which, when of, y = x", y\ becomes the equation of the tangent 

already written. 

The argument here used applies whether the axes be rect¬ 

angular or oblique. Now if the axes be a pair of conjugate 

diameters, the coefficient of xy vanishes (Art. 143); the coefficients 

of x and y vanish, since the origin is the centre; and if a and b' 

be the lengths of the intercepts on the axes, it is proved exactly, 

as in Art. 160, that the equation of the curve may be written 

yl 
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And it follows from this article that in the same case the 

equation of the tangent is 

, yy _, 
an + 1,2 - 

169. The equation of the polar, or line joining the points 

of contact of tangents from any point x'y, is similar in form to 

the equation of the tangent (Arts. 88, 89), and is therefore 

xx yy 
^ T vi a o 

— 1, or 
XX 

a 
+ yy 

= 0 

the axes of coordinates in the latter case being any pair of 

conjugate diameters, in the former case the axes of the curve. 

In particular, the polar of any point on the axis of x is = 1. 

Hence the polar of any point P is found by drawing a diameter 

through the point, taking CP.CP' — io the square of the semi¬ 

diameter, and then drawing through P' a parallel to the 

conjugate diameter. This includes, as a particular case, the 

theorem proved already (Art. 145), viz., The tangent at the 

extremity of any diameter is parallel to the conjugate diameter. 
qfl 

Ex. 1. To find the condition that Xx + y.y = 1 may touch —p — 1. 
a2 b2 

Comparing -f -- = 1, Xx + fiy — 1, we find — = Xa, \ - y.b, and a2A2 + b2y.2 — t. 
a2 bi a b 

Ex. 2. 
Art. 92). 

To find the equation of the pair of tangents from x’y' to the curve (see 

Ex. 3. To find the angle </> between the pair of tangents from x'y' to the curve. 

When an equation of the second degree represents two right lines, the three highest 

terms being put = 0, denote two lines through the origin parallel to the two former; 

hence, the angle included by the first pair of right lines depends solely on the three 

highest terms of the general equation. Arranging, then, the equation found in the 

last Example, we find, by Art. 74, 

\a2 o2 ) 
+ y' 

Ex. 4. Find the locus of a point, the tangents through which intersect at right 

angles. 

Equating to 0 the denominator in the value of tan <p, we find x2 + y2 = a2 + b2, the 

equation of a circle concentric with the ellipse. The locus of the intersection of 

tangents which cut at a given angle is, in general, a curve of the fourth degree. 

2 ab 

tan <fi = 
x2 

170. To find the equation, referred to the axes, of the diameter 

conjugate to that passing through any point x'y' on the curve. 
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The line required passes through the origin, and (Art. 169) is 

parallel to the tangent at xy ; its equation is therefore 

xx yy 
—= 0. 
a2 b 

Let #, #' be the angles made with the axis of x by the original 
/ 

diameter and its conjugate; then plainly tan#=^; and from 

x tfx 
the equation of the conjugate we have (Art. 21) tan# =- 

m ay 
Hence tan # tan O' — - , as might also be inferred from Art. 143. 

The corresponding relation for the hyperbola (see Art. 168) is 
72 

tan# tan#' = — . 
a2 

171. Since in the ellipse tan# tan#' is negative, if one of 

the angles #, & be acute (and, therefore, its tangent positive^, 

the other must be obtuse (and, therefore, its tangent negative). 

Hence, conjugate diameters in the ellipse lie on different sides of 

the axis minor (which answers to # = 90°). 

In the hyperbola, on the contrary, tan0 tan9' is positive; 

therefore 0 and 0' must be either both acute or both obtuse. 

Hence, in the hyperbola, conjugate diameters lie on the same side 

of the conjugate axis. 

In the hyperbola, if tan# be less, tan#' must be greater than 

- , but (Art. 167) the diameter answering to the angle whose 

tangent is -, is the asymptote, which (by the same Article) 
CL 

separates those diameters which meet the curve from those which 

do not intersect it. Hence, if one of two conjugate diameters 

meet a hyperbola in real points, the other will not. Hence also 

it may be seen that each asymptote is its own conjugate. 

172. To find the coordinates x"y" of the extremity of the 

diameter conjugate to that passing through xy'. 

These coordinates are obviously found by solving for x and y 

between the equation of the conjugate diameter and that of 

the curve, viz. 
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Substituting in the second the values of x and y found from the 

first equation, and remembering that x\ y' satisfy the equation 

of the curve, we find without difficulty 

x 

a 

jr 
y y 

// 

~±'b ? b “ + 

X 

a 

173. To express the lengths of a diameter (a'), and its conju¬ 

gate (S'), in terms of the abscissa of the extremity of the diameter. 

(1) We have a!'1 — xri 4 y2. 

But y'1 — ^2 (a2 — x2). 

Hence a‘ = S2 + a-^f- = V + eVs. 
a 

(2) Again, we have 
2 7 2 

7/2 //2 . //2 ^ /2 i ^ /2 

O = a +3/ = g*y + » 

or = (a2 — a:'2) ■+ -2 as'2; 
v 'a 

hence 6'2 = a2 — eV2. 

From these values we have 

a!2 4 V2 = a2 4 b'2; 

or, The sum of the squares of any pair of conjugate diameters of 

an ellipse is constant (see Ex. 3, Art. 159). 

174. In the hyperbola we must change the signs of b2 and 

5'2, and we get 
/2 7 /2 2 7 2 a — b =a —b , 

or, The difference of the squares of any pair of conjugate diameters 

of a hyperbola is constant. 

If in the hyperbola we have a = 5, its equation becomes 

x2 — y2 = a2, 

and it is called an equilateral hyperbola. 

The theorem just proved shows that every diameter of an 

equilateral hyperbola is equal to its conjugate. 

The asymptotes of the equilateral hyperbola being given by 

the equation 

—y1 — o> 
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are at right angles to each other. Hence this hyperbola is often 

called a rectangular hyperbola. 

The condition that the general equation of the second degree 

should represent an equilateral hyperbola is a =— h ; for (Art. 74) 

this is the condition that the asymptotes [add -f 2hxy + by2) 

should be at right angles to each other; but if the hyperbola be 

re tangular it must be equilateral, since (Art. 167) the tangent 

of half the angle between the asymptotes = -; therefore, if 
Cb 

this angle = 45°, we have 
b —a. 

175. To find the length of the perpendicular from the centre 

on the tangent. 

The length of the perpendicular from the origin on the line 

^ , yy , 
s* ~ a 

is (Art. 23) 
ah 

v'S+fi A 
but we proved (Art. 173) that 

x 

a? 
+ aJL\ 

V ) 

U — 2 "I” 72 J a b 

hence 
ah 

176. To find the angle between any pair of conjugate dia¬ 

meters. 

The angle between the diameters is equal to the angle be- 

The equation ab' sin= ah proves that the triangle formed 

by joining the extremities of conjugate diameters of an ellipse or 

hyperbola has a constant area (see Art. 159, Ex. 2). 

Z 
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177. The sum of the squares of any two conjugate diameters 

of an ellipse being constant, their rectangle is a maximum when 

they are equal; and, therefore, in this case, sin(f> is a minimum; 

hence the acute angle between the two equal conjugate dia¬ 

meters is less (and, consequently, the obtuse angle greater) than 

the angle between any other pair of conjugate diameters. 

The length of the equal conjugate diameters is found by 

making a = b' in the equation a2 -1- b'2 = a,2 + whence a'2 is half 

the sum of di and b'\ and in this case 

2 ab 

The angle which either of the equi-conjugate diameters makes 

with the axis of x is found from the equation 

b2 
tan 6 tan 6' —-9, 

a 1 

by making tan 6 = — tan 0'; for any two equal diameters make 

equal angles with the axis of x on opposite sides of it (Art. 162). 

Hence tan# = -. 
a 

It follows, therefore, from Art. 167, that if an ellipse and hyper¬ 

bola have the same axes in magnitude and position, then the 

asymptotes of the hyperbola will coincide with the equi-conjugate 

diameters of the ellipse. 

The general equation of an ellipse, referred to two conjugate 

diameters (Art. 168), becomes x2jry2 = a'2, when a' — b'. We 

see, therefore, that, by taking the equi-conjugate diameters for 

axes, the equation of any ellipse may be put into the same form 

as the equation of the circle, x1 -1- y2 — r2, but that in the case of 

the ellipse the angle between these axes will be oblique. 

178. To express the perpendicular from the centre on the 

tangent in terms of the angles which it makes with the axes. 

If we proceed to throw the equation of the tangent 

— \\ into the form x cos a + y sin a —p (Art. 23), 

we find immediately, by comparing these equations, 

x cos a y _ sin a 
“7 = J 7 2 • 
a p o p 



CONJUGATE DIAMETERS. 171 

Substituting in the equation of the curve the values of x\ y\ 

hence obtained, we find 

p2 = a2 cos2 a + b2 sin2 a.* 

The equation of the tangent may, therefore, be written 

x cos a + y sin a — f[a2 cos2a + b2 sin2 a) = 0. 

Hence, by Art. 34, the perpendicular from any point (xy) on 

the tangent is 

f[a2 cos2 a + b2 sin2 a) — x' cos a — y' sin a, 

where we have written the formula so that the perpendiculars 

shall be positive when xy is on the same side of the tangent 

as the centre. 

Ex. To find the locus of the intersection of tangents which cut at right angles. 

Let p, p' be the perpendiculars on those tangents, then 

p2 = a2 cos2a + b2 sin2a, p'2 — a2 sin2a + b- cos2a, p2 + p'2 = a2 + b2. 

But the square of the distance from the centre, of the intersection of two lines which 

cut at right angles, is equal to the sum of the squares of its distances from the lines 

themselves. The distance, therefore, is constant, and the required locus is a circle 

(see p. 166, Ex. 4). 

179. The chords which join the extremities of any diameter 

to any point on the curve are called supplemental chords. 

Diameters parallel to any pair of supplemental chords are 

conjugate. 

For if we consider the triangle formed by joining the extre¬ 

mities of any diameter AB to any point on the curve D ; since, 

by elementary geometry, the line joining the middle points of 

two sides must be parallel to the third, the diameter bisecting 

AD will be parallel to BD, and the diameter bisecting BD will 

be parallel to AD. The same thing may be proved analytically, 

by forming the equations of AD and BD, and showing that the 

product of the tangents of the angles made by these lines with 

. V 
the axis is = -—§. 

a2 

This property enables us to draw geometrically a pair of con¬ 

jugate diameters making any angle with each other. For if we 

describe on any diameter a segment of a circle, containing the 

* In like manner, p2 = a'2 cos2a + b'2 cos2/?, a and /3 being the angles the perpen¬ 

dicular makes with any pair of conjugate diameters. 
\ 
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given angle, and join the points where it meets the curve to the 

extremities of the assumed diameter, we obtain a pair of supple¬ 

mental chords inclined at the given angle, the diameters parallel 

to which will be conjugate to each other. 

Ex. 1. Tangents at tlie extremities of any diameter are parallel. 

OCX* 'U'U* 
Their equations are — + '^T — + 1. 

This also follows from the first theorem of Art. 146, and from considering that the 

centre is the pole of the line at infinity (Art. 154). 

Ex. 2. If any variable tangent to a central conic section meet two fixed parallel 

tangents, it will intercept portions on them, whose rectangle i3 constant, and equal 

to the square of the semi-diameter parallel to them. 

Let us take for axes the diameter parallel to the tangents and its conjugate, then 

the equations of the curve and of the variable tangent will be 

jp _ -. sex' yy' _ 

a"2 + b'2 ~ ’ a"2 + b'2 ~ 

The intercepts on the fixed tangents are found by making x alternately = ±af in the 

latter equation, and we get 

pi 
and, therefore, their product is —2 

y 
which, substituting for y’2 from the equation of the curve, reduces to bn. 

Ex. 3. The same construction remaining, the rectangle under the segments of the 

variable tangent is equal to the square of the semi-diameter parallel to it. 

For, the intercept on either of the parallel tangents is to the adjacent segment 

of the variable tangent as the parallel semi-diameters (Art. 149); therefore, the rect* 

angle under the intercepts of the fixed tangent is to the rectangle under the segments 

of the variable tangent as the squares of these semi-diameters; and, since the first 

jectangle is equal to the square of the semi-diameter parallel to it, the second rect* 

angle must be equal to the square of the semi-diameter parallel to it. 

Ex. 4. If any tangent meet any two conjugate diameters, the rectangle under its 

segments is equal to the square of the parallel semi-diameter. 

Take for axes the semi-diameter parallel to the tangent and its conjugate; then 

the equations of any two conjugate diameters being (Art. 170) 

if xx’ yy' . 

*=ix’ ^+-p=°> 

tjhe intercepts made by them on the tangent are found, by making x = a', to be 

y=va> 

whose rectangle is evidently = V2. 

We might, in like manner, have given a purely algebraical proof of Ex. 3. 

Hence, also, if the centre be joined to the points where two parallel tangents meet 

any tangent, the joining lines will be conjugate diameters. 

Ex. 5. Given, in magnitude and position, two conjugate semi-diameters, Oa, Ob, 

of a central conic, to determine the position of the axes. 
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The following construction is founded on the theorem proved in the last 

ExampleThrough a the extremity of either diameter, 

draw a parallel to the other; it must of course be a tan¬ 

gent to the curve. Now, on Oa take a point P, such 

that the rectangle Oa.aP — Ob- (on the side remote from 

0 for the ellipse, on the same side for the hyperbola), 

and describe a circle through 0, P, having its centre on 

aC, then the lines OA, OB are the axes of the curve; 

for, since the rectangle Aci.aB = Oa.aP = Ob2, the lines 

OA, OB are conjugate diameters, and since AB is a dia¬ 

meter of the circle, the angle A OB is right. 

Ex. 6. Given any two semi-diameters, if from the extremity of each an ordinate 

be drawn to the other, the triangles so formed will be equal in area. 

Ex. 7. Or if tangents be drawn at the extremity of each, the triangles so formed 

will be equal in area. 

THE NORMAL. 

180. A line drawn through any point of a curve perpen¬ 

dicular to the tangent at that point is called the Normal. 

Forming, by Art. 32, the equation of a line drawn through 

, we find for the equation 

of the normal to a conic 

[x'y) perpendicular to -f -~- = 2 

^ (y-/) = §; (*-*'), 

or 
Vy a X V y _ 2 

/ ' ^ 
X y 

<? being used, as in Art. 161, to denote a2 — h'\ 

Hence we can find the portion GN intercepted by the normal 
on either axis; for, making y = 0 in 

the equation just given, we find 

c , a , 
x = x , or x — ex. 

We can thus draw a normal to 

an ellipse from any point on the axis, 

for given GN we can find x\ the abscissa of the point through 
which the normal is drawn. 

The circle may be considered as an ellipse whose eccentricity 

— 0, since c —a —b2== 0. The intercept GN, therefore, is con¬ 

stantly = 0 in the case of the circle, or every normal to a circle 
passes through its centre. 
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181. The portion MN intercepted on the axis between the 

normal and ordinate is called the Subnormal, Its length is, by 

the last Article, 
, * , l2 , 

x ~—,x — —>x , 
a2 a1 

The normal, therefore, cuts the abscissa into parts which are in 

a constant ratio. 

If a tangent drawn at the point P cut the axis in P, the in¬ 

tercept MT is, in like manner, called the Subtangent, 

a2 
Since the whole length CT=-? (Art. 169), the subtangent 

x 
2 

®_/ 

X 

2 /2 a — x 

x 

The length of the normal can also be easily found. For 

PN‘ = PM2 + NM1 = if2 + -4 x2 = -2 (£ y2 + — x'2) . 

But if V be the semi-diameter conjugate to (7P, the quantity 

within the parentheses = 5/2 (Art. 173). Hence the length of the 

normal PN — — . 
a 

If the normal be produced to meet the axis minor, it can be 

ab' 
proved, in like manner, that its length = . Hence, the rect¬ 

angle under the segments of the normal is equal to the square of 

the conjugate semi-diameter. 

Again, we found (Art. 175) that the perpendicular from the 

centre on the tangent = ~ . Hence, the rectangle under the 

normal and the 'perpendicular from the centre on the tangent is 

constant and equal to the square of the semi-axis minor. 

Thus, too, we can express the normal in terms of the angle 

it makes with the axis, for 

PxV=- = 
b2 

p V[dl cos'2a + P sin2a) 
(Art. 178); = . _ - 

•\/( 1 — e2 sin2a) * 

Ex. 1. To draw a normal to an ellipse or hyperbola passing through a given point. 

The equation of the normal, o}x'y — b-x'y — c2x'y\ expresses a relation between 

the coordinates x'y' of any point on the curve, and xy the coordinates of any point 

on the normal at x'y'. We express that the point on the normal is known, and the 

point on the curve sought, by removing the accents from the coordinates of the latter 



THE NORMAL. 175 

point, and accentuating those of the former. Thus we find that the points on the 

curve, whose normals will pass through (x'y') are the points of intersection of the 

given curve with the hyperbola 

c* 2xy — arx'y — b2y'x. 

Ex. 2. If through a given point on a conic any two lines at right angles to each 

other be drawn to meet the curve, the line joining their extremities will pass through 

a fixed point on the normal. 

Let us take for axes the tangent and normal at the given point, then the equation 

of the curve must be of the form 

ax2 + 2 hxy + by2 + 2fy = 0, 

(for e = 0, because the origin is on the curve, and g = 0 (Art. 144), because the tan¬ 

gent is supposed to be the axis of x, whose equation is y — 0). 

Now, let the equation of any two lines through the origin be 

x2 + 2pxy + qy2 = 0. 

Multiply this equation by a, and subtract it from that of the curve, and we get 

2 (7t- ap) xy + (b — aq) y2 + 2fy = 0. 

This (Art. 40) is the equation of a locus passing through the points of intersection 

of the lines and conic; but it may evidently be resolved into y — 0 (the equation of 

the tangent at the given point), and 

2 (h — ap) x + (b — aq) y + 2f = 0, 

which must be the equation of the chord joining the extremities of the given lines. 
2 f 

The point where this chord meets the normal (the axis of y) is y = —-k— - but if 
aq — o 

the lines are at right angles q — — 1 (Art. 74), and the intercept on the normal has 

the constant length 

-_Jf * 
~ a+b' 

If the curve be an equilateral hyperbola, a + b = 0, and the line in question is 

constantly parallel to the normal. Thus then, if through any point on an equilateral 

hyperbola be drawn two chords at right angles, the perpendicular let fall on the line 

joining their extremities is the tangent to the curve. 

Ex. 3. To find the coordinates of the intersection of the tangents at the points 

x"y". 

The coordinates of the intersection of the lines 

1 x'x fy ~ 1 
a2 b2 ’ a2 + b2 ’ 

are 
a2 W - y") b2 (x’ - x") 

* = y = 
y'x" - y''x' ’ x'y" - y'x" 

Ex. 4. To find the coordinates of the intersection of the normals at the points 

x'y', x'y". 

Ans. x = 
- (a2 ~ &2) x’x"X _ (b2 - a2) y’y"Y 

a1 y~- 

* This theorem null be equally true if the lines be drawn so as to make with the 

normal angles the product of whose tangents is constant, for, in this case, q is 
2 f 

constant, and, therefore, the intercept —~A— is constant. 
aq — 0 



THE NOKMAL. 176 

where X, Y are the coordinates of the intersection of tangents, found in the last 

Example. . 
The values of X and Y may be written in other forms. Since by combining the 

equations 

a? + b2 ~ ’ a2 + b2 r 

we get the results, 

hence 

We can also prove 

x'2y”2 _ y'2x"2 = b2 (pc'2 - x"2) ~-a2 (y'2 - y"2) j 

v _ x'y" + y'x" _ x'y" + yV' 

A y' + y" ’ x' + x" 

X = 
(x' + x") 

1 + 
x'x" 

ai 
y'y"* 

b2 

Y = 
in' + y") 
x'x" y'y". 

1+ a2 + b2 

181 (a). Let CP, CQ be a 

of an ellipse; let the normal 

PN meet CQ in P] take PD, 

PD' each equal to CQ; then 

the lengths of the lines CD, 

CP/ are a — b, a-\-b respec¬ 

tively. 

For 

CD'2= CP2+PDr2+2PD\ PR, 

but 

CP2+PD'2=d2+ V1 (Art. 173), 

pair of conjugate semi-diameters 

and 2PD\ PR = 2ab (Art. 175). 

Hence CD'2 — (a + b)2. Similarly for CD. 

The axis-major bisects the angle DCD'. For the line 

B’N= D'P + V + — = - (a + b). 
a a x J 

Similarly DN= — (a - b). At the point N, therefore, the 
CL 

base of the triangle DCD' is divided in the ratio of the sides, 

and, therefore, CN is the internal bisector of the vertical angle. 

In like manner, it is proved that CN' is the external bisector. 

Hence then, being given two conjugate semi-diameters 

CP, CQ in magnitude and position, we are given the axes in 

magnitude and position. For we have only from P to let fall 

on CQ the perpendicular PR', to take PD, PD' each equal CQ] 

then the axes are in direction the bisectors of the angle DCD'; 

while their lengths are the sum and difference of CD, CD'. 
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THE FOCI. 

182. If on the axis major of an ellipse we take two points 

equidistant from the centre whose com¬ 

mon distance 

= ±V(a2-~&2), or = ±c, 

these points are called the foci of the 

curve. 

The foci of a hyperbola are two points on the transverse 

axis, at a distance from the centre still = ±c, c being in the 

hyperbola 
= j[d2 + b2). 

To express the distance of any point on an ellipse from the 

focus. 

Since the coordinates of one focus are (# = + <?, ^ = 0), the 

square of the distance of any point from it 

= (x' - c)2 + y'2 = x2 + y'2 - 2 ex' + c2. 

But (Art. 173) 

x'2 + y'2 = h2 + eV, and b2 4- c2 = a\ 

Hence FF3 = d2 - 2cz' + eV2; 

and recollecting that c = ae, we have 

FF — a — ex'. 

[We reject the value [ex' — a) obtained by giving the other 

sign to the square root. For, since x is less than a, and e less 

than I, the quantity ex' — a is constantly negative, and there¬ 

fore does not concern us, as we are now considering, not the 

direction, but the absolute magnitude of the radius vector FPf 

We have, similarly, the distance from the other focus 

F'F— a + ex'j 

since we have only to write — c for + c in the preceding formulae. 

Hence FF+ F'P=2ay 

or, The sum of the distances of any point on an ellipse from the 

foci is constant, and equal to the axis major. 

183. In applying the preceding proposition to the hyperbola, 

we obtain the same value for FP2; but in extracting the square 
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root we must change the sign in the value of FP, for in the 

hyperbola x is greater than a and e is greater than 1. Hence, 

a — ex is constantly negative; the absolute magnitude there¬ 

fore of the radius vector is 

FP = ex - a. 

In like manner F'P = ex' + a. 

Hence F'P— FP=<2a. 

Therefore, in the hyperbola, the difference of the focal radii is 

constant, and equal to the transverse axis. 

The rectanqle under the focal radii = ± [a1 — e2x2)* that is, 

(Art. 173) = b'*. 

184. The reader may prove the converse of the above results 

by seeking the locus of the vertex of a triangle, if the base and 

either sum or difference of sides be given. 

Taking the middle point of the base (—2c) for origin, the 

equation is 

V( yl + (c + xY] ± \%a + (c - xf) = 2a, 
% 

which, when cleared of radicals, becomes 

Now, if the sum of the sides be given, since the sum must 

always be greater than the base, a is greater than c, therefore 

the coefficient of y2 is positive, and the locus an ellipse. 

If the difference be given, a is less than c, the coefficient of y* 

is negative, and the locus a hyperbola. 

185. By the help of the preceding theorems we can describe 

an ellipse or hyperbola mechanically. 

If the extremities of a thread be fastened at two fixed points 

F and F\ it is plain that a pencil moved about so as to keep the 

thread always stretched will describe an ellipse whose foci are F 

and F\ and whose axis major is equal to the length of the thread. 

In order to describe a hyperbola, let a ruler be fastened at 

one extremity (F)) and capable of moving 

round it, then if a thread, fastened to a 

fixed point F\ and also to a fixed point on 

the ruler (i2), be kept stretched by a ring 

at P, as the ruler is moved round, the point 
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Pwill describe a hyperbola; for, since the sum of F'P and PR 

is constant, the difference of FP and F'P will be constant. 

186. The polar of either focus is called the directrix of the 

conic section. The directrix must, therefore 

(Art. 169), be a line perpendicular to the axis 

a2 
major at a distance from the centre =+ — . 

c 

Knowing the distance of the directrix from 

the centre, we can find its distance from any 

point on the curve. It must be equal to 

Cl / Cl . r\ 1 / f\ 
-x , or = - [a — ex = - (a - ex ). 
c 1 c J e x 

But the distance of any point on the curve from the focus 

— a —ex'. Hence we obtain the important property, that the 

distance of any point on the curve f rom the focus is in a constant 

ratio to its distance from the directrix, viz. as e to 1. 

Conversely, a conic section may be defined as the locus of a 

point whose distance from a fixed point (the focus) is in a con¬ 

stant ratio to its distance from a fixed line (the directrix). On 

this definition several writers have based the theory of conic 

sections. Taking the fixed line for the axis of x, the equation 

of the locus is at once written down 

(x - x'f j-(y- yf = e'y, 

which it is easy to see will represent an ellipse, hyperbola, or 

parabola, according as e is less, greater than, or equal to 1. 

Ex. If a curve be such that the distance of any point of it from a fixed point 

can be expressed as a rational function of the first degree of its coordinates, then the 

curve must be a conic section, and the fixed point its focus (see O’Brien’s Coordinate 

Geometry, p. 85). 

Eor, if the distance can be expressed 

p = Ax + By + C, 

since Ax + By + C is proportional to the perpendicular let fall on the right line whose 

equation is (Ax + By + C — 0) the equation signifies that the distance of any point of 

the curve from the fixed point is in a constant ratio to its distance from this line. 

187. To find the length of the perpendicular from the focus on 

the tangent. 

The length of the perpendicular from the focus (+ c, 0) on 
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the line = 1 j is, by Art. 34, 

but, Art. 175, + !*)=«V 

Hence (see fig. p. 177) 

FT= | (a - ex') = | FP. 

Likewise F’ T = % la + ex') = FP. 
0 0 

Hence FT.F' T' = P (sinc e a2 ~ e‘V2 = 6'2), 

or, 77/<? rectangle under the focal 'perpendiculars on the tangent is 

constant, and equal to the square of the semi-axis minor. 

This property applies equally to the ellipse and the hyperbola. 

188. The focal radii make equal angles with the tangent. 

For we had 

but 

h FT 
FT= FP or - = 

7/ J u TTT> h 

FT 

FP 

FP 

— sin FPT. 

b 

b'; 

Hence the sine of the angle which the focal radius vector FP 

makes with the tangent = y>. But we find, in like manner, 

the same value for sinF'PT\ the sine of the angle which the 
other focal radius vector F'P makes with the tangent. 

The theorem of this article is true both for the ellipse and 
hyperbola, and, on looking at the 
figures, it is evident that the tangent 
to the ellipse is the external bisector 
of the angle between the focal radii, 
and the tangent to the hyperbola the 
internal bisector. 

Hence, if an ellipse and hyperbola, 
having the same foci, pass through the same point, they will cut 

each other at right angles, that is to say, the tangent to the ellipse 
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at that point will be at right angle3 to the tangent to the 
hyperbola. 

Ex. 1. Prove analytically that confocal conics cut at right angles. 

The coordinates of the intersection of the conics 

satisfy the relation obtained by subtracting the equations one from the other, viz. 

z'2 (b2 - b*) y'2 _ 
7 o 7 f.l 'J • 

2„'2 a-a b2b’2 

But if the conics be confocal, a2 — a'2 = b2 — b’2, and this relation becomes 

x'2 v’2 
- -i—y- - 0. 
a2a'2 b2o’2 

But this is the condition (Art. 32) that the two tangents 

a2 b2 
1, 

■ke' yy’ _ 
0'2 + yz ~ -L> 

should be perpendicular to each other. 

Ex. 2. Find the length of a line drawn through the centre parallel to either focal 

radius vector, and terminated by the tangent. 

This length is found by dividing the perpendicular from the centre on the tangent 

the sine of the angle between the radius vector and tangent, and is 

therefore = a. 

Ex. 3. Yerify that the normal, which is a bisector of the angle between the focal 

radii, divides the distance between the foci into parts which are proportional to the 

focal radii (Euc. vi. 3). The distance of the foot of the normal from the centre is 

(Art. 180) = e2x . Hence its distances from the foci are c + e2x' and c — e2x, quantities 

which are evidently e times a + exJ and a — ex'. 

Ex. 4. To draw a normal to the ellipse from any point on the axis minor. 

Ans. The circle through the given point and the two foci, will meet the curve at 

the point whence the normal is to be drawn* 

189. Another important consequence may be deduced from 
the theorem of Art. 187, that the rectangle under the focal per¬ 
pendiculars on the tangent is constant. 

For, if we take any two tangents, we have (see figure, next 
page) 

FT.F' T' = Ft. F’t', or F- 
Ft 

F't' 
F'T'* 

FT. 
but is the ratio of the sines of the parts into which the line 

-Ft 

FF divides the angle at P, and is the ratio of the sines of 
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the parts into which F'P divides the same angle ; we have, there 

fore, the angle TPF= t'PF'. 

If we conceive a conic section to pass 

through P, having F and F' for foci, it 

was proved in Art. 188, that the tangent 

to it must be equally inclined to the lines 

PP, F'P\ it follows, therefore, from 

the present Article, that it must be also 

equally inclined to PP, Pt\ hence we learn that if through any 

point (P) of a conic section we draw tangents (PP, Pt) to a con- 

focal conic section, these tangents will he equally inclined to the 

tangent at P. 

190. To find the locus of the foot of the perpendicular let fall 

from either focus on the tangent. 

The perpendicular from the focus is expressed in terms of 

the angles it makes with the axis by putting x' = c, y' = 0 in the 

formula of Art. 178, viz., 

p — f (a2 cos2 a -f F sin2 a) — xr cos a — y sin a. 

Hence the polar equation of the locus is 

p — f[(P cos2 a + F sin2 a) — c cos a, 

or p2 + 2cp cos a + c2 cos2 a = a2 cos2 a + F sin2 a, 

or p2 -f 2cp cos a = F. 

This (Art. 95) is the polar equation of a circle whose centre 

is on the axis of a?, at a distance from the focus = — c; the circle 

is, therefore, concentric with the curve. The radius of the circle 

is, by the same Article, = a. 

Hence, If ice describe a circle having for diameter the trans¬ 

verse axis of an ellipse or hyperbola, the perpendicular from the 

focus will meet the tangent on the circumference of this circle. 

Or, conversely, if from any point F (see figure, p. 177) we 

draw a radius vector FT to a given circle, and draw TP perpen¬ 

dicular to FT\ the line TP will always touch a conic section, having 

F for its focus, which will he an ellipse or hyperbola, according as 

F is within or without the circle. 

It may be inferred from Art. 188, Ex. 2, that the line CT) 

whose length = a, is parallel to the focal radius vector F'P. 
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191. To find the angle subtended at the focus by the tangent 

drawn to a central conic from any point {xy). 

Let the point of contact be (x'y'), the centre being the origin, 

then, if the radii from the focus F to the points {xy), (xy ), 

be p, p , and make angles 6, 6', with the axis, it is evident that 

n x + c . n y „ x' + c . a, y 
cos6 = •-. sin0 = -; cos# =-—, sin a — 

p p p p 

TT ,r\ /v\ (x +c) iXd- c) + yy Hence cos (6-0)='-——7—^—— ; 
PP 

but from the equation of the tangent we must have 

, vjL _, 

IF + b* ~ 
Substituting this value of yy', we get 

b2 
pp cos (6 — O') = xx -f cx + ex' + c2-0 xx -f b*. 

a~ 

or = e2xx' -}- cx -f cx' + a2 = (a + ex) (a + ex'); 

or, since p — a + ex', we have, (see O’Brien’s Coordinate 

Geometry, p. 156), 

cos {6 - O') = 
a + ex 

Since this value depends solely on the coordinates xy, and doe3 

not involve the coordinates of the point of contact, either tangent 

drawm from xy subtends the same angle at the focus. Hence, 

The angle subtended at the focus by any chord is bisected by the 

line joining the focus to its pole. 

192. The line joining the focus to the pole of any chord 

passing through it is perpendicular to that chord. 

This may be deduced as a particular case of the last Article, 

the angle subtended at the focus being in this case 180°; or 

directly as follows:—The equation of the perpendicular through 

any point x'y to the polar of that point ^ = 1^ is, as i 

Art. 180, a2x b2y 

in 

x y 
c\ 

a 
But if x'y' be anywhere on the directrix, we have x' = — , and 

c 

it will then be found that both the equation of the polar and that 

of the perpendicular are satisfied by the coordinates of the focus 

[x = c,y= 0). 
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When in any curve we use polar coordinates, the portion 

intercepted by the tangent on a perpendicular to the radius vector 

drawn through the pole is called the polar subtangent. Hence 

the theorem of this Article may be stated thus: The focus being 

the 'pole, the locus of the extremity of the polar subtangent is the 

directrix. 
It will be proved (Chap, xii.) that the theorems of this and 

the last Article are true also for the parabola. 

Ex. 1. The angle is constant which is subtended at the focus, by the portion in¬ 

tercepted on a variable tangent between two fixed tangents. 

ByArt.l91,it is half the angle subtended by the chord of eontaet of the fixed tangents. 

Ex. 2. If any chord PP' cut the direc¬ 
trix in D, then FD is the external bisector 

of the angle PFP’. For FT is the internal 

bisector (Art. 191); but D is the pole of 

FT (since it is the intersection of PP', the 

polar of T, with the directrix, the polar of 

F); therefore, DF is perpendicular to FT, 
and is therefore the external bisector. 

[The following theorems (communi¬ 

cated to me by the Rev. W. D. Sadleir) are 

founded on the analogy between the equations of the polar and the tangent.] 

Ex. 3. If a point be taken anywhere on a fixed perpendicular to the axis, the per¬ 

pendicular from it on its polar will pass through a fixed point on the axis. For the 

intercept made by the perpendicular will (as in Art. 180) be e7x', and will therefore be 

constant when xr is constant. 

Ex. 4. Find the lengths of the perpendicular from the centre and from the foci on 

the polar of x'yf. 

Ex. 5. Prove CM. PN' = b2. This is analogous to the theorem that the rectangle 

under the normal and the central perpendicular on 

tangent is constant. 

Ex. 6. Prove PN'.NN’ --(a7 - e V2). When 
a2 

P is on the curve this equation gives us the known 

bb* 
expression for the normal = — (Art. 181). 

Ex. 7. Prove FG . F'G’ - CM.NN'. When P is 

on the curve this theorem becomes FG.F’G' — b2. 

193. To find the polar equation of the ellipse or hyperbola, 

the focus Fr being the pole. 

The length of the focal radius vector (Art. 182)—a—ex'\ 

but x (being measured from the centre) = p cos 6 + c. 

Hence p = a — ep cos 0 — ec, 

a h2 1 



THE FOCI 185 

The double ordinate at the focus is called the parameter ; its 

half is found, by making 6 = 90° in the equation just given, to be 

b2 
= — = a (I — e2). The parameter is commonly denoted by the 

letter p. Hence the equation is often written 

P 1 
^ 2 * 1 + e cos 6 ’ 

The parameter is also called the Latus Rectum. 

Ex. 1. The harmonic mean between the segments of a focal chord is constant, 

and equal to the semi-parameter. 

For, if the radius vector FP, when produced backwards through the focus, meet 

P I 
the curve again in P', then FP being — . ^ + e cos 0 ’ 

will. ----„ . 
2 1 — e cos 0 

FPYwdmd1 answers to (0 + 180°), 

Hence 
i i _4 

FP + FP' * 

Ex. 2. The reetangle under the segments of a focal ehord is proportional to the 

whole chord. 

This is merely another Way of stating the result of the last Example; but it may 

be proved directly by calculating the quantities FP. FP', and FP + FP', which are' 

easily seen to be respectively 

F _1_ 252 1 

a2 1 — e- cos2d r &n a 1 — e2 cos20 

El 3. Any focal chord is a third proportional to the transverse axis and the 

parallel diameter. 

For it will be remembered that the length of a semi-diameter making an angle 0 

with the transverse axis is (Art. 161) 

b2 
R2- _ 

1 - e2 cos-0 • 

2722 
Hence the length of the ehord FP + FP' found in the last' Example = . 

Ex. 4. The sum of two focal chords drawn parallel to two conjugate diameters is 

constant. 

For the sum of the squares of two conjugate diameters is constant (Art. 173). 

Ex 5. The sum of the reciprocals of two focal chords at right angles to each other 

is constant. 

or 

104. The equation of the ellipse, referred to the vertex, is 

(x-af f 

a2 + V‘ ’ 

b‘‘ , V , 
y — — x-x = px —- x . 
J a a 1 a 

B B 
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Hence, in the ellipse, the square of the ordinate is less than the 

rectangle under the parameter and abscissa. 

The equation of the hyperbola is found in like manner, 

2 b2 3 
y = j)x q—„ x. 

a" 

Hence, in the hyperbola, the square of the ordinate exceeds the 

rectangle under the parameter and abscissa. 

We shall show, in the next chapter, that in the parabola 

these quantities are equal. 

It was from this property that the names parabola, hyperbola, 

and ellipse, were first given (see Pappus, Math. Coll., Book vii.). 

CONFOCAL CONICS.* 

194 (a). Since the distance between the foci is 2c, where 

c2 = a2 — 62, two concentric and coaxal conics will have the same 

foci when the difference of the squares of the axes is the same 

for both; and if we take the ellipse whose semi-axes are a 

and &, any conic will be confocal with it, whose equation is 

of the form 

+ /__=1 

a2 ± A2 + b2 ± X2 

If we give the positive sign to A2, the confocal conic will be 

an ellipse; it will also be an ellipse when A2 is negative as 

long as it is less than b2. When A2 is between h2 and a2, the 

curve will be a hyperbola, and when A2 is greater than a2, the 

curve is imaginary. If A2 = &2, the equation reducing itself 

to y2 — 0, the axis of x is itself the limit which separates con¬ 

focal ellipses from hyperbolas. But the two foci belong to this 

limit in a special sense. In fact, through a given point can 

in general be drawn two conics confocal to a given one, since 

we have a quadratic to determine A2, viz. 
/2 

x" y _ 1 

tf-V + V-\' - ’ 

or - V (d2 + V - x’~‘ - if1) + aV - Vx‘ - ay* = 0. 

When y — 0, this quadratic becomes (A2- b2) (A2 — a -f x2) — 0, 

and one of its roots is A2 = 62, but if we have also x2 = a — &2, 

* Tliis section may be omitted on a first reading, 
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the second root is also A2 = P, and therefore the two foci are in 

a special sense points corresponding to that value of A2. 

If in the quadratic for A2 we substitute A2 = a2, we get the 

positive result (a2 — b2) x2; if we substitute A2 = b2 we get the 

negative result (h2 — a2) y'2; if we substitute negative infinity we 

get a positive result; hence, one of the roots lies between 

a2 and P, and the other is less than b2; that is to say, one 

of the conics is a hyperbola and the other an ellipse, as is 

evident geometrically. In fact, through a given point P can 

clearly be described two conics having two given points F' F' 
for foci; viz. the ellipse, whose major axis is the sum of FP\ 

F'P, and the hyperbola whose transverse axis is the difference 

of the same lines. Conversely, if P, a' be the semi-axes major 

of the ellipse and hyperbola, FP and F'P are a + a' and 

194 (b). This theory can be made to furnish a kind of 

coordinate system which is sometimes employed; viz. any point 

P is known when we know the axes of the two conics, confocal 

to a given one, which can be drawn through it; and in terms 

of these axes can be expressed the ordinary coordinates of P, 

and the lengths of all other lines geometrically connected with 

it. Perhaps the easiest way of getting such expressions is 

to investigate anew the problem of drawing through P a conic 

with given foci, taking for unknown quantity the transverse 

axis of the conic. Then since c2 is known, we write a2 — c2 for 

P, and have 
' n /2 

x y . 

a* + «2 - c2 ’ 

or a4 — a2 (x2 + y'2 + c2) + c2x2 — 0. 

In like manner, if b2 had been taken as the unknown quantity 

we should have had 

b* - b2 (x'2 + y'2 - c2) - cY = 0. 

The products of the roots of these equations are respectively 

cV2 and — c‘Y2. Hence, we have at once expressions for the 

coordinates of the intersections of two confocal conics, viz. 

cV2 = a'V/2, Cy2 = — b'2b"2. The last value being negative, 

it follows that one of the values of b2 is positive and the other 
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negative ; that is to say, that one of the conics is an ellipse 

and the other a hyperbola. Considering then b"2 as containing 

implicitly a negative sign, the values we have obtained for the 

coordinates may be written symmetrically 
'2 rr'i a a V*b'n 

PW' 

194 (c). From the second term in either of the equations 

we get an expression for the square of the radius vector to 

the point P, viz. 

af2 4 tf* = a'2 -f a"2 - d* = a'2 4 bfn = bn 4 a"l 

This also may be got by adding the expressions for a/2 and 

just found, since 

a'V'2 - bnbm = an (a"2 - b"2) 4 bm (a'2 - bf\ 

and «/2 - V2 - a"2 - b"2 = el 

The square of the semi-diameter of the ellipse conjugate to 

CP is given by the equation /32 ®= a2 4 b'2 - (a2 4 b"2)^ and is 

therefore V2 — b"2 or a'2 — a"l 

Ify>' be the perpendicular on the tangent to the ellipse at P, 

we have ftp — aband therefore 

In like manner if p” be the perpendicular on the tangent to 

the hyperbola we have 

a"2b"2 
rr'i r-i “ 

a — a 

The reader will observe the symmetry which exists between 

these values for y/2, y//2, and the values already found for 

a/2, y2. If the two tangents at P be taken as axes of coor¬ 

dinates, p” are the coordinates of the centre C. The 

analogy then between the values for p\ pr and those for sc', 

may be stated as follows; With the point P as centre, two 

confocal conics may be described having the tangents at P 

as axes, and intersecting in C. The axes of the new system 

are a\ a"; b', and the tangents at C to the new system 

are the axes of the old system. 
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194 (d). Returning to the quadratic of 194(a), if A'2, A"2 

be the roots, we have A/2A//2 = a2P- PP2 — c?y2. Now if xy' 
2 2 

£C V 
be a point external to + |*g = 1, we have A'2 = a'2 —a2, 

A"2 = a"2 — a2; and it will be observed that A"2 is essentially 

negative, since the axis of any hyperbola of the system is less 

than that of any ellipse. Thus we have 
/2 /2 t 2\ / 2 //2\ a: ty -t _\a — o, ) [a — a ) 
2 "t JJ t 2 72 * 

a o a o 

The expression given (Ex. 3, Art. 169) for the angle between 

the tangents to an ellipse from an external point may be thrown 

into the form 

Now, when we have a formula tan<£ = ^-s, we have at once 
A — fju 

tan-|<£ = ^, or in the present case = , (/---■ ° A . 

We have seen (Art. 189) that the tangents PP, Pt are 

equally inclined to the tangent to the confocal ellipse at P, or, 

in other words, that that tangent is the external bisector of the 

angle TPt. If then that tangent make an angle ^ with PP, 

will be the complement of and we have 
t , 2 //2 \ _ /fa -a \ 

Cor. 1. We have always 

a'2 cos>-f a"2 sin2 \Jr = a2. 

/2 //<! — a > 

Cor. 2. If on the tangents PP, Pt be taken from P 

portions, equal respectively to the focal distances PP, PP', 

the length of the line joining their extremities will be 2a. For 

if we consider the triangle whose sides are a -f a", a — a" (see 

Art. 194a) and 2a, and apply the ordinary trigonometric formula 

tan2AO = 3—r - g we find for the angle between the first 
2 s(s-c) 5 8 

two lines the same value as that just found for <£. 

Cor. 3. If from a point P tangents be drawn to two fixed 

eonfocal ellipses, the ratio (sin-v/r : sin \jr') of the sines of the 
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angles which these tangents make with the tangent to the 

eonfocal ellipse passing through Pwill be constant while P moves 

on that ellipse. For if a and A be the semi-axes of the 

interior ellipses, we have, from what has been just proved, 

sin-^ / / a1 — a2 \ 

sin\// \f \a 2 — A'y ’ 

an expression not involving ar\ and therefore the same for 

every point on the ellipse a. 

THE ASYMPTOTES. 

195. We have hitherto discussed properties common to the 

ellipse and the hyperbola. There is, however, one class of pro¬ 

perties of the hyperbola which have none corresponding to them 

in the ellipse, those, namely, depending on the asymptotes, 

which in the ellipse are imaginary. 

We saw that the equation of the asymptotes was always 

obtained by putting the terms containing the highest powers of 

the variables = 0, the centre being the origin. Thus the equation 

of the curve, referred to any pair of conjugate diameters, being 

_ l_ - i 
cl" ' bft > 

that of the asymptotes is 

x tj x v , x ?/ 
5J - f>a = 0, or - - '4 = o, and - + f, = 0. 
I o a b a b a 

Hence the asymptotes are parallel to the diagonals of the paral¬ 

lelogram, whose adjacent sides are any pair of conjugate semi¬ 

diameters. For, the equation of 
y b' 

CTis - = , and must, therefore, 
x a 

coincide with one asymptote, while 

the equation of AB = 1^ 

is parallel to the other(see Art. 167). 

Hence, given any two conjugate diameters, we can find the 

asymptotes; or, given the asymptotes, we can find the diameter 

conjugate to any given one; for if we draw AO parallel to one 

asymptote, to meet the other, and produce it till OB = AO) we 

find B} the extremity of the conjugate diameter. 
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196. The portion of any tangent intercepted by the asymptotes 

is bisected at the curve, and is equal to the conjugate diameter. 

This appears at once from the last Article, where we have 

proved AT =b' = AT'; or directly, taking for axes the diameter 

through the point and its conjugate, the equation of the asymp¬ 

totes is 

Hence, if we take cr = a/, we have y = ±b' • but the tangent at 

A being parallel to the conjugate diameter, this value of the 

ordinate is the intercept on the tangent. 

197. If any line cut a hyperbola, the portions DE, FG, in¬ 

tercepted between the curve and its asymptotes, are equal. 

For, if we take for axes a 

diameter parallel to DG and 

its conjugate, it appears from 

the last Article that the por¬ 

tion DG is bisected by the 

diameter; so is also the portion 

EF\ hencqDE—FG. 

The lengths of these lines can immediately be found, for, 

from the equation of the asymptotes 

y {= DM = MG) = + x. 
CL 

Again, from the equation of the curve 

' - yl- = oN 
b'2 \ 

we have 

we have y (= EM = FM) = ±b' ^— 1^ . 

Hence DE (= FG) = V {j - f if - l)} , 

and DF{=EG)=V + - l)} . 

198. From these equations it at once follows that the rect¬ 

angle DE.DF is constant, and = b'\ Hence, the greater DF is, 

the smaller will DE be. How, the further from the centre we 

draw DF the greater will it be, and it is evident from the value 
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given in the last article, that by taking x sufficiently large, we 

can make DF greater than any assigned quantity. Hence, 

the further from the centre we draw any line, the less will he the 

intercept between the curve and its asymptote, and by increasing 

the distance from the centre, we can make this intercept less than 

any assigned quantity. 

199. If the asymptotes be taken for axes, the coefficients g 

and f of the general equation vanish, since the origin is the 

centre; and the coefficients a and b vanish, since the axes meet 

the curve at infinity (Art. 138, Ex. 4); hence the equation re¬ 

duces to the form 
xy = Id. 

The geometrical meaning of this equation evidently is, that 

the area of the parallelogram formedby the coordinates is constant. 

The equation being given in the form xy = Tc\ the equation 

of any chord is (Art. 86), 

(x - x') (y - y") = ory- F, 

or xy 4- y"x = Id + xy'. 

Making 00 00 and y' = y", we find the equation of the tangent 

xy + y'x = 2 Jd7 

or (writing x'y for Id) 

x u ^ 
"7 H-/ = 2. 
* y 

From this form it appears that the intercepts made on the 

asymptotes by any tangent =2x' and 2y \ their rectangle is, 

therefore, 4 Id. Hence, the triangle which any tangent forms vnth 

the asymptotes has a constant area, and is equal to double the area 

of the parallelogram formed by the coordinates. 

Ex. 1. If two fixed points (x'y', x"y”) on a hyperbola be joined to any variable 

point on the curve (x'"y’"), the portion which the joining lines intercept on either 

asymptote is constant. 

The equation of one of the joining lines being 

x'"y + y'x = y'x"' + k2, 

the intercept made by it from the origin on the axis of x is found, by making y— 0, to 

be x"' + x'. Similarly the intercept from the origin made by the other joining line is 

x'" + x", and the difference between these two (x' — x") is independent of the position 

of the point x'"y'". 
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Ex. 2. Find the coordinates of the intersection of the tangents at x'y', x”y”. 

Solve for x and y from 

and we find 

x'y + y'x - 27c2, x"y + y"x = 27c2i 

27c2 (xf - x") 
x — 

x'y" y'x" 

which if we substitute for y', y", 
7c2 7c2 , 2x'x" 

—r. becomes 
x" x' + x" 

Similarly ,= w 
y y' + y" 

200. To express the quantity b‘ in terms of the lengths of the 

axes of the curve. 

Since the axis bisects the angle between the asymptotes, the 

coordinates of its vertex are found, by putting x=y in the 

equation xy = to be x = y = Jc. 

Hence, if 0 be the angle between the axis and the asymptote 

a = 2li cos #, 

(since a is the base of an isosceles triangle whose sides = h and 

base angle = 0), but (Art. 165) 

cos# = 
a 

+ F) ; 

hence 
7 _ V (a2 + F) 
k- - .■ 

And the equation of the curve, referred to its asymptotes, is 

a?+F 
xy= a * 

201. The 'perpendicular from the focus on the asymptote is 

equal to the conjugate semi-axis h. 

For it is GF sin #, but CF = fia2 -{■ l?), and sin 6 = *—— . 
’ v n f(a2-\-F) 

This might also have been deduced as a particular case of the 

property, that the product of the perpendiculars from the foci on 

any tangent is constant, and = — F. For the asymptote may be 

considered as a tangent, whose point of contact is at an infinite 

distance (Art. 154), and the perpendiculars from the foci on it 

are evidently equal to each other, and on opposite sides of it. 

202. The distance of the focus from any point on the curve is 

equal to the length of a line drawn through the point parallel to an 

asymptote to meet the directrix. 
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For the distance from the focus is e times the distance from 

the directrix (Art. 186), and the distance from the directrix is to 

the length of the parallel line as cos# [== ~ , Art. 167^ is to 1. 

Hence has been derived a method of describing the hyperbola 

by continued motion. A ruler ABR, bent 

at B, slides along the fixed line BB'; a 

thread of a length = RB is fastened at the 

two points R and F, while a ring at P keeps 

the thread always stretched; then, as the 

ruler is moved along, the point P will de¬ 

scribe an hyperbola, of which F is a focus, 

BD' a directrix, and BR parallel to an 

asymptote, since HFmust always =PB. 
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CHAPTER XII. 

THE PARABOLA. 

REDUCTION OF THE EQUATION. 

203. The equation of the second degree (Art. 137) will re¬ 

present a parabola, when the first three terms form a perfect 

square, or when the equation is of the form 

(ax 4 /3y)2 4 2 gx 4 2fy + c = 0. 

We saw (Art. 140) that we could not transform this equation 

so as to make the coefficients of x and y both to vanish. The 

form of the equation, however, points at once to another method 

of simplifying it. We know (Art. 34) that the quantities 

cux -f /3y, 2<gx 4 2fy 4 c, are respectively proportional to the 

lengths of perpendiculars let fall from the point (xy) on the 

right lines, whose equations are 

ax 4 Py = 0, 2gx 4 2fy 4 c = 0. 

Hence, the equation of the parabola asserts that the square of 

the perpendicular from any point of the curve on the first of 

these lines is proportional to the perpendicular from the same 

point on the second line. Now if we transform our equa¬ 

tion, making these two lines the new axes of coordinates, then 

since the new x and y are proportional to the perpendiculars 

from any point on the new axes, the transformed equation must 

be of the form y2=-px. 

The new origin is evidently a point on the curve; and since 

for every value of x we have two equal and opposite values of y, 

our new axis of x will be a diameter whose ordinates are parallel 

to the new axis of y. But the ordinate drawn at the extremity 

of any diameter touches the curve (Art. 145); therefore the new 

axis of y is a tangent at the origin. Hence the line ax + /3y is 

the diameter passing through the origin, and 2gx 4 2fy 4 c is 

the tangent at the point where this diameter meets the curve. 

And the equation of the curve referred to a diameter and 

tangent at its extremity, as axes, is of the form y2 =]?x. 
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204. The new axes to which we were led in the last article 

are in general not rectangular. We shall now show that it is 

possible to transform the equation to the form y2 the new 

axes being rectangular. If we introduce the arbitrary constant 

it is easy to verify that the equation of the parabola may be 

written in the form 

(ax + fiy -1- h)'2 + 2 (g — ah) x + 2 (/- (3k) y q- c — h? = 0. 

Hence, as in the last article, ax + (3y -f h is a diameter, 

2 (g — ah) x + 2 (f— f3h) y + c — H is the tangent at its ex¬ 

tremity, and if we take these lines as axes, the transformed 

equation is of the form y2 = px. Now the condition that these 

new axes should be perpendicular is (Art. 25) 

whence 

a(g- ah) + /3 (/- (3h) = 0, 

aff + 
«“ + /32 ’ 

Since we get a simple equation for h, we see that there is one 

diameter whose ordinates cut it perpendicularly, and this dia¬ 

meter is called the axis of the curve. 

205. We might also have reduced the equation to the form 

y2=px by direct transformation of coordinates. In Chap. XI, 

we reduced the general equation by first transforming to parallel 

axes through a new origin, and then turning round the axes so 

as to make the coefficient of xy vanish. We might equally 

well have performed this transformation in the opposite order; 

and in the case of the parabola this is more convenient, since 

we cannot, by transformation to a new origin, make the coeffi¬ 

cients of x and y both vanish. 

We take for our new axes the line ax + /3y, and the line 

perpendicular to it f3x — ay. Then since the new X and Y are 

to denote the lengths of perpendiculars from any point on the 

new axes, we have (Art. 34) 

ax + !3y v _ /3x — ay 

' “ + h 5 ” V(«* + Fj' 

If for shortness we write a! + fi2 = the formulae of trans¬ 

formation become 

7 Y ~ax-\ fty, yX = /3x — ay, 

yx — a T+/3X, yy = /3Y—aX. r whence 
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Making these substitutions in the equation of the curve it becomes 

73 Y'z -f 2 (g/3 -fa) X+2 [ga 4//S) Y-f 7 c = 0. 

Thus, by turning round the axes, we have reduced the equation 

to the form jy + 2ff'x + 2/'/+ c' = 0. 

If we change now to parallel axes through any new origin xy\ 

substituting x 4 a/, y 4 y" for x and y: the equation becomes 

b'y1 4 %gx + 2 (b'y'' 4 fr) y 4 Yyn 4 2gx 4 2fry 4 c = 0. 

The coefficient of x is thus unaltered by transformation, and 

therefore cannot in this way be made to vanish. But we can 

evidently determine x and y\ so that the coefficients of y and 

the absolute term may vanish, and the equation thus be reduced 

to y2 =px, The actual values of the coordinates of the new 

f , f'2-b'c' , . .. . 2/ 
origin are y = —'y, x — —; and p is evidently - -jf ? or 

in terms of the original coefficients 

2 (/a - .9/3) 
1> a 

)2\2 

(a2 + /S2)' 

When the equation of a parabola is reduced to the form y1 — px^ 

the quantity p is called the parameter of the diameter, which is 

the axis of x; and if the axes be rectangular, p is called the 

principal parameter (see Art. 194). 

Ex. 1. Find the principal parameter of the parabola 

9x2 + 24 xy + 1G//2 + 22a; + 4 Qy +9 = 0. 

First, if we proceed as in Art. 204, we determine h = 5. The equation may then 

be written 
(3a; + Ay + 5)2 = 2 (4a; — 3y + 8). 

Now if the distances of any point from 8a; + Ay + 5 and 4a; — 3y + 8 be Y and X, we 

have 
5 Y = 3a; + 4y + 5, 5 X = 4a; — 3y + 8, 

and the equation may be written Y2 = |X 

The process of Art. 205 is first to transform to the lines 3a; + 4y, 4a; — 3y as axes, 

when the equation becomes 

25F2 + 50F — 10 A +9 = 0, 

or 25 (F+ 1)2 = 10A + 16, 

which becomes F2 = \X when transformed to parallel axes through (— f, — 1). 

Ex. 2. Find the parameter of the parabola 

x 

a2 
2 2 xy y2 2x 2y . 
-7 + T7,-r + 1 — 0. 

ab b2 a 
Ans. 

Aa2b2 

u (a2 + b2)* . 
This value may also be deduced directly by the help of the following theorem, 

which will be proved afterwards :—“ The focus of a parabola is the foot of a perpendi- 
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cular let fall from the intersection of two tangents which cut at right angles on their 

chord of contact f and “ The parameter of a conic is found by dividing four times 

the rectangle under the segments of a focal chord by the length of that chord” 

(Art. 193, Ex. 1). 

Ex. 3. If a and b be the lengths of two tangents to a parabola which intersect at 

right angles, and m one quarter of the parameter, prove 

a* b* _ 1 
—A + — * 
bz «3 m'-i 

206. If in the original equation g/3 = fa, the coefficient of x 

vanishes in the equation transformed as in the last article; and 

that equation b'yz -b 2f'y + c =0, being equivalent to one of the 

form V {y - *■) (y - /*) = o, 

represents two real, coincident, or imaginary lines parallel to the 

new axis of x. 

We can verify that in this case the general condition that 

the equation should represent right lines is fulfilled. For this 

condition may be written 

c [ah — hz) = afz — 2hfg 4- bcf. 

But if we substitute for a, 6, respectively, a2, a/9, /92, the left- 

hand side of the equation vanishes, and the right-hand side 

becomes (/a— g/3)2. Writing the condition fa = g(3 in either 

of the forms /a2 =ga(3rfa(3 — g/3'z, we see that the general equa¬ 

tion of the second degree represents two parallel right lines 

when h2 = ab, and also either af— hg, or fh = bga 

*207. If the original axes were oblique, the equation is still 

reduced, as in Art. 205, by taking for our new axes the line 

ax 4 /9y, and the line perpendicular to it, whose equation is 

(Art. 26) (/3 - a cos go) x — (a — (3 cos go) y = 0. 

And if we write f = a2 4 /32 — 2a,3 cos go, the formulae of trans¬ 

formation become, by Art. 34, 

7 Y — (ax 4 /3y) sin co, <yX = (/9 — a cos co)x — (a — /3 cos co) y ; 

whence <yx sin co = (a - /9 cos go) Y /3X sin co • 

7y sin co — [/3 — a cos co) Y — aX sin co. 

Making these substitutions, the equation becomes 

73 W + 2 sin2 co (g/3 - fa) X 

4- 2 sin co [g (a — /3 cosco) 4 /(/9 — a cos go)} Y 4 7c sin2go = 0. 
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And the transformation to parallel axes proceeds as in Art. 205. 

The principal parameter is 

V_ 2 (fa —g(3) sin2« 

b' ' P = 
(oi2 + ft* — 2a/3 cosw) 

Ex. Find the principal parameter of 

Ans 

A * 
2 

x2 2xy y* 2x % | _ 
a2 a6 62 a & 

4a 262 sin^to 

(a2 + 62 + 2a6 cos co) i 

FIGURE OF THE CURVE. 

208. From the equation y2=jox we can at once perceive the 

figure of the curve. It must be symmetrical on both sides of the 

axis of a;, since every value for x gives two 

equal and opposite for y. None of it can 

lie on the negative side of the origin, since 

if we make x negative, y will be imagi¬ 

nary, and as we give increasing positive 

values to a?, we obtain increasing values 

for y. Hence the figure of the curve is 

that here represented. 

Although the parabola resembles the hyperbola in having in¬ 

finite branches, yet there is an important difference between the 

nature of the infinite branches of the two curves. Those of the 

hyperbola, we saw, tend ultimately to coincide with two diverg¬ 

ing right lines; but this is not true for the parabola, since, if we 

seek the points where any right line (x = ky-\-l) meets the 

parabola {y2=px)i we obtain the quadratic 

y2 - jpky —j?l — 0, 

whose roots can never be infinite as long as & and l are finite. 

There is no finite right line which meets the parabola in two 

coincident points at infinity; for any diameter (y = m), which 

meets the curve once at infinity (Art. 142), meets it once also in 

wi2 
the point x— — ; and although this value increases as m in¬ 

creases, yet it will never become infinite as long as m is finite. 

209. The figure of the parabola may be more clearly con¬ 

ceived from the following theorem: If we suppose one vertex 
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and focus of an ellipse given, while its axis major increases with¬ 

out limit, the curve will ultimately become a parabola. 

The equation of the el¬ 

lipse referred to its vertex 

is (Art. 194) 

We wish to express b in terms of the distance VF[=m), 

which we suppose fixed. We have m — a — ^c? - tf) (Art. 182), 

whence b>1 = 2am — w2, and the equation becomes 

Now, if we suppose a to become infinite, all but the first term of 

the right-hand side of the equation will vanish, and the equation 

becomes yi _ 4_mx^ 

the equation of a parabola. 

A parabola may also be considered as an ellipse whose eccen- 

tricity is equal to 1. For e2 = 1-Now we saw that —, , 
a a 

which is the coefficient of xl in the preceding equation, vanished 

as we supposed a increased, according to the prescribed condi¬ 

tions; hence el becomes finally = 1. 

THE TANGENT. 

210. The equation of the chord joining two points on the 

curve is (Art. 86) {j)_ y, q, _ y-) = y _ px> 

or (y +y")y = px + y'y". 

And if we make y" —y’, and for y'2 write its equal px\ we have 

the equation of the tangent 

2yy =p [x + x). 

If in this equation we put y — 0, we get 0C — " tJO y hence TM 

(see fig. next page), which is called the Subtangent, is bisected 

at the vertex. 

These results hold equally if the axes of coordinates are 

oblique ; that is to say, if the axes are any diameter and the 

tangent at its vertex, in which case we saw (Art. 203) that the 

equation of the parabola is still of the form y1 =px. 
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This Article enables us, there¬ 

fore, to draw a tangent at any 

point on the parabola, since we 

have only to take TV— VM and 

join PT; or again, having found 

this tangent, to draw an ordinate 

from P to any other diameter, 

since we have only to take V'M' = T'V', and join PM'. 

211. The equation- of the polar of any point xy is similar 

in form to that of the tangent (Art. 89), and is, therefore, 

2yy — p[x + x'). 

Putting y — 0, we find that the intercept made by this polar 

on the axis of x is — x ’. Hence the intercept which the polars of 

any two points cut off on the axis is equal to the intercept between 

perpendiculars from those points on that axis; each of these 

quantities being equal to (.x' — x"). 

DIAMETERS. 

212, We have said that if we take for axes anv diameter 

and the tangent at its extremity, the equation will be of the 

form y*=px. 

We shall prove this again by actual transformation of the 

equation referred to rectangular axes {y2=px), because it is 

desirable to express the new / in terms of the old p. 

If we transform the equation ff—px to parallel axes through 

any point \xy) on the cuiwe, writing x + x' and y Vy for x and 

y, the equation becomes 

y1 + 2 yy —px. 

Now if* preserving our axis of x, we take a new axis of ?/, 

inclined to that of x at an angle #, we must substitute (Art. 9), 

y sin# for y. and x + y cos0 for x, and our equation becomes 

y1 sin2# -f 2 yy sin 9 — px + py cos 6. 

In order that this should reduce to the form yl = px^ we must 

have 

2y sin 9 —p cos 0, or tan 9 = JL 
2 y 

Now this is the very angle which the tangent makes with the 

axis of x} as we see from the equation 

2yy —p [x + x'). 
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The equation, therefore, referred to a diameter and tangent, 

will take the form 
» P 2 / 

u = —77, x. or y —p x. 
*' sm*6 ’ J 1 

The quantity p is called the parameter corresponding to the 

diameter V'M\ and we see that the parameter of any diameter is 

inversely proportional to the square of the sine of the angle which 

r V 
its ordinates make with the axis, since p = . 77,. 

' Sill (7 

We can express the parameter of any diameter in terms of the 

coordinates of its vertex, from the equation tan0= —hence 

sin 6 = 
p V 

hence 

+ 4 f) 
p —p-V 4a/. 

p + 4x7 ’ 

THE NORMAL. 

213. The equation of a line through (x'y) perpendicular to 

the tangent 2yy =p [x + x') is 

p (y-yf) + 2/ [x — a?') =0. 

If we seek the intercept on 

the axis of x we have 

x (= VN) — x' + \p; 

and, since VM=x\ we must have 

MN {the subnormal, Art. 181) = 

Hence the parabola the subnormal is constant, awe? equal to 

the semi-parameter. The normal itself 

= f(PM* + MN*) = + ip*) = V{p (a/ 4 J/>)} = 2 V(p/). 

THE FOCUS. 

214. A point situated on the axis of a parabola, at a distance 

from the vertex equal to one-fourth of the principal parameter, 

is called the focus of the curve. This is the point which, 

Art. 209, has led us to expect to find analogous to the focus 

of an ellipse; and we shall show, in the present section, that a 

parabola may in every respect be considered as an ellipse, 

having one of its foci at this distance and the other at infinity. 
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To avoid fractions we shall often, in the following Articles, use 

the abbreviation m — \p. 

To find the distance of any point on the curve from the focus. 

The coordinates of the focus being (in, 0), the square of its 

distance from any point is 

(x — mf + y2 = x2 — 2mx -p mz + 4mx — [x + nxf. 

Hence the distance of anv point from the focus —x -p m. 

This enables us to express more simply the result of Art. 212, 

and to say that the parameter of any diameter is four times the 

distance of its extremity from the focus. 

215. The polar of the focus of a parabola is called the 

directrix, as in the ellipse and hyperbola. 

Since the distance of the focus from the vertex = m, its polar 

is (Art. 211) a line perpendicular to the axis at the same dis¬ 

tance on the other side of the vertex. The distance of any point 

from the directrix must, therefore, —x+m. 

Hence, by the last Article, the distance of any point on the 

curve from the directrix is equal to its distance from the focus. 

We saw (Art. 186) that in the ellipse and hyperbola the 

distance from the focus is to the distance from the directrix in 

the constant ratio e to 1. Wre see, now, that this is true for the 

parabola also, since in the parabola e — 1 (Art. 209). 

The method given for mechanically describing an hyperbola, 

Art. 202, can be adapted to the mechanical description of the 

parabola, by simply making the angle ABR a right angle. 

216. The point where any tangent cuts the axis, and its point 

of contact, are equally distant from the focus. 

For, the distance from the vertex of the point where the 

tangent cuts the axis =x (Art. 210), its distance from the focus 

is therefore x + m. 

217. Any tangent makes equal angles with the axis and with 

the focal radius vector. 

This is evident from inspection of the isosceles triangle, 

which, in the last Article, we proved was formed by the axis, 

the focal radius vector, and the tangent. 

This is only an extension of the property of the ellipse 

(Art. 188), that the angle TPF — T'PF'; for, if we suppose the 
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focus? Fr to go off to infinity, the line PF' will become parallel 

to the axis, and TPF = PTF. (See figure, p, ‘200) 

Hence the tangent at the extremity of the focal ordinate cuts 

the axis at an angle of 45°. 

218. To find the length of the perpendicular f rom the focus on 

the tangent. 

The perpendicular from the point (??*, 0) on the tangent 

[yy —2m [x-y x )} is 

2m [x + m) 2m [x 4- m) . 

\J{y +4??? ) o-4»? ) 1 

Hence (see fig., p. 202) FR is a mean proportional between FV 

and FP. 

It appears, also, from this expression and from Art. 213 that 

FR is half the normal, as we might haye inferred geometrically 

from the fact that TF = FN. 

219. To express the perpendicular from the focus in terms of 

the angles which it makes with the axis• 

We have 

cos a = sin FTR = (Art, 212) 

Therefore (Art. 218) 

FR = f{m [x -f m)| = 
m 

cos a 

The equation of the tangent, the focus being the origin, can 

therefore be expressed 

x cos OL + y sin a -f 
m 

cos a 0, 
and hence we can express the perpendicular from any other 

point in terms of the angle it makes with the axis. 

220. The locus of the extremity of the perpendicular from the 

focus on the tangent is a right line. 

For, taking the focus for pole, we have at once the polar 

equation 
m 

cos a ’ 
p cos a = m1 

which obviously represents the tangent at the vertex. 

Conversely, if from any point F we draw FR a radius vector 
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to a right line T7R, and draw PR perpendicular to it, the line 
PR will always touch a parabola having F for its focus. 

We shall show hereafter how to solve generally questions of 
this class, where one condition less than is sufficient to determine 
a line is given, and it is required to find its envelope, that is 
to say, the curve which it always touches. 

We leave, as a useful exercise to the reader, the investiga¬ 
tion of the locus of the foot of the perpendicular by ordinary 
rectangular coordinates. 

221. To find the locus of the intersection of tangents which 
cut at right angles to each other. 

The equation of any tangent being (Art. 219) 

x cos2a + y sin a cos a 4- m = 0 ; 

the equation of a tangent perpendicular to this (that is, whose 
perpendicular makes an angle = 90° + a with the axis) is found 
by substituting cosa for sin a, and — sina for cosa, or 

x sin2 a — y sin a cos a -f m = 0. 

a is eliminated by simply adding the equations, and we get 

x 4- = 0, 

the equation of the directrix, since the distance of focus from 
directrix = 2 m. 

222. The angle between any two tangents is half the angle 
between the focal radii vectores to their points of contact. 

For, from the isosceles PFT, the angle PTF\ which the tan¬ 
gent makes with the axis, is half the angle PFN, which the focal 
radius makes with it. Now, the angle between any two tangents 
is equal to the difference of the angles they make with the axis, 
and the angle between two focal radii is equal to the difference 
of the angles which they make with the axis. 

The theorem of the last Article follows as a particular case 
of the present theorem : for if two tangents make with each 
other an angle of 90°, the focal radii must make with each other 
an angle of 180°, therefore the two tangents must be drawn at 
the extremities of a chord through the focus, and, therefore, 
from the definition of the directrix, must meet on the directrix. 

223. The line joining the focus to the intersection of two tangents 
bisects the angle which their points of contact subtend at the focus. 
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Subtracting one from the other, the equations of two tan¬ 

gents, viz. 

x cos'2 a + y sin a cos a -4- m = 0, x cos‘2/3 + y sin/3 cos/3 4- m — 0, 

we find for the line joining their intersection to the focus, 

x sin (a + /3) - y cos (a + (3) = 0. 

This is the equation of a line making the angle a -f /3 with the 

axis of x. But since a and /3 are the angles made with the axis 

by the perpendiculars on the tangent, we have VFP — 2a and 

VFP' = 2/3; therefore the line making an angle with the axis 

= a + /3 must bisect the angle PFP', This theorem may also be 

proved by calculating, as in Art. 191, the angle (0 — 0') subtended 

at the focus by the tangent to a parabola from the point xy, when 

it will be found that cos [0 — 6') = 
x + m 

a value which, being 

independent of the coordinates of the point of contact, will 

be the same for each of the two tangents which can be drawn 

through xy. (See O’Brien’s Coordinate Geometry, p. 156.) 

Cor. 1. If we take the case where the angle PFP'= 180°, 

then PP' passes through the focus; the tangents TP, TP' will 

intersect on the directrix, and the angle TFP= 90° (See Art. 

192). This may also be proved directly by forming the equa¬ 

tions of the polar of any point (— m, y) on the directrix, and 

also the equation of the line joining that point to the focus. 

These two equations are 

y'y — 2 m (cc — m), 2m [y — y) + y' [x + m) = 0, 

which obviously represent two right lines at right angles to 

each other. 

Cor. 2. If any chord PP' 

cut the directrix in P, then FD 

is the external bisector of the 

angle PFP', This is proved as 

at p. 184. 

Cor. 3. If any variable tan¬ 

gent to the parabola meet two fixed tangents, the angle sub¬ 

tended at the focus by the portion of the variable tangent 

intercepted between the fixed tangents is the supplement of 

the angle between the fixed tangents. For (see next figure) 
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the angle QRT is half pFq (Art. 222), and, by the present 

Article, PFQ is obviously also halipFq, therefore FFQ is = QRTj 

or is the supplement of PRQ. 

Coe. 4. The circle circumscribing the triangle formed by any 

three tangents to a 

parabola will pass ^ 7 z 

through the focus. 

For the circle de¬ 

scribed through 

PR Q must pass 

through F\ since 

the angle contained 
in the segment PFQ will be the supplement of that contained 

in PRQ. 

224. To find the polar equation of the parabola, the focus 

being the pole. 

We proved (Art. 214) that the focal 

radius 

=x'+m = VM+ m = FM+ 2m=p cos0+2m. 

2m 

P 1 - cos 0 * 

Hence 

This is exactly what the equation of Art. 193 becomes, if 

we suppose e=l (Art. 209). The properties proved in the 

Examples to Art. 193 are equally true of the parabola. 

In this equation 6 is supposed to be measured from the side 

FM; if we suppose it measured from the side FV} the equation 

becomes 
2 m 

^ 1 + cos 6 * 

This equation may be written 

p cos'1\0 = m, 

or p^ cos-|<9 = («i)*, 

and is, therefore, one of a class of equations 
n n n 

p cosnu = a , 

some of whose properties we shall mention hereafter. 
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CHAPTER XIII. 

EXAMPLES AND MISCELLANEOUS PROPERTIES OF CONIC SECTIONS. 

225. The method of applying algebra to problems relating 

to conic sections is essentially the same as that employed in the 

case of the right line and circle, and will present no difficulty to 

any reader who has carefully worked out the Examples given in 

Chapters III. and vii. We, therefore, only think it necessary 

to select a few out of the great multitude of examples which 

lead to loci of the second order, and we shall then add some 

properties of conic sections, which it was not found convenient 

to insert in the preceding Chapters. 

Ex. 1. Through a fixed point P is drawn a line LK (see fig., p. 40) terminated by 
two given lines. Find the locus of a point Q taken on the line, so that PL = QK. 

Ex. 2. Two equal rulers AB, BC, are connected by j, 
a pivot at B; the extremity A is fixed, while the ex¬ 
tremity C is made to traverse the right line AC; find 
the locus described by any fixed point P on BC. 

Ex. 3. Given base and the product of the tangents 
of the halves of the base angles of a triangle ; find the ^ ^ 
locus of vertex. 

Expressing the tangents of the half angles in terms of the sides, it will be found 
that the sum of sides is given; and, therefore, that the locus is an ellipse, of which the 
extremities of the base are the foci. 

Ex. 4. Given base and sum of sides of a triangle; find the locus of the centre of 
the inscribed circle. 

It may be immediately inferred, from the last example, and from Ex. 4, p. 47, that 
the locus is an ellipse, whose vertices are the extremities of the given base. 

Ex. 5. Given base and sum of sides, find the locus of the intersection of bisectors 

of sides. 

Ex. 6. Find the locus of the centre of a circle which makes given intercepts on 
two given lines. 

Ex. 7. Find the locus of the centre of a circle which touches two given circles, or 
which touches a right line and a given circle. 

Ex. 8. Find locus of centre of a circle which passes through a given point and 
makes a given intercept on a given line. 

Ex. 9. Or which passes through a given point, and makes on a given line an in¬ 

tercept subtending a given angle at that point. 

Ex. 10. Two vertices of a^given triangle move along fixed right lines; find the 

locus of the third. 
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Ex. 11. A triangle ABC circumscribes a given circle ; the angle at C is given, and 

B moves along a fixed line; find the locus of A. 
Let us use polar coordinates, the centre 0 being the pole, and the angles being 

measured from the perpendicular on the fixed line-; let the coordinates of A, B, be p 
0; p', 0'. Then we have p' cos 6r=p. But it is easy to see that the angle A OB is 

given (= a). And since the perpendicular of the triangle A OB is given,-we have 

pprsma: 

a|(/o2 + p'2 — 2pp' cos a) ' 

But 0 + 0/ — a) therefore the polar equation of the locus is 

2 __ p2p2 sin2 a 

Io2 cos2 (a — 0} + p2 — 2pp cos a cos (a — 

which represents a conic. 

Ex. 12. Bind the locus of the- pole with respect to one Gonic- A of any tangent to 
another conic B. 

Let a(S be any point of the locus, and Xx + py + v its polar with respect to the conic 

A, then (Art. 89) A., p, v are functions of the first degree in a, (3. But (Art. 151) the 

condition that Xx + py + v should touch B is of the second degree in A, p, v. The 

locus is therefore a conic-. 

Ex. 13. Bind the locus of the intersection of the perpendicular from a focus on-any 

tangent to a central conic, with the radius vector from centre to the point of contact. 

Ans. The corresponding directrix-. 

Ex. 14. Bind the locus of the intersection of the perpendicular from-the centre on 

any tangent, with the radius vector from a focus to the point of contact. Ans. A circle. 

Ex. 15. Bind the locus of the intersection of tangents at-the extremities of conju¬ 

gate diameters. . x2 if1 
Ans. — + ~ = 2. 

a- b- 
This is obtained at once by squaring and adding the equations of the two tangents, 

attending to the relations, Art. 172. 

Ex. 16. Trisect a given arc of a circle. The points of Bisection are found as the 

intersection of the circle with a hyperbola. See Ex. 7, p. 47. 

Ex. 17. One of the two parallel sides of a trapezium is given in magnitude and- 

position, and the other in magnitude. The sum of the remaining two sides'is given ; 
find the locus of the intersection of diagonals. 

Ex. 18. One vertex of a parallelogram'- circumscribing-an ellipse moves along one 

directrix; prove that the opposite vertex moves along the other, and that the two 

remaining vertices are on the circle described on the axis major as diameter. 

226-. We give in this Article some examples on the focal 

properties of conics. 

Ex. 1. The distance of any point on a conic from the focus is equal to the whole 

length of the or din ate at that point, produced to meet the tangent at the extremity of 

the focal ordinate. 

Ex. 2. If from the focus a line be drawn- making a- given angle with arty tangent, 

find the locus of the point where it meets it. 

Ex. 3. To find the locus of the pole of a fixed line with regard to a sen s of con¬ 

centric and confocal conic sections. 

We know that the pole of any line ^ ^ = 1^ , with regard to the conic 

(^ + ^2 = 1), is found from the equations mx — a2 and ny — h2 (Art. 169). 

E E 
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Now, if the foci of the conic are given, a2 — b2 = c2 is given; hence, the locus of the 

pole of the fixed line is 
mx — ny — c% 

the equation of a right line perpendicular to the given line. 

If the given line touch one of the conics, its pole will be the point of contact. 

Hence, given two confocal conics, if we draw any tangent to one and tangents to the 

second where this line meets it, these tangents will intersect on the normal to the 

first conic. 

Ex. 4. Eind the locus of the points of contact of tangents to a series of confocal 

ellipses from a fixed point on the axis major. Ans. A circle. 

Ex. 5. The lines joining each focus to the foot of the perpendicular from the other 

focus on any tangent intersect on the corresponding normal and bisect it. 

Ex. 6. The focus being the pole, prove that the polar equation of the chord 

through points whose angular coordinates are a + (3, a — (3, is 

p 
2p = e e°s 0 + sec (3 cos (0 — a). 

This expression is due to Mr. Frost (Cambridge and Dublin Math. Journal, I., 68, 

cited by Walton, Examples, p. 375). It follows easily from Ex. 3, p. 37. 

Ex. 7. The focus being the pole, prove that the polar equation of the tangent, at 

V 
the point whose angular coordinate is a, is ty- = e cos 0 + cos (0 - a). 

zp 

This expression is due to Mr. Davies (Philosophical Magazine for 1812,. p. 192, 

cited by Walton, Examples, p. 368). 

Ex. 8. If a chord PP' of a conic pass through a fixed point 0, then 

tan £ PFO. tan ^P'FO 
is constant. 

The reader will find an in vestigation of this theorem by the help of the equation oi 

Ex. 6 (Walton’s Examples, p. 377). I insert here the geometrical proof given by 

Mr. MacCullagh, to whom, I believe, the theorem is due. Imagine a point 0 taken 

anywhere on PP' (see figure p. 206), and let the distance FO be e' times the distance 

of 0 from the directrix: then, since the distances of P and 0 from the directrix are 

proportional to PD and OD, we have 

FP FO _ e sin PDF sin ODF__ e 

FD ' OD ~~ e' ’ 01 sin PFD ' sin OFD ~ e' * 

cos OFT e 
Hence (Art. 192) cosPFT = e' ’ 

or, since (Art. 191) PFT is half the sum, and0FT half the difference, of PFO and P'FO, 

tan i PFO. tan \P'FO = —. 
2 2 e + e’ 

It is obvious that the product of these tangents remains constant if 0 be not fixed, but 

be anywhere on a conic having the same focus and directrix as the given conic.. 

Ex. 9. To express the condition that the chord joining two points x'y', x"g" on the 

curve passes through the focus. 

This condition may be expressed in several equivalent forms, two of the most 

useful of which are got by expressing that 6" = O' + 180°, where 0', 0" are the angles 

made with the axis by the lines joining the focus to the points. The condition 

sin 0" = — sin 0' gives 

+ -ZL 
a — ex a — ex -/ = o; a {y' + v”) =e W' + x"yr). 
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The condition cos 0" = — cos 0' gives 

x' — c 

a — ex > + 
x" — c 

a — ex' 
77 — 0 j 2ex’x" — [a + ce) (»' + x") + 2ac = 0. 

Ex. 10. If normals be drawn at the extremities of any focal chord, a line drawn 

through their intersection parallel to the axis major will bisect the chord. [This 

solution is by Larrose, Nouvelles Annales, xix. 85.J 

Since each normal bisects the angle between the focal radii, the intersection of 

normals at the extremities of a focal chord is the centre of the circle inscribed in the 

triangle whose base is that chord, and sides the lines joining its extremities to the other 

focus. Now if a, b, c be the sides of a triangle whose vertices are x'y', x"y", x'"y"\ 

then, Ex. 6, p. 6, the coordinates of the centre of the inscribed circle are 

ax' + lx" + ex'" _ ay' + by" + cy"’ 

X~ a + b + c ’ ~ a+b+c 

In the present case the coordinates of the vertices are xr, y’; x", y"; — c, 0 ; and 

the lengths of opposite sides are a + ex", a + ex’, 2a — ex' — ex". "We have therefore 

(a + ex') y" + (a 4- ex”) y’ 
!/ = 4 a 

or, reducing by the first relation of the last Example, y = £ [y’ + y"), which proves the 

theorem. 

In like manner we have 

[a + ex") x’ + [a 4- ex') x" — (2a — ex' — ex") c 
x =---—-, 

4 a 

which, reduced by the second relation, becomes 

(a + ec) [x' + x") — 2ca 
x = 

2 a 

We could find, similarly, expressions for the coordinates of the intersection of 

tangents at the extremities of a focal chord, since this point is the centre of the circle 

exscribed to the base of the triangle just considered. The line joining the intersection 

of tangents to the corresponding intersection of normals evidently passes through a 

focus, being the bisector of the vertical angle of the same triangle. 

Ex. 11. To find the locus of the intersection of normals at the extremities of a 

focal chord. 

Let a, /3 be the coordinates of the middle point of the chord, and we have, by the 
last Example, 

a = £ [x' + x”) 
a1 [x + c) 

a2 + c2 ; /3 = i(y' + jn = y- 

If, then, we knew the equation of the locus described by a/3, we should, by making 

the above substitutions, have the equation of the locus described by xy. Now the 

polar equation of the locus of middle point, the focus being origin, is (Art. 193) 

P = * ^ ~ P") 
— b2 e cos 0 

a 1 — e2 cos2 0 ’ 

which, transformed to rectangular axes, the centre being origin, becomes 

b2a2 + a2ft2 = b2ca. 

The equation of the locus sought is, therefore, 

a2b2 [x + c)2 + (a2 + c2)2y2 — b2c [a2 + c2) [x + c). 
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Ex. 12. If 0 be Che angle between the tangents to an ellipse from any point P, 

and if p, p' be the distances of that point from the 

foci, prove that cos 0 = --A—-- (see also 

Art. 194 d). 

Eor (Art. 189) 

sin TPF.siniPF = 
FT. FT IP 
PF.PF' pp' 

But cos FPFJ — cos TPt — 2 sin TPF. sin tPF; 

and 2pp' cos FPF' = p2 + p'2 — 4c2. 

Ex. 18. If from any point 0 two lines be drawn to the foci (or touching any 

confocal conic) meeting the conic in R, R' •, S, S’; then (see also Ex. 15, Art. 231) 

1 

OR 

1 _J_ 
OR' ~ OS 

[Mr. M. Heberts.] 

It appears from the quadratic, by which the radios vector is determined (Art. 136), 

that the difference of the reciprocals of the roots will be the same for two values 

of 0, which give the same value to 

(ac — g2) cos2 0 + 2 (ch — gf) cos 0 sin 0 + {be —f2) sin2 0. 

Now it is easy to see that A cos20 + 2H cos 0 sin,0 + B sin20 has equal values for any 

two values of 0, which correspond to the directions of lines equally inclined to the 

two represented by Ax2 + 2Hxy + By2 = 0. But the function we are considering 

becomes = 0 for the direction of the two tangents through 0 (Art. 147); and tangents 

to any confocal are equally inclined to these tangents (Art, 189). It follows from this 

example that chords which touch a confocal conic are proportional to the squares of 

the parallel diameters (see Ex. 15, Art. -231). 

227. We give in this Article some examples on the parabola. 

The reader will have no difficulty in distinguishing those of the 

examples of the last Article., the proofs of which apply equally 

to the parabola. 
Ex. 1. Find the coordinates of the intersection .of the two tangents at the points 

x'y, z'Y, to the parabola y2 = px. ^ _ y' + y' ^ _ y'y''. 

2 p 

Ex. 2. Find the locus of the intersection of the perpendicular from focus on tan¬ 

gent with the radius vector from vertex to the point of contact. 

Ex. 3. The three perpendiculars of the triangle formed by three tangents intersect 

,on the directrix (Steiner, Gergonne, Annales, XIX. 59 j Walton, p. 119). 

The equation of one of those perpendiculars is (Art. 32) 

y'y"' - y'y" 
v 

( y"y"'\ v'" - v" ( y" + v'"\ n y" + y"\ _ 

•which, after diyiding by y" — y", may be written 

L+rU ii'AL+s_ pM±A'D=0. 
- V 4y p 2 4 

The symmetry of the equation shows that the three perpendiculars intersect on the 

.directrix at a height 
wv", </+tr+a"' 

Ex. 4. The area of the triangle formed by three tangents is half that of the tri¬ 

angle formed by joining their points of contact (Gregory, Cambridge Journal, 11. 16 

Walton, p. 137. See also Lessons on Higher Algebra, Ex. 12, p. 15). 
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Substituting the coordinates of the vertices of the triangles in the expression of 

Art. 36, we find for the latter area ~ (y' — y") {y" — y'") (y'" — y1); and for the former 
rP 

area half this quantity. 

Ex. 5. Eind an expression for the radius of the circle circumscribing a triangle 

inscribed in a parabola. 

The radius of the circle circumscribing a triangle, the lengths of whose sides are 
dp.f* 

d, e,f and whose area = Z is easily proved to be —. But if d be the length of the 

chord joining the points x"y", x'"y’", and 6' the angle which this chord makes with 

the axis, it is obvious that d sin O' = y" — y'". Using, then, the expression for the 

P area found in the last Example, we have R = We might ex- 
2 sin 0' sin 6" sin O'" ’ 

press the radius, also, in terms of the focal chords parallel to the sides of the 

triangle. Eor (Art. 193, Ex. 2) the length of a chord making an angle 0 with the axis 

p rr do c'c"c'" 
is c = . Hence R- = —--. 

sm20 4# 

It follows from Art. 212 that c', c", c"’ are the parameters of the diameters which 

bisect the sides of the triangle. 

Ex. 6. Express the radius of the circle circumscribing the triangle formed by three 

tangents to a parabola in terms of the angles which they make with the axis. 

H .——or R2=^^'P^_ wherey>',y', are the para- 
8sin0 sin0 sin0 64p ’■* * 

Ans. R = 

■meters of the diameters through the points of contact of the tangents (see Art. 212). 

Ex. 7. Eind the angle contained by the two tangents through the point x'y’ to 

the parabola y2 — 4mx. 
The equation of the pair of tangents is (as in Art. 92) found to be 

{y'2 — 4mx') {y2 — 4:Vix) = [yy' — 2m (x + a/)}2. 

A parallel pair of lines through the origin is 

x'y2 — y'xy + mx2 — 0. 

J(y*2 — 4:777 x') 
The angle contained by which is (Art. 74) tan cp = -A—-;—L , 

X “f- 771/ 

Ex. 8. Eind the locus of intersection of tangents to a parabola which cut at 

a given angle. 
Ans. The hyperbola, y2 — 4mx = (x + m)2 tan2<p, or y2+ [x — m)2 = (x + m)2 sec2cp. 

From the latter form of .the equation it is evident (see Art, 186) that the hyperbola 

has the same focus and directrix as the parabola, and that its eccentricity = sec <fi. 

Ex. 9. Find the locus of the foot of the perpendicular from the focus of a parabola 

.on the normal. 
The length of the perpendicular from (m, 0) on 2m [y — y') + y’ (x — x') = 0 is 

y (x’ + m) 

.J(y"2 + 4 m2) 
= J{x' (x' + m)}. 

But if 6 be the angle made with the axis by the perpendicular (Art. 212) 

sin 0 = 
m 

JW + rn 1 ’ 

(Hence the polar equation of the locus is 

m cos 0 
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Ex. 10. Find the coordinates of the intersection of the normals at the points 

xx"y". 

Am. x = 2m + V'3± <jV'+Z- , „ = _ &L^±G 
4m ’ “ 8m2 

Or if a, (3 be the coordinates of the corresponding intersection of tangents, 

then (Ex. 1) 
P2 a\3 

x = 2m H-a, y —-—. 
m m 

Ex. 11. Find the coordinates of the points on the curve, the normals at which 

pass through a given point x'y'. 

Solving between the equation of the normal and that of the curve, we find 

2yz + (P2 - 2px') y -f-y\ 

and the three roots are connected by the relation yx + y2 + Vz — 0- The geometric 

meaning of this is, that the chord joining any two, and the line joining the third to 

the vertex, make equal angles with the axis. 

Ex. 12. Find the locus of the intersection of normals at the extremities of chords 

which pass through a given point x'y'. 

We have then the relation (3y' = 2m (x’ + a); and on substituting in the results 

of Ex. 10 the value of a derived from this relation we have 

2mx + fty' = 4m2 + 2(32 + 2mx' -} 2m2y = 2(3mx' — (32y'; 

whence, eliminating (3, we find 

2 {2m (y — y') + y' {oc — a:')}2 = (4mx’ — y'2) [y'y + Ix'x — 4mxr — 2x'2), 

the equation of a parabola whose axis is perpendicular to the polar of the given 

point. If the chords be parallel to a fixed line, the locus reduces to a right line, as 

is also evident from Ex. 11. 

Ex. 13. Find the locus of the intersection of normals at right angles to each other. 
132 

In this case a = — m, x = 3m + — , y — (3, y2 ~m {x — 3m). 

Ex. 14. If the lengths of two tangents be a, b, and the angle between them to, 

find the parameter. 

Draw the diameter bisecting the chord of contact; then the parameter of that 

'ip' 'ip sin20 nPxp 
diameter isjp' = , and the principal parameter is^> = -——— = (where w is the 

x 

length of the perpendicular on the chord from the intersection of the tangents). But 

2roy = ab sin w, and 16a;2 = a2 + b2 + 2ah cos a;; hence 

4a2b2 sin2a) 

(a2 + b2 + 2ab cos w)^ 
(see p. 199). 

Ex. 15. Show, from the equation of the circle circumscribing three tangents to 

a parabola, that it passes through the focus. 

The equation of the circle circumscribing a triangle being (Art. 124) 

(3y sin A + ya sin B + a(3 sin C = 0 ; 

the absolute term in this equation is found (by writing at full length for a, 

x cos a + y sin a - p, Ac.) to be p’p" sin (J3 - y) + p"p sin (y - a) + pp’ sin (a - (3). 

But if the line a be a tangent to a parabola, and the origin the focus, we have (Art. 219) 

7YL 
p —-, and the absolute term 
1 COS a 

= - 1 -{sin (B - y) cos a + sm (y — a) cos (3 + sin (a — /3) COS 7}, 
cos a cos (3 cos y 

which vanishes identically. 
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Ex. 16. Eind the locus of the intersection of tangents to a parabola, being given 

either (1) the product of sines, (2) the product of tangents, (3) the sum or (4) difference 

of cotangents of the angles they make with the axis. 

Ans. (1) a circle, (2) a right line, (3) a right line, (4) a parabola. 

223. We add a few miscellaneous examples. 

Ex. 1. If an equilateral hyperbola circumscribe a triangle, it will also pass through 

the intersection of its perpendiculars (Brianchon and Poncelet; Gergonne, AnncdesT 

XI., 205; Walton, p. 283). 

The equation of a conic meeting the axes in given points is (Ex. 1, p. 148) 

yy'x- + 2hxy + XX'y2 — yy (X + X') x — XX' (y + /a') y + XX'yy = 0. 

And if the axes be rectangular, this will represent an equilateral hyperbola (Art. 

174) if AA' = — yy'. If, therefore, the axes be any side of the given triangle, and 

the perpendicular on it from the opposite vertex, the portions X, X', y are given, there¬ 

fore, y is also given; or-the curve meets the perpendicular in the fixed point y — — 
XX’ 

r 

which is (Ex. 7, p. 27) the intersection of the perpendiculars of the triangle. 

Ex. 2. What is the locus of the centres of equilateral hyperbolas through three 

given points ? 

Ans. The circle through the middle points of sides (see Ex. 3, p. 153). 

Ex. 3'. A conic being given by the general equation, find the condition that the 

pole of the axis of x should lie on the axis of y, and vice versa. Ans. he — fg. 

Ex. 4. In the same case, what is the condition that an asymptote should pass 

through the origin ? Ans. af2 — 2fgh + by2 — 0. 

Ex. 5. The circle circumscribing a triangle, self-con jugate with regard to an equi¬ 

lateral hyperbola (see Art. 99), passes through the centre of the curve. (Brianchon 

and Poncelet; Gergonne, xi. 210; Walton, p. 301). [This is a particular case of the 

theorem that the six vertices of two self-conjugate triangles he on a conic (see Ex. 1} 

Art. 375).] 

The condition of Ex. 3 being fulfilled, the equation of a circle passing through 

the origin and through the pole of each axis is 

h (x2 + 2xy cos to + y2) + fx + gy = 0,. 

or x (hx + by +f) + y (ax + hy + g) — (a + b — 2h cos to) xy■, 

an equation which will evidently be satisfied by the coordinates of the centre, pro¬ 

vided we have a 4- b = 2h cos to, that is to say, provided the curve be an equilateral 

hyperbola (Arts. 74, 174). 

Ex. 6. A circle described through the centre of an equilateral hyperbola, and 

through any two points, will also pass through the intersection of lines drawn through 

each of these points parallel to the polar of the other. 

Ex. 7. Find the locus of the intersection of tangents which intercept a given 

length on a given fixed tangent. 

The equation of the pair of tangents from a point x’y' to a conic given by the 

general equation is given Art. 92. Make y = 0, and we have a quadratic whose roots 

are the intercepts on the axis of x. 

Forming the difference of the roots of this equation, and putting it equal to a 

constant, we obtain the equation of the locus required, which will be in general of 

the fourth degree; but if g2 = cic, the axis of x will touch the given conic, and the 

equation of the locus will become divisible by y2, and will reduce to the second 
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degree. "We could, by the help of the same equation, find the locus of the intersection 

of tangents ; if the sum, product, &c , of the intercepts on the axis be given. 

Ex. 8. Given four tangents to a conic to find the locus of the centre. [The 

solution here given is by P. Serret, NouveUes Annales, 2nd series, iv. 145.] 

Take any axes, and let the equation of one of the tangents be x cos a + y sin a —p = 0, 

then a is the angle the perpendicular on the tangent makes with the axis of x-f and 

if 0 be the unknown angle made with the same axis by the axis major of the conic, 

then a — 0 is the angle made by the same perpendicular with the axis major. If then 

x and y be the coordinates of the centre, the formula of Art. 178 gives us 

(x cos a + y sin a — p)2 = a2 cos2 (a — 0) + b2 sin2 (a — 0). 

We have four equations of this form from which we have to eliminate the 

three unknown quantities a2, b2, 0. Using for shortness the abbreviation a for 

x cos a + y sin a — p (Art. 53), this equation expanded may be written 

a2 = (a2 cos20 + b2 sin20) cos2a + 2 (a2 — b2) cos0 sin0 cosa sina + (a2 sin20 + b2 cos20) sin2'a. 

It appears then that the three quantities a2 cos20 + b2 sin20, (a2 — b2) cos 0 sin 0, 

a2 sin20 + b2 cos20, may be eliminated linearly from the four equations;■ and the 

result comes out in the form of a determinant 

a2, cos2 a, COS a sin a, sin2 a 

/32, cos2 (3, cos/3 sin/3, sin2/3 

y2, cos2 y, cos y sin y, sill2 y 

d2, cos2 d, cos o sin 3, sin2 d 

which expanded is of the form A a2 + B(32 + Cy2 + Bo2 = 0, where A, B, C, 1) are 

known constants. But this equation, though apparently of the second degree, is in 

reality only of the first; for if, before expanding the determinant, we write a2, &c-., 

at full length, the coefficients of x2 are cos2a, cos2/3, cos2y, cos2d; but these being 

the same as one column of the determinant, the part multiplied by x2 vanishes on 

expansion. Similarly, the coefficients of the terms xy and y2 vanish. The locus is 

therefore a right line. The geometrical determination of the line depends on prin¬ 

ciples to be proved afterwards; namely, that the polar of any point with regard to 

the conic is 

Aa a + B(3'(3 + Cy'y + DPS = 0 ; 

and, therefore, that the polar of the point a/3 passes through yd. But when a conic 

reduces to a line by the vanishing of the three highest terms in its equation, the polar 

of any point is a parallel line at double the distance from the point. Thus it is seen 

that the line represented by the equation bisects the lines joining the points a/3, yd; 

ay, /3d; ad, (3y. Conversely, if we are given in any form the equations of four 

lines a = 0, &c., the equation of the line joining the three middle points of diagonals 

of the quadrilateral may, in practice, be most easily formed by determining the 

constants so that A a2 + B(32 4- Cy2 + DS2 = 0 shall represent a right line. 

Ex. 9. Given three tangents to a conic and the sum of the squares of the axes, 

find the locus of the centre. We have three equations as in the last example, and 

a fourth a2 + b2 = h2, which may be written 

Ic2 = {a2 cos20 + b2 sin20) + (a2 sin20 + b2 cos20), 

and, as before, the result appears in the form of a determinant 

a2, cos2 a, COS a sin a, sin2 a 

/32, ccs2 /3, cos /3 sin (3, sin2 (3 

y2, cos2 y, COS y sin y, sin 2y 

Jc2, 1 , 0 ,1 
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which expanded is of the form Act■? + B[32 + Cy2 + D — 0. It is seen, as in the last 

example, that the coefficient of xy vanishes in the expansion, and that the coefficients 

of x2 and y2 are the same. The locus is therefore a circle. Now if Aa2 A B(32 + Cy2 = 0 

l'epresents a circle, it will afterwards appear that the centre is the intersection of 

perpendiculars of the triangle formed by the lines ar /3, y. The present equation there¬ 

fore, which differs from this by a constant (Art. 81) represents a circle whose centre 

is the intersection of perpendiculars of the triangle formed by the three tangents. 

If we consider the case of the equilateral hyperbola a2 + b2 = 0, we see that two 

equilateral hyperbolas can be described to touch four given lines, the centres being 

the intersections of the line joining the middle points of diagonals with any one of 

four circles whose centres are the intersections of perpendiculars of the four triangles 

formed by any three of the four given hues. From the fact that the four circles 

have two common points it follows that the four intersections of perpendicular's he 

on a right line, perpendicular to the line joining middle points of diagonals (see 

Art. 268, Ex. 2). 

Ex. 10. Given four points on a conic to find the locus of either focus. The 

distance of one of the given points from the focus (see Ex., Art. 186) satisfies the equation 

p — Ax' + By' A C. 

"We have four such equations from which we can linearly eliminate A. B, C, and we 

get the determinant 
P > xh , y’ , 1 ' 

p > x ■> y t t j 
p > * , y , i 
p ..x , y ,1 =0, 

which expanded is of the form Ip + rnp A np" A p>p'" — 0. If we look to the actual 

values of the coefficients l. in, n, p, and their geometric meaning (Art. 86), this 

equation geometrically interpreted gives us a theorem of Mobius, viz. 

OA.BCD A OC .ABB = OB.ACD+ OB. ABCr 

where 0 is the focus, and BCB the area of the triangle formed by three of the points 

(compare Art 94). It is seen thus that l + m-\-n+p = 0. If we substitute for p 

its value J{(x — x')2 A (y — y')2}, etc., and clear of radicals, the equation of the locus, 

though apparently of the eighth, is found to be only of the sixth degree. In fact, 

we may clear of radicals by giving each radical its double sign, and multiplying 

together the eight factors Ip A vip' + np" + pp"; and then it is apparent that the 

highest powers in x and y will be (x2 + y2)4 multiplied by the product of the factors 

l + m + n + p ; and that these terms vanish in virtue of the relation 14- m + n + p — 0. 

If the four given points be on a circle, Mr. Sylvester has remarked that the locus 

breaks up into two of the thud degree, as Mr. Burnside has thus shewn. We have 

by a theorem of Feuerbach’s, given Art. 94, 

Ip2 + mp'2 + np"2 A pp"'2 = 0. 

We have then (l + m) (Ip2 + mp'2) = (n A p) (np"2 A pp'"2), 

(Ip + mp')2 = (np" App"')2, 

whence, subtracting hit (p — p')2 = np (p" — p"')2, 

which obviously breaks up into factors. 

THE ECCENTRIC ANGLE.'*5’ 

229. It is always advantageous to express the position of a 

point on a curve, if possible, by a single independent variable, 

* The use of this angle was recommended by Mr. O'Brien, Cambridge Mathematical 

Journal, vol. iv. p. 99. 
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rather than by the two coordinates x'y'. We shall, therefore, 

find it useful, in discussing properties of the ellipse, to make a 

substitution similar to that employed (Art. 102; in the case of 
the circle, and shall write 

x — a cos 0, y — b sin $, 

a substitution evidently consistent with the equation 

f f\ 2 
X \ 

,a) + 
/ 2 

5 - '• 

The geometric meaning of the angle 0 is easily explained. 

If we describe a circle on the axis major as diameter,, and 

produce the ordinate at Pto meet the circle at Q} then the angle 

Q CL— <£, for CL— CQ cos Q CL,, or x = a cos 6 • and PL = - QL 
a 

(Art. 163) y or, since QL = a sin <£, we have y — b sin <£. 

230. If we draw through P a parallel PN to the radius CQ^ 

then PM: CQ :: PL : QL :: b : a, 

but CQ = a, therefore PM — b. 

PN parallel to CQ is, of course, = a. 

Hence, if from any point of an ellipse AI 

a line — a be inflected to the minor axis, 

its intercept to the axis major —b. If 

the ordinate PQ were produced to meet 

the circle again in the point Q\ it could 

be proved, in like manner, that a parallel through P to the 

radius CQ' is cut into parts of a constant length. Hence, con¬ 

versely, if a line MN, of a constant length, move about in the 

legs of a right angle, and a point P be taken so that MP may 

be constant, the locus of P is an ellipse, whose axes are equal 

to itfP and NP. (See Ex. 12, p. 47.) 

On this principle has been constructed an instrument for 

describing an ellipse by continued motion, called the Elliptic 

Compasses. CA, CD’ are two fixed rulers, MN a third ruler of a 

constant length, capable of sliding up and down between them, 

then a pencil fixed at any point of MN will describe an ellipse. 

If the pencil be fixed at the middle point of iJPV, it will 

describe a circle. (O’Brien’s Coordinate Geometry, p. 112.) 
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231. The consideration of the angle </> affords a simple 

method of constructing geometrically the diameter conjugate 

to a given one, for 
?1 b 

tan 6 = = - tan d>. 
x a 

Hence the relation 
P 

tan 6 tan 0' = — -5 (Art. 170) 
a 

becomes tan <£ tan </>’ = — 1, 

or $ — & = 90°. 

Hence we obtain the following construction. Let the ordi¬ 

nate at the given point P, when produced, , 

meet the semicircle on the axis major at 

Q, join CQ, and erect GQ perpendicular 

to it; then the perpendicular let fall on 

the axis from Q will pass through P', a 

point on the conjugate diameter. 

Hence, too, can easily be found the coordinates of P' given 

in Art. 172, for since 
ft t 

x y 

\ > 
Q 

57 
P\ 

V M' c My 

cos (t> = sin d>, we have — = 7- , 
r T1 a b ' 

and since 
r qj g- 

sin d>’ = - cos d>, we have 
r 0 a 

x 

From these values it appears that the areas of the triangles 

PGM, P'CM' are equal. 

Ex. 1. To express the lengths of two conjugate semi-diameters in terms of the 

angle <p. Ans. a'2 = a2 cos2</> 4- b2 sin2</>; b'2 =■ a2 sin2<p + b2 cos2cp. 

Ex. 2. To express the equation of any chord of the ellipse in terms of (p and (p' 

(see p. 94). 

a 
Ans. - cos£ (<p + (p') + f sin | (<p + cp’) = cos£ [cp - <p'). 

b 

Ex. 3. To express similarly the equation of the tangent. 

OC V 
Ans. - cos d> + f sin <p = 1, 

a b 

Ex. 4. To express the length of the chord joining two points a, (3, 

D2 — a2 (cosa — cos/5)2 + b2 (sin a — sin/5)2, 

D = 2 sin | (a — /5) {a2 sin2J (a + /5) + b2 cos2| (a + /5)}L 

But (Ex. 1) the quantity between the parentheses is the semi-diameter conjugate to 

that to the point \ (a + /5); and (Ex. 2, 3) the tangent at the point h (a + /5) is parallel 

to the chord joining the points a, (3; hence, if b' denote the length of the semi¬ 

diameter parallel to the given chord, D — 2b' sin g (a — (3). 
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Ex, 5. To find the area of the triangle formed by three given points a, (3, y. 

By Art. 36 we have 

2£ = ab {sin (a — (3) + sin ([3 — y) + sin (y — a)} 

= ab {2 sin \ (a — (3) cos£ (a — /3) — 2 sin| (a — /3) cos| (a 4- (3 — 2y)} 

= 4a£ sin ^ (a — /3) sin ^ {(3 — y) sin £ (y — a) 

£ = 2«6 sin % (a — (3) sm | (/3 — y) sin ^ (y — «). 

Ex. 6. If the bisectors of sides of .an inscribed triangle meet in the centre its 

area is constant. 

Ex. 7. To find the radius of the circle circumscribing the triangle formed by three 

given points a, (3, y. 

If d, eyf be the sides of the triangle formed by the three points, 

„ def b'b"b 

Fi~4Z~ ab 5 

where b’, b", b’” are the semi-diameters parallel to the sides of the triangle. If 
r'c"c'" 

c', c", c"' be the parallel focal chords, then (see Ex. 5, p. 213) R2 ———(These 

expressions are due to Mr. MacCullagh, Dublin Exam. Papers, 1836, p. 22.) 

Ex. 8. To find the equation of the circle circumscribing this triangle. 

Ans. x2 + y2 — cos ^ (a + (3) eos | (J3 -f- y) cos | (y + a) 
CL 

— 2 ^ a ^ sin | (a + /3) sin & {(3 + y) sin § (y + a) 
b 

— i (a2 + b2) — i [a? — b2) {cos (a + (3) + cos (/3 + y) 4- cos (y + a)} 

From this equation the coordinates of the centre of this circle are at once obtained. 

Ex. 9. The area of the triangle formed by three tangents is, by Art. 39, 

ab tan £ (a — (3) tan \ ((3 — y) tan \ (y — a). 

Ex. 10. The area of the triangle formed by three normals Is 

tan 5 (a — /3) tan }2 (/3 — y) tan \ (y — a) {sin ((3 + y) + sin (y + a) + sin (a +.(3)}% 

consequently three normals meet in a point if 

sin (/3 + y) + sin (y + a) + sin (a + (3) — 0. [Mr. Burnside.] 

Ex. 11. To find the locus of the intersection of the focal radius vector FP with 

the radius of the circle CQ. 

Let the central coordinates of P be x'y', of 0, xy, then we have, from the similar 

triangles, FON, FPML, 

y _ y' _ b sin <p 

x + c x' + c a (e~h cos <p) ' 

Now, since <p is the angle made with the axis by the 

radius vector to the point 0, we at once obtain the polar 

equation of the locus by writing p cos <p for x, p sin (p for y, 

,and we find 

P _ 
■c + p cos cp a (e + 'cos <p) ’ 

be 
or P --t--7 • c + (a — b) cosep 

Hence (Art. 193) the locus is an ellipse, of which C is one focus, and it can easily 

be proved that F is the other. 
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Ex. 12. The normal at P is produced to meet CQ-, the locus of their intersection 

is a circle concentric with the ellipse. 

The equation of the normal is 

=c2. 
cos cp sin cp ’ 

but we may, as in the last example, write p cos cp and p sin cp for x and y, and the 

equation becomes 
(a — b) p = c2, or p = a + b. 

Ex. 13. Prove that t&n^PFC = 
1 — e 

1 + e. 
tan\cp. 

Ex. 14. If from the vertex of an ellipse a radius vector be drawn to any point 

on the curve, find the locus of the point where a parallel radius through th6 centre 

meets the tangent at the point. 

The tangent of the angle made with the axis by the radius vector to the vertex 

yf 
— —-y—-; therefore the equation of the parallel radius through the centre is 

x + ci 
y _ y' _ b sin <p _ b 1 — cos cp 

x x' + a a(i+cos(£) a sirup ’ 

9/ CC CC 
or sin cp + - cos <p 

b a a 

and the locus of the intersection of this line with the tangent 

y x 
v sin cp + - cos cp = 1, 
b a 

is, obviously, - = 1, the tangent at the other extremity of the axis. 

The same investigation will apply, if the first radius vector be drawn through 

any point of the curve, by substituting a' and b' for a and 6; the locus will then be 

the tangent at the diametrically opposite point. 

Ex. 15. The length of the chord of an ellipse which touches a confocal ellipse, 

the squares of whose semiaxes are o2 — h2, b- — h2, is 
2 lib'2 

ab 
[Mr. Burnside]. 

The condition that the chord joining two points a, (3 should touch the confocal 

conic is 

—-J- cos21 (a + (3) +--J1- sin21 (a + (3) = cos2i (a - (3), 

7,2 7,2 
or sin2* (a - (3) - —■ - [b2 cos2i (a -f (3) + a2 sin2^ (a + (3)} = ^ b'2. (Ex. 4). 

But the length of the chord is 

2b' sin £ (a — (3) = —~r~ . 
* K ab 

By the help of this Example several theorems concerning chords through a focus 

may be extended to chords touching confocal conics. Hence also is immediately 

derived a proof of Ex. 13, p. 212, for OR. OR' is to OS. OS' as the squares of the 

parallel diameters (Art. 149), and it is here proved that the chords OR — OR', 

OS — OS' are to each other in the same ratio. 

232. The methods of the preceding Articles do not apply to 

the hyperbola. For the hyperbola, however, we may substitute 

x — a sec <jf>, y = b tau <£, 

since 
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This angle may be represented geometrically by drawing 

a tangent MQ from the foot of 

the ordinate M to the circle de¬ 

scribed on the transverse axis, 

then the angle QGM— <£, since 

CM= CQ sec QGM. 

We have also QM—aian </>, but PM=b tan <£. Hence, if 

from the foot of any ordinate of a hyperbola we draw a tangent 

to the circle described on the transverse axis, this tangent is in 

a constant ratio to the ordinate. 

Ex. If any point on the conjugate hyperbola be expressed similarly y" — b sec <p', 

x" — a tan^/, prove that the relation connecting the extremities of conjugate dia¬ 

meters is (p — (p'. [Mr. Turner.] 

SIMILAR CONIC SECTIONS. 

233. Any two figures are said to be similar and similarly 

placed if radii vectores drawn to the first from a certain point 0 

are in a constant ratio to parallel radii drawn to the second from 

another point o. If it be possible to find any two such points 

0 and o, we can find an 

infinity of others; for, take 

any point (7, draw oc parallel 

ratio , then from the similar triangles 0 CP, ocp, cp is parallel 

to GP and in the given ratio. In like manner, any other radius 

vector through c can be proved to be proportional to the parallel 

radius through C. 

If two central conic sections be similar and similarly placed, 

all diameters of the one are proportional to the parallel diameters 

of the other, since the rectangles OP.OQ, op.oq are propor¬ 

tional to the squares of the parallel diameters (Art. 149). 

234. To find the condition that two conics, given by the 

general equations, should be similar and similarly placed. 

Transforming to the centre of the first as origin, we find 

(Art. 152) that the square of any semi-diameter of the first is 

equal to a constant divided by a cos2# + 2li cos 6 sin 6 + b sin2#, 
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and, in like manner, that the square of a parallel semi-diameter 

of the second is equal to another constant divided by 

a cos2# + 2h! cos 6 sin 6 + V sin2#. 

The ratio of the two cannot be independent of 6 unless 

a h b 

Hence two conic sections will be similar and similarly placed^ 

if the coefficients of the highest powers of the variables are the 

same m both or only differ by a constant multiplier. 

235. It is evident that the directions of the axes of these 

conics must be the same, since the greatest and least diameters 

of one must be parallel to the greatest and least diameters of 

the other. If the diameter of one become infinite, so must also 

the parallel diameter of the other, that is to say, the asymptotes 

of similar and similarly placed hyperbolas are parallel. The 

same thing follows from the result of the last Article, since 

(Art. 154) the directions of the asymptotes are wholly determined 

by the highest terms of the equation. 

be = 

Similar conics have the same eccentricity; for 

mioi — rrili1 

a, 
must 

a 

2 2 m a 
Similar and similarly placed conic sections 

have hence sometimes been defined as those whose axes are 

parallel, and which have the same eccentricity. 

If two hyperbolas have parallel asymptotes they are similar, 

for their axes must be parallel, since they bisect the angles 

between the asymptotes (Art. 155), and the eccentricity wholly 

depends on the angle between the asymptotes (Art. 167). 

236. Since the eccentricity of every parabola is =1, we 

should be led to infer that all parabolas are similar and similarly 

placed, the direction of whose axes is the same. In fact, the 

equation of one parabola, referred to its vertex, being y2=px) or 

p cos 6 

p= sitfF’ 

it is plain that a parallel radius vector through the vertex of the 

other will be to this radius in the constant ratio p' : p. 
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Ex. 1. If on any radius vector to a conic section through a fixed point 0, OQ be 

taken in a constant ratio to OP, find the locus of Q. We have only to substitute 

mp for p in the polar equation, and the locus is found to be a conic similar to the given 

conic, and similarly placed. 

The point 0 may be called the centre of similitude of the two conics; and it is 

obviously (see also Art. 115) the point where common tangents to the two conics 

intersect, since when the radii vectores OP, OP' to the first conic become equal, so 

must also OQ, OQ' the radii vectores to the other. 

Ex. 2. If a pair of radii be drawn through a centre of similitude of two similar 

conics, the chords joining their extremities will be either parallel, or will meet on the 

chord of intersection of the conics. 

This is proved precisely as in Art. 116. 

Ex. 3. Given three conics, similar and similarly placed, their six centres of simili* 

tilde will lie three by three on right lines (see figure, page 108). 

Ex. 4. If any line cut two similar and concentric conics, its parts intercepted 

between the conics will be equal. 

Any chord of the outer conic which touches the interior will be bisected at the 

point of contact. 

These are proved in the same manner as the theorems at page 191, which are but 

particular cases of them; for the asymptotes of any hyperbola may be considered 

as a conic section similar to it, since the highest terms in the equation of the asymp¬ 

totes are the same as in the equation of the curve. 

Ex. 5. If a tangent drawn at any point P of the inner of two concentric and 

similar ellipses meet the outer in the points T and T', then any chord of the inner 

drawn through P is half the algebraic sum of the parallel chords of the outer 

through T and T. 

237. Two figures will be similar, although not similarly 

placed, if the proportional radii make a constant angle with 

each other, instead of being parallel; so that if we could imagine 

one of the figures turned round through the given angle, they 

would be then both similar and similarly placed. 

To find the condition that two conic sections, given by the 

general equations, should be similar, even though not similarly 

We have only to transform the first equation to axes making 

any angle 6 with the given axes, and examine whether any 

value can be assigned to 6 which will make the new a, h, b pro¬ 

portional to a, li, V. Suppose that they become ma!, mil, mb'. 

Now, the axes being supposed rectangular, we have seen 

(Art. 157) that the quantities a -f 5, ab — h2, are unaltered by 

transformation of coordinates ; hence we have 

a -f b = m [a! + 5'), 

ab - V = m1 (a'b' - IT), 
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and the required condition is evidently 

ah - Jiz _ aid — h!'1 

[a+bf [a b )2 

If the axes be oblique, it is seen in like manner (Art. 158) that 

the condition for similarity is 

ah-lil _ a'b' - h'2_ 

(a + b - 2h cos ca)s [a! -f b' — 2ti cos <o)1 * 

It will be seen (Arts. 74, 154) that the condition found ex¬ 

presses that the angle between the (real or imaginary) asymptotes 

of the one curve is equal to that between those of the other. 

THE CONTACT OF CONIC SECTIONS. 

238. Tivo curves of the mth and nth degrees respectively inter¬ 

sect in ran points. 

For, if we eliminate either x or y between the equations, the 

resulting equation in the remaining variable will in general be 

of the mnth degree (Higher Algebra, Art. 73). If it should 

happen that the resulting equation should appear to fall below 

the mnA- degree, in consequence of the coefficients of one or 

more of the highest powers vanishing, the curves would still 

be considered to intersect in mn points, one or more of these 

points being at infinity (see Art. 135). If account be thus 

taken of infinitely distant as well as of imaginary points, it 

may be asserted that the two curves always intersect in mn 

points. In particular two conics always intersect in four points. 

In the next Chapter some of the cases will be noticed where 

points of intersection of two conics are infinitely distant; at 

present we' are about to consider the cases where two or more 

of them coincide. 

Since four points may be connected by six lines, viz. 12, 34; 

13, 24 j 14, 23 ; two conics have three pairs of chords of intersection. 

239. When two of the points of intersection coincide, the 

conics touch each other, and the line joining the coincident points 

is the common tangent. The conics will in this case meet in two 

real or imaginary points X, M distinct from the point of contact. 

This is called a contact of the first order. The contact is said to 

be of the second order when three of the points of intersection 
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coincide, as, for instance, if the point M move up until it coincide 

with T. Curves which have contact of an order higher than 

the first are also said to osculate; and it appears that conics 

which osculate must intersect in one other point. Contact of 

the third order is when two curves have four consecutive points 

common; and since two conics cannot have more than four 

points common, this is the highest order of contact they can 

have. 

Thus, for example, the equations oF two conics, both passing 

through the origin and having the line x for a common tangent 

are (Art. 144) 

ax1 + 2hxy 4 by1 4 2gx — 0, ax1 4 2h'xy 4 b'y1 4 2g'x = 0. 

And, as in Ex. 2, p. 175, 

x {[ah' — ah) x 4 2 [Jib' - Jib) y 4 2 [gV — g'b)} — 0, 

represents a figure passing through their four points of inter¬ 

section. The first factor represents the tangent which passes 

through the two coincident points of intersection, and the second 

factor denotes the line LM passing through the other two points. 

If now gh' —gb^ LM passes through the origin, and the conics 

have contact of the second order. If in addition hb' = h'b, the 

equation of LM reduces to x = 0; LM coincides with the tangent, 

and the conics have contact of the third order. In this last 

case, if we make by multiplication the coefficients of y2 the same 

in both the equations, the coefficients of xy and x will also be 

the same, and the equations of the two conics may be reduced 

to the form 

axz 4 2Jixy 4 by14 2gx = 0, a'x14 2hxy 4 by‘1 4 2gx = 0. 

240. Two conics may have double contact if the points of 

intersection 1, 2 coincide and also the points 3,4. The condition 

that the pair of conics considered in the last Article should 

touch at a second point is found by expressing the condition 

that the line Aill, whose equation is there given, should touch 
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either conic. Or, more simply, as follows: Multiply the equa¬ 

tions by g and g respectively, and subtract, and we get 

{ag - a'g) x‘ + 2 (hg - Tig) xy + [kg' - b'g) f = 0, 

which denotes the pair of lines joining the origin to the two 

points in which LM meets the conics. And these lines will 

coincide if 

(ag - a'g) (If - b'g) = (lig - h’fy. 

241. Since a conic can be found to satisfy any five conditions 

(Art. 133), a conic can be found to touch a given conic at a 

given point, and satisfy any three other conditions. If it have 

contact of the second order at the given point, it can be made 

to satisfy two other conditions; and if it have contact of the 

third order, it can be made to satisfv one other condition. Thus 

we can determine a parabola having contact of the third order 

at the origin with 

ax” + 2 hxy + by1 + 2gx — 0. 

Referring to the last two equations (Art. 239), we see that 

it is only necessary to write a instead of a, where a' is deter¬ 

mined by the equation a!b — h2. 

We cannot, in general, describe a circle to have contact of the 

third order with a given conic, because two conditions must be 

fulfilled in order that an equation should represent a circle; or, in 

other words, we cannot describe a circle through four consecutive 

points on a conic, since three points are sufficient to determine 

a circle. We can, however, easily find the equation of the 

circle passing through three consecutive points on the curve. 

This circle is called the osculating circle, or the circle of 

curvature. 

The equation of the conic to oblique or rectangular axes 

being, as before, 

ax1 -f 2hxy -f by1 -f 2gx = 0, 

that of any circle touching it at the origin is (Art. 84, Ex. 3) 

x2 + 2xy cos to + yl — 2rx sin to = 0. 

Applying the condition gV — gb (Art. 239), we see that the 
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condition that the circle should osculate i is 

q = — rb sin or r — -—.* 
’ b sin w 

The quantity r is called the radius of curvature of the conic 
at the point T. 

242. To find the radius of curvature at any point on a central 

conic. 

In order to apply the formula of the last Article the tangent 

at the point must be made the axis of y. Now the equation 

referred to a diameter through the point and its conjugate 

(-75 + yi = 1 j is transferred to parallel axes through the given 

point, by substituting x + a for a?, and becomes 

x ij 2x 
_ j_ il_1__ A 

,12 ~ 112 ' $ Vo 
aba 

Therefore, by the last Article, the radius of curvature is 
b'2 

Now a sin a) is the perpendicular from the centre on 
a sinw 

the tangent, therefore the radius of curvature 

b"1 A5 
= — , or (Art. 175) = 

ab° 

243. Let N denote the length of the normal PA7, and let y$r 

denote the angle FPN between the normal -—-J" 

and focal radius vector, then the radius of 
• “fyfd 

curvature is — ,.2 . For N = — (Art. 181), 
cod\fr 

b 

a 

and cos(Art. 188), whence the truth of the formula i 

manifest. 

is 

* In the Examples which follow we find the absolute magnitude of the radius of 

■curvature, without regard to sign. The sign, as usual, indicates the direction in which 

the radius is measured. For it indicates whether the given curve is osculated by 

;a circle whose equation is ,pf the form 

x2 + 2xy cos od + y2 + 2rx sin 00 = 0, 

the upper sign signifying one whose centre is in the positive direction of the axis 

of x; and the lower, one whose centre is in the negative direction. The formula in 

the text then gives a positive radius of curvature when the concavity of the curve 

is turned in the positive direction of the axis of x, and a negative radius when it is 

tunned in the opposite direction. 
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Thus we have the following construction: Erect a perpen¬ 

dicular to the normal at the point where it meets the axis; and 

again at the point Q, where this perpendicular meets the focal 

radius, draw CQ perpendicular to it, then C will be the centre 

of curvature, and CP the radius of curvature. 

244. Another useful construction is founded on the principle 

that if a circle intersect a conic, its chords of intersection will 

make equal angles with the axis. For the rectangles under the 

segments of the chords are equal (Euc. III. 35), and therefore 

the parallel diameters of the conic are equal (Art. 149), and 

therefore make equal angles with the axis (Art. 162). 

Now, in the case of the circle of curvature, the tangent at T 
(see figure, p. 226) is one chord of intersection and the line TL 
the other; we have, therefore, only to draw TL, making the 

same angle with the axis as the tangent, and we have the point 

L; then the circle described through the points T) A, and, 

touching the conic at T, is the circle of curvature. 

This construction shows that the osculating circle at either 

vertex has a contact of the third degree. 

Ex. 1. Using the notation of the eccentric angle, find the condition that four 
points a, /3, y, 8 should lie on the same circle (Joachimsthal, Crelle, xxxvi. 95). 

The chord joining two of them must make the same angle with one side of the 
axis as the chord joining the other two does with the other ; and the chords being 

- cos^ (a + /3) + y sin\ (a + (3) = cos£ (a - (3) ; 
CL 0 

- cos 4 (y + 8) + ~ sin \ (y + 8) = cos \ (y — 8); 
CL 0 

we have tan\ (a + /3) + tanJ (y + <5) = 0 ; a + (3 + y + 8 = 0; or = 2vnr. 

Ex. 2. Find the coordinates of the point where the osculating circle meets the 
conic again. 

4r'3 4?/3 
We have a — (3 = y; hence 8 = — 8a; or X — —-— 3x'; Y = — 3y'. 

' a2 b2 * 

Ex. 3. If the normals at three points a, (3, y meet in a point, the foot of the fourth 
normal from that point is given by the equation a + (3 + y + 8 = (2m + 1) 7r. 

Ex. 4. Find the equation of the chord of curvature TL. 

Ans. — cos a — 4 sin a = cos 2a. 
a b 

Ex. 5. There are three points on a conic whose osculating circles pass through 
a given point on the curve; these he on a circle passing through the point, and form 
a triangle of which the centre of the curve is the intersection of bisectors of sides 
(Steiner, Crelle, xxxii. 300; Joachimsthal, Crelle, xxxvi. 95). 

Here we are given 8, the point where the circle meets the curve again, and from 
the last Example the point of contact is a = — %8. But since the sine and cosine 
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of S would not alter if S were increased by 360°, we might also have a = — ±8 + 1 '20°, 
or = — + 240°, and, from Ex. 1, these three points lie on a circle passing through S. 
If in the last Example we suppose X, Y given, since the cubics which determine 
os' and y' want the second terms, the sums of the three values of x' and of y' are 
respectively equal to nothing; and therefore (Ex. 4, p. 5) the origin is the intersection 
of the bisectors of sides of the triangle formed by the three points. It is easy to see 
that when the bisectors of sides of an inscribed triangle intersect in the centre, the 
normals at the vertices are the three perpendiculars of this triangle, and therefore 

meet in a point. 

245. To find the radius of curvature of a parabola. 
The equation referred to any diameter and tangent being 

/ 

yl =px, the radius of curvature (Art. 241) is ^ > where 0 

N 
is the angle between the axes. The expression —5— , and the 

0 r cos \jr 7 

construction depending on it, hold for the parabola, since 

N=\p sin 6 (Arts. 212, 213) and yjr = 90° — 6 (Art. 217). 

Ex. 1. In all the conic sections the radius of curvature is equal to the cube of the 
normal divided by the square of the semi-parameter. 

Ex. 2. Express the radius of curvature of an ellipse in terms of the angle which 
the normal makes with the axis. 

Ex. 3. Find the lengths of the chords of the circle of curvature which pass 
through the centre or the focus of a central conic section. . 2b'2 2b"2 

Ans. —7-, and — 
a a 

Ex. 4. The focal chord of curvature of any conic is equal to the focal chord of 
the conic drawn parallel to the tangent at the point. 

Ex. 5. In the parabola the focal chord of curvature is equal to the parameter of 
the diameter passing through the point. 

246. To find the coordinates of the centre of curvature of a 
central conic. 

These are evidently found by subtracting from the coordi¬ 
nates of the point on the conic the projections of the radius of 
curvature upon each axis. Now it is plain that this radius is to 
its projection on y as the normal to the ordinate y. We find the 
projection, therefore, of the radius of curvature on the axis of 

/ Id1 1' \ b'2i' 
y (by multiplying the radius — by . The y of the 

yi_y'i yt 
centre of curvature then is —^— y. But b,2 — y1^ there¬ 

fore the y of the centre of curvature is 
a2 - b* 

72 2 
0 —a 

yA In like 

manner its x is x 13 

a 
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We should have got the same values by making a = /3 = y 

in Ex. 8, p. 220. 

Or, again, the centre of the circle circumscribing a triangle is 

the intersection of perpendiculars to the sides at their middle 

points; and when the triangle is formed by three consecutive 

points on a curve, two sides are consecutive tangents to the 

curve, and the perpendiculars to them are the corresponding 

normals, and the centre of curvature of any curve is the intersec¬ 

tion of two consecutive normals. Now if we make x = x" — X, 

y = yf — Y, in Ex. 4, p. 175, we obtain again the same values as 

those just determined. 

247. To find the coordinates of the centre of curvature of a 

parabola. 

The projection of the radius on the axis of y is found in like 
/ . N 

manner (by multiplying the radius of curvature 

y' 
” sinT?5 

and subtracting this quantity from y we have 

Y=-ta= 212). 

p , p 4 4a?' 

2>hr0=iC + ,> 

The same values may be found from Ex. 10, p. 214. 

In like manner its X is x + ^ f a/1 = x +1 -f— = 3x + Jp. 

248. The evolute of a curve is the locus of the centres of 

curvature of its different points. If it were required to find the 

evolute of a central conic, we should solve for xy in terms of 

the x and y of the centre of curvature, and, substituting in the 

equation of the curve, should have ^writing 

Q 

1. 

In like manner the equation of the evolute of a parabola is found 

to be 

27p/ = 16 [x - \ p)% 

which represents a curve called the semi-cubical parabola. 
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CHAPTER XIV. 

METHODS OF ABRIDGED NOTATION, 

249. If S = 0, S' = 0 be the equations of two conics, then 

the equation of any conic passing through their four, real 

or imaginary, points of intersection can be expressed in the 

form S=kS'. For the form of this equation shows (Art. 40) 

that it denotes a conic passing through the four points common 

to S and S'; and we can evidently determine Jc so that S=kS. 

shall be satisfied by the coordinates of any fifth point. It must 

then denote the conic determined by the five points.* 

This will, of course, still be true if either or both the quan¬ 

tities $, S' be resolvable into factors. Thus S = ka/3, being 

evidently satisfied by the coordinates of the points where the 

right lines a, j3 meet S, represents a conic passing through the 

four points where S is met by this pair of lines; or, in other 

words, represents a conic having a and /3 for a pair of chords of 

intersection with S. If either a or (3 do not meet S in real 

points, it must still be considered as a chord of imaginary inter¬ 

section, and will preserve many important properties in relation 

to the two curves, as we have already seen in the case of the 

circle (Art. 106). So, again, ay = k/3$ denotes a conic circum¬ 

scribing the quadrilateral a/3y$, as we have already seen (Art. 

122).*|' It is obvious that in what is here stated, a need not 

* Since five conditions determine a conic, it is evident that the most general 

equation of a conic satisfying four conditions must contain one independent constant, 

whose value remains undetermined until a fifth condition is given. In like manner, 

the most general equation of a conic satisfying three conditions contains two in¬ 

dependent constants, and so on. Compare the equations of a conic passing through 

three points or touching three lines (Arts. 124, 129). 

If we are given any four conditions, in the expression of each of which the co¬ 

efficients enter only in the first degree, the conic passes through four fixed points; 

for by eliminating all the coefficients but one, the equation of the conic is reduced 

to, the form S = kS'. 

f If a/3 be one pair of chords joining four points on a conic S, and yd another 

pair of chords, it is immaterial w'hether the general equation of a conic passing 

through the four points be expressed in any of the forms S — ka/3, S — kyd, a/3 — kyd, 

where k is indeterminate; because, in virtue of the general principle, S is itself of the 

form a/3 — kyd. 
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be restricted, as at p. 53, to denote a line whose equation has 

been reduced to the form x cos a + y sin a =jo; but that the 

argument holds if a denote a line expressed by the general 

equation. 

250. There are three values of for which 8—kS' re¬ 

presents a pair of right lines. For the condition that this shall 

be the case, is found by substituting a - ka\ b — kb'r &c. for 

a, &, &c. in 
abc 4 2fgh — afz — bg2 - ch2 = 0, 

and the result evidently is of the third degree in &, and is 

therefore satisfied by three values of k. If the roots of this 

cubic be k\ k'", then S — k'S', S—k"S'j k!"8'1 denote 

the three pairs of chords joining the four points of intersection 

of 8 and S' (Art. 238). 

Ex. 1. What is the equation of a conic passing through the points where a given 

conic S meets the axes ? 

Here the axes x = 0, y = 0, are chords of intersection, and the equation must be 

of the form S = kxy, where k is indeterminate. See Ex. 1, Art. 151. 

Ex. 2. Form the equation of the conic passing through five given points; for 

example (1, 2); (5, 5), (— 1, 4), (— 3, — 1) (— 4, 3). Forming the equations of the sides 

of the quadrilateral formed by the first four points, we see that the equation of the 

required conic must be of the form 

(ox — 2y + 1) (5x — 2y + 13) = Jc (x - 4y + 17) (ox — 4y + 5). 

Substituting in this, the coordinates of the fifth point (—4, 3), we obtain Jc~— ^T. 

Substituting this value and reducing the equation, it becomes 

79x2 — 320xy + 301y2 + 1101a? — 1665y + 1586 = 0: 

251. The conics S, S—kct.f3 will touch; or, in other words, 

two of their points of intersection will coincide ; if either a or /3 

touch $, or again, if a and j3 intersect in a point on S. Thus if 

T— 0 be the equation of the tangent to S at a given point on it 

xy\ then 8= T (lx + my 4 «), is the most general equation of a 

conic touching 8 at the point xy ; and if three additional con¬ 

ditions are given, we can complete the determination of the 

conic by finding ?, w, n. 

Three of the points of intersection will coincide if lx 4 my 4 n 

pass through the point xy'; and the most general equation of a 

conic osculating 8 at the point xy is 8— T(lx4my — lx!— my'). 

If it be required to find the equation of the osculating circle, 

we have only to express that the coefficient xy vanishes in this 

H H, 



234 METHODS OF ABRIDGED NOTATION. 

equation, and that the coefficient of x2 = that of y2\ when we 

have two equations which determine l and m. 

The conics will have four consecutive points common if 

lx-\- my-\-n coincide with P, so that the equation of the second 

conic is of the form S=kT2. Compare Art. 239. 

Ex. 1. If the axes of S be parallel to those of S', so will also the axes of 

S — JcS'. For if the axes of coordinates be parallel to the axes of S, neither S nor 

S' will contain the term xy. If S' be a circle, the axes of S — JcS' are parallel to 

the axes of S. If S — kS' represent a pair of right lines, its axes become the internal 

and external bisectors of the angles between them; and we have the theorem of 

Art. 244. 

Ex. 2. If the axes of coordinates be parallel to the axes of S, and also to those 

of S — Jca(3, then a and (3 are of the forms lx + my + n, lx — my 4- n'. 

Ex. 3. To find the equation of the circle osculating a central conic. The equation 

must be of the form 

if + yl _ i - +mi 

a* b2 \a2 b2 
1) (lx + my — lx' — my'). 

Expressing that the coefficient of xy vanishes, we reduce the equation to the form 

x + (xx". y£_ A fxx'_yy’ _ ^ 
\a2 b2 )~\a? b* ) \ a2' b2 a2 ^ & )' 

b”- 
and expressing that the coefficient of x2 = that of y2, we find \ = ^ 2 r and 

the equation becomes 

x2 + y1 - 
2 (a2 — b2) xnx 2 (b2 — a2) y’*y 

a4 b* 
+ a'2 - 2b'2 = 0. 

Ex. 4. To find the equation of the circle osculating a parabola. 

Ans. (p2 + 4px') (y2 — px) = {2yy' — p (x + x')} {2yy' + px — 3px'}, 

252. We have seen that S=ha.l3 represents a conic passing 

through the four points 

P, Q; where a, /3 meet 

S; and it is evident that 

the closer to each other 

the lines a, f3 are, the 

nearer the point P is to p, 

and Q to q. Suppose that the lines a and /3 coincide, then 

the points P:p] Q, q coincide, and the second conic will touch 

the first at the points P, Q. Thus, then, the equation S = ka2 

represents a conic having double contact with $, a being the chord 

of contact. Even if a do not meet $, it is to be regarded as the 

imaginary chord of contact of the conics S and S — In 

like manner ay = k(32 represents a conic to which a and 7 are 

tangents and /3 the chord of contact, as we have already seen 

(Art. 123). The equation of a conic having double contact 

with S at two given points xyf, x"y” may be also written in the 
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form S=Jc TT\ where l7 and T' represent the tangents at these 

points. 

253. If the line a be parallel to an asymptote of the conic 

Sj it will also be parallel to an asymptote of any conic repre¬ 

sented by S = haft, which then denotes a system passing through 

three finite and one infinitely distant point. In like manner, 

if in addition 0 were parallel to the other asymptote, the system 

would pass through two finite and two infinitely distant points. 

Other forms which denote conics having points of intersection 

at infinity will be recognized by bearing in mind the prin¬ 

ciple (Art. 67) that the equation of an infinitely distant line is 

0.x + O.y +G= 0; and hence (Art. 69) that an equation, appa¬ 

rently not homogeneous, may be made homogeneous in form, if 

in any of the terms which seem to be below the proper degree of 

the equation we replace one or more of the constant multipliers 

by 0.x ■+ O.y + 0. Thus, the equation of a conic referred to its 

asymptotes xy = h2 (Art. 199) is a particular case of the form 

ay = /32 referred to two tangents and the chord of contact 

(Arts. 123, 252). Writing the equation xy — (0.2 + O.y + Jc)‘\ 

it is evident that the lines x and y are tangents, whose points of 

contact are at infinity (Art. 154). 

254. Again, the equation of a parabola yl =px is also a par¬ 

ticular case of ay=/32. Writing the equation x (0. x + 0. y-f- p) =y2, 

the form of the equation shows, not only that the line x touches 

the curve, its point of contact being the point where x meets y, 

but also that the line at infinity touches the curve, its point of 

contact also being on the line y. The same inference may be 

drawn from the general equation of the parabola 

(ax + /3yY + (2yjc-f 2fy + c) [O.x + O.y + 1) = 0, 

which shews that both 2gx 4- 2/y + c, and the line at infinity are 

tangents, and that the diameter ax-\- (3y joins the points of con¬ 

tact. Thus, then, every parabola has one tangent altogether at an 

infinite distance. In fact, the equation which determines the 

direction of the points at infinity on a parabola is a perfect 

square (Art. 137); the two points of the curve at infinity 

therefore coincide; and therefore the line at infinity is to be 

regarded as a tangent (Art. 83). 
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Ex. The general equation 

ax2 + 2 hxy 4- by1 4- 2gx 4- 2fy + c = 0 

may be regarded as a particular case of the form (Art. 122) ay — k(38. For the first 

three terms denote two lines a, y passing through the origin, and the last three terms 

denote the line at infinity (3, together with the line o, 2gx 4- 2fy+c. The form of the 

equation then shows that the lines a, y meet the curve at infinity, and also that 8 

represents the line joining the finite points in which ay meet the curve. 

255. In accordance with Art. 253, the equation S= Jc/3 is to 

be regarded as a particular case of a/3, and denotes a system 

of conics passing through the two finite points where /3 meets 

and also through the two infinitely distant points where 8 is 

met by 0.x -f O.y + k. Now it is plain that the coefficients of 

x\ of xy, and of y\ are the same in 8 and in S— kj3, and there¬ 

fore (Art. 234) that these equations denote conics similar and 

similarly placed. We learn, therefore, that two conics similar 

and similarly placed meet each other in two infinitely distant 

points, and consequently only in two finite points 

This is also geometrically evident when the curves are 

hyperbolas; for the asymptotes of similar conics are parallel 

(Art. 235), that is, they intersect at in¬ 

finity; but each asymptote intersects 

its own curve at infinity; consequently 

the infinitely distant point of intersec¬ 

tion of the two parallel asymptotes is 

also a point common to the two curves. 

Thus, on the figure, the infinitely distant 

point of meeting of the lines OX, Ox 

and of the lines OY, Oy, are common to the curves. One of 

their finite points of intersection is shown on the figure, the 

other is on the opposite branches of the hyperbolas. 

If the curves be ellipses, the only difference is that the 

asymptotes are imaginary instead of being real. The directions 

of the points at infinity, on two similar ellipses, are determined 

from the same equation [ax2 + 2hxy + by* = 0) (Arts. 136,234). 

Now, although the roots of this equation are imaginary, yet 

they are, in both cases, the same imaginary roots, and therefore 

the curves are to be considered as having two imaginary points 

at infinity common. In fact, it was observed before, that even 

when the line a does not meet S in real points, it is to be re- 
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garded as ? chord of imaginary intersection of S and S — 7ca./3j 

and this remains true when the line a is infinitely distant. 

If the curves be parabolas, they are both touched by the line 

at infinity (Art. 254); but the direction of the point of contact, 

depending only on the first three terms of the equation, is the 

same for both. Hence, two similar and similarly placed para¬ 

bolas touch each other at infinity. In short, the two infinitely 

distant points common to two similar conics are real, imaginary, 

or coincident, according as the curves are hyperbolas, ellipses, 

or parabolas. 

256. The equation $=&, or 8 = k [0.x -f O.y + l)2 is mani¬ 

festly a particular case of 8=kd\ and therefore (Art. 252) de¬ 

notes a conic having double contact with $, the chord of contact 

being at infinity. Now 8—h differs from 8 only in the constant 

term. Not only then are the conics similar and similarly placed, 

the first three terms being the same, but they are also con¬ 

centric. For the coordinates of the centre (Art. 140) do not 

involve c, and therefore two conics whose equations differ only 

in the absolute term are concentric (see also Art. 81). Hence, two 

similar and concentric conics are to be reyarded as touching each 

other at two infinitely distant points. In fact, the asymptotes of 

two such conics are not only parallel but coincident; they have 

therefore not only two points at infinity common, but also the 

tangents at those points; that is to say, the curves touch. 

If the curves be parabolas, then, since the line at infinity 

touches both curves, 8 and 8—Id have with each other, by 

Art. 251, a contact at infinity of the third order. Two para¬ 

bolas whose equations differ only in the constant term will be 

equal to each other; for the curves y* —px^ yl —p (x + n) are 

obviously equal, and the equations transformed to any new axes 

will continue to differ only in the constant term. We have seen, 

too (Art. 205), that the expression for the parameter of a para¬ 

bola does not involve the absolute term. The parabolas then, 

8 and 8—Id are equal, and we learn that two equal and similarly 

placed parabolas whose axes are coincident may be considered as 

having with each other a contact of the third order at infinity. 

257. All circles are similar curves, the terms of the second 

degree being the same in all.x It follows then, from the last 
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Articles, that all circles pass through the same two imaginary 

points at infinity, and on that account can never intersect in more 

than two finite points, and that concentric circles touch each other 

in two imaginary points at infinity ; and on that account can 

never intersect in any finite point. It will appear hereafter 

that a multitude of theorems concerning circles are but parti¬ 

cular cases of theorems concerning conics which pass through 

two fixed points. 

258. It is important to notice the form Vo? + m?ft'* = w2y2, 

which denotes a conic with respect to which a, /3, 7 are the 

sides of a self-conjugate triangle (Art. 99). For the equation 

may be written in any of the forms 

rtfi — m?fti? — Vo?; riy1 — Vo? = m?ft2; Vo? + m?f32 == r?y‘\ 

The first form shows that ny -+ mft, ny — mft (which intersect 

in /3y) are tangents, and a their chord of contact. Consequently 

the point fty is the pole of a. Similarly from the second form 

yoL is the pole of ft, It follows, then, that aft is the pole of 7; 

and this also appears from the third form, which shows that the 

two imaginary lines la ± mft (— 1) are tangents whose chord 

of contact is 7. Now these imaginary lines intersect in the 

real point a/3, which is therefore the pole of 7; although being 

within the conic, the tangents through it are imaginary. 

It appears, in like manner, that 

ao? + 2^ a/3 -f bft? — cy2 

denotes a conic, such that aft is the pole of 7; for the left-hand 

side can be resolved into the product of factors representing 

lines which intersect in a/3. 

Cor. If Z2a2 + m2/32 = n2y2 denote a circle, its centre must be the intersection of 

perpendiculars of the triangle a/3y. For the perpendicular let fall from any point 

on its polar must pass through the centre. 

258*(a). If x = 0, y = 0 be any lines at right angles to each 

other through a focus, and 7 the corresponding directrix, the 

equation of the curve is 
1 2 . 2 ‘2 2 x +y =e 7, 

a particular form of the equation of Art. 258. Its form shows 

that the focus (xy) is the pole of the directrix 7, and that the 

* This Article was numbered 279 in the previous editions, 
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polar of any point on the directrix is perpendicular to the line 

joining it to the focus (Art. 192); for ?/, the polar of [xy) is per¬ 

pendicular to cc, hut x may be any line drawn through the focus. 

The form of the equation shows that the two imaginary 

lines x2 -\-y2 are tangents drawn through the focus. Now, since 

these lines are the same whatever 7 be, it appears that all conics 

which have the same focus have two imaginary common tangents 

passing through this focus. All conics, therefore, which have both 

foci common, have four imaginary common tangents, and may 

be considered as conics inscribed in the same quadrilateral. The 

imaginary tangents through the focus (x2 -f y2 = 0) are the same 

as the lines drawn to the two imaginary points at infinity on any 

circle (see Art. 257). Hence, we obtain the following general 

conception of foci: u Through each of the two imaginary points 

at infinity on any circle draw two tangents to the conic; these 

tangents will form a quadrilateral, two of whose vertices will be 

real and the foci of the curve, the other two may be considered 

as imaginary foci of the curve.” 

Ex. To find the foci of the conic given by the general equation. We have 

only to express the condition that x — x' + {y — y') J(— 1) should touch the curve. 

Substituting then in the formula of Art. 151, for X, ,u, v respectively, 1, J(— 1), 

— {x' + y' 4(— 1)}; and equating separately the real and imaginary parts to cypher, 

we find that the foci are determined as the intersection of the two loci 

C {x2 — y2) + 2Fy — 2 Gx + A — B = 0, Cxy — Fx — Gy + H = 0, 

which denote two equilateral hyperbolas concentric with the given conic. Writing 

the equations 

(■Cx - G)2 — (Cy — F)2 = G2 — AC - (F2 - BC) = A {a - b), 

{Cx - G) (Cy- F) = FG- CE- Ah-, 

the coordinates of the foci are immediately given by the equations 

{Cx - G)2 - -§A {R + a - b); {Cy - F)2 = \A{R + b- a), 

where A has the same meaning as at p. 153, and R as at p. 158. If the curve is a 

parabola, (7=0, and we have to solve two linear equations which give 

{F2 + G2) x = FH + \ {A — B) G ] {F2 + G2) y = GH + ^ (f? — A) F. 

259. We proceed to notice some inferences which follow on 

interpreting, by the help of Art. 34, the equations we have 

already used. Thus (see Arts. 122, 123) the equation ay = /u/32 

implies that the product of the perpendiculars from any yoint of 

a conic on two fixed tangents is in a constant ratio to the square 

of the perpendicular on their chord of contact. 

The equation ay = &/3S, similarly interpreted, leads to the 
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important theorem: The product of the perpendiculars let fall 

from any point of a conic on two opposite sides of an inscribed 

quadrilateral is in a constant ratio to the product of the perpen¬ 

diculars let fall on the other two sides. 

From this property we at once infer, that the anharmonic 

ratio of a pencil, whose sides pass through four fixed points of a 

conic, and whose vertex is any variable point of it, is constant. 

For the perpendicular 

OA.OB sin A OB OC.OB.smCOD p 

a =-AB-’ 7 =-CD-’ &0- 

Now if we substitute these values 

in the equation ay + kfih, the con¬ 

tinued product OA.OB.OG.OD 

will appear on both sides of the 

equation, and may therefore be 

suppressed, and there will remain 

smAQB. sin COD 1 AB.CD 

sin BO C Am.A OB = k' BC.AD ’ 

but the right-hand member of this equation is constant, while' 

the left-hand member is the anharmonic ratio of the pencil OA, 

OB, OC, OB. 

The consequences of this theorem are so numerous and im¬ 

portant that we shall devote a section of another chapter to 

develope them more fully. 

260. If 8 = 0 be the equation to a circle, then (Art. 90) 8 is 

the square of the tangent from any point xy to the circle; hence 

S - ka.fi = 0 (the equation of a conic whose chords of intersection 

with the circle are a and fi) expresses that the locus of a point, 

such that the square of the tangent from it to a fixed circle is in a 

constant ratio to the product of its distances from two fixed lines, 

is a conic passing through the four points in which the fixed lines 

intersect the circle. 

This theorem is equally true whatever be the magnitude of 

the circle, and whether the right lines meet the circle in real or 

imaginary points; thus, for example, if the circle be infinitely 

small, the locus of a point, the square of whose distance from a 

fixed vnixit, is in a constant ratio to the product of its distances from 
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two fixed lines, is a conic section; and the fixed lines may be 

considered as chords of imaginary intersection of the conic with 

an infinitely small circle whose centre is the fixed point. 

261. Similar inferences can he drawn from the equation 

S — &a2 = 0, where S is a circle. We learn that the locus of a 

point, such that the tangent from it to a fixed circle is in a constant 

ratio to its distance from a fixed line, is a conic touching the circle 

at the two points where the fixed line meets it; or, conversely, that 

if a circle have double contact with a conic, the tangent drawn to 

the circle from any point on the conic is in a constant ratio to the 

perpendicular from the point on the chord of contact. 

In the particular case where the circle is infinitely small, we 

obtain the fundamental property of the focus and directrix, and 

we infer that the focus of any conic may be considered as an in¬ 

finitely small circle, touching the conic in two imaginary points 

situated on the directrix. 

262. In general, if in the equation of any conic the coordi¬ 

nates of any point be substituted, the result will be proportional to 

the rectangle under the segments of a chord drawn through the 

point parallel to a given line* 

For (Art. 148) this rectangle 
f 

c 

a cos26? + 2h cos 6 sin 6 4- b sin*# * 1 

where, by Art. 134, c is the result of substituting in the equa¬ 

tion the coordinates of the point; if, therefore, the angle 6 be 

constant, this rectangle will be proportional to d. 

Ex. 1. If two conics have double contact, the square of the perpendicular from 

any point of one upon the chord of contact is in a constant ratio to the rectangle 

under the segments of that perpendicular made by the other. 

Ex. 2. If a line parallel to a given one meets two conics in the points P, Q, p, q, 

and we take on it a point 0, such that the rectangle OP. OQ may be to Op. Oq in 

a constant ratio, the locus of 0 is a conic through the points of intersection of the 
given conics. 

Ex. 8. The diameter of the circle circumscribing the triangle formed by two 

' brbn 
tangents to a central conic and their chord of contact is — ; where b', b" are the 

p 
semi-diameters parallel to the tangents, and p is the perpendicular from the centre 
on the chord of contact. [Mr. Burnside]. 

* This is equally true for curves of any degree. 

I I. 



242 METHODS OF ABRIDGED NOTATION. 

It will be convenient to suppose the equation divided by such a constant that the 

result of substituting the coordinates of the centre shall be unity. Let t', t" be the- 

lengths of the tangents, and let S' be the result of substituting the coordinates 

of their intersection; then 

f2 : b'2 :: S' : 1, r2 : b"2 :: S' : 1. 

But also if vs be the perpendicular on the chord of contact from the vertex of the 

triangle, it is easy to see, attending to the remark, Note, p. 154, 

vs : p :: S' : 1. 

„ ft” b'b" 

But the left-hand side of this equation, by Elementary Geometry, represents the 

diameter of the circle circumscribing the triangle. 

Ex. 4. The expression (Art. 242) for the radius of curvature may be deduced 

if in the last example we suppose the two tangents to coincide, in which case the 

diameter of the circle becomes the radius of curvature (see Art. 398); or also from 

the following, theorem due to Mr. Roberts : If n, n' be the lengths of two in¬ 

tersecting normals; p, p' the corresponding central perpendiculars on tangents; b' 

the semi-diameter parallel to the chord joining the two points on the curve, then 

rtp + rfp' = 2b'2. For if S' be the result of substituting in the equation the coordi¬ 

nates of the middle point of the chord, vs, rs' the perpendiculars from that point 

on the tangents, and 2/3 the length of the chord, then it can be proved, as in the 

last example, that /32 — b'2S', vs=pS', vs' — p'S', and it is very easy to see that 

iivs + n'vs' =. 2/32. 

263. If two conics have each double contact with a third, their 

chords of contact with the third conic, and a pair of their chords 

of intersection with each other, will all pass through the same 

point, and will form a harmonic 'pencil. 

Let the equation of the third conic be $ = 0, and those of 

the first two conics, 

S+L*= 0, S + IIP = 0. 

Now, on subtracting these equations, we find L? — M2 = 0, 

which represents a pair of chords of intersection [L±M— 0) 

passing through the intersection of the chords of contact (L and 

M), and forming a harmonic pencil with them (Art. 57). 

Ex. 1. The chords of contact of two conics with their common tangents pass 

through the intersection of a pair of their common chords. This is a particular case 

of the preceding, S being supposed to reduce to two right lines. 

Ex. 2. The diagonals of any inscribed, and of the corresponding circumscribed 

quadrilateral, pass through the same point, and form a harmonic pencil. This is 

also a particular case of the preceding, S being any conic, and S + L2, S + M2 being 

supposed to reduce to right lines. The proof may also be stated thus : Let tlf t2, cx; 

t3. i4, c2 be two pairs of tangents and the corresponding chords of contact. In other 

words, <?j, c2 are diagonals of the corresponding inscribed quadrilateral. Then the 

equation of S may be written in eicher of the forms 

qq — <q2 — 0, t3ti — c2 — 0. 
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The second equation must therefore be identical with the first, or can only differ 

from it by a constant multiplier. Hence £ff2 — Xf3f4 must be identical with <q2 — Xc22. 

Now Cj2 — \c22 = 0 represents a pair of right lines passing through the intersection of 

q, c2, and harmonically conjugate with them; and the equivalent form shows that 

these right lines join the points t2ti and t2ts. For t{t2 — \t2tA = 0 must denote 

a locus passing through these points. 

Ex. 3. If 2a, 2(3, 2y, 23 be the eccentric angles of four points on a central conic, 

form the equation of the diagonals of the quadrilateral formed by their tangents. 

Here we have 

ti=- cos 2a + | sin 2a — 1, t2 = — cos 2/3 4- f sin 2/3 — I. 
a b ’ 1 a ^ b * 

cl = - cos (a + (3) + | sin (« + (3) - cos (a - /3)., 
CC 0 

and we easily verify 

Hence reasoning, as in the last example, we find for the equations of the diagonals 

sin (a — (3) ~ sin (y — 3) * 

264. If three conics have each double contact with a fourth, 

six of their chords of intersection will pass three by three through 

the same points, thus forming the sides and diagonals of a 

quadrilateral. 

Let the conics be 

8 + L2 = 0, S + M2 = 0, 

By the last Article the chords will be 

L - 0, M- N= 0, 
L -f hi = 0, il/+Ar=0, 

L + M = 0, M- 0, 

S+N2 = 0. 

N-L = 0; 

N-L = Q-, 

N+L = 0; 

0, M+N=0, N+ L = 0, 

As in the last Article, we may deduce hence many particular 

theorems, by supposing one or more of the conics to break up 

into right lines. Thus, for example, if S break up into right 

lines, it represents two common tangents to S + 3.P, S+N2; 
and if L denote any right line through the intersection of those 

common tangents, then S + Lz also breaks up into right lines, 

and represents any two right lines passing through the intersec¬ 

tion of the common tangents. Hence, if through the intersection 

of the common tangents of two conics we draw any g>oir of right 

lines, the chords of each conic joining the extremities of those lines 

will meet on one of the common chords of the conics. This is the 
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extension of Art 116. Or, again, tangents at the extremities of 

either of these right lines will meet on one of the common chords. 

265. If /S'+17, /S+ilf2, S+N'\ all break up into pairs -of 

right lines, they will form a hexagon circumscribing /S', the 

chords of intersection will be diagonals of that hexagon, and 

we get Brianchon’s theorem: u The three opposite diagonals of 

every hexagon circumscribing a conic intersect in a point! By 

the opposite diagonals we mean (if the sides of the hexagon be 

numbered 1, 2, 3, 4, 5, 6) the lines joining (1, 2) to (4, 5), (2, 3) 

to (5, 6), and (3, 4) to (6, 1); and by changing the order in 

which we take the sides we may consider the same lines as 

forming a number (sixty) of different hexagons, for each of 

which the present theorem is true. The proof may also be stated 

as in Ex. 2, Art. 263. If 

~ C4 = Oj — C2 =0, t3tG — c3 = 0.5 

be equivalent forms of the equation of /S, then c^ — c2 = cs re¬ 

presents three intersecting diagonals.* 

266. If three conic sections have one chord common to cdl, their 

three other chords will pass through the same point. 

Let the equation of one be S = 0, and of the common chord 

L = 0, then the equations of the other two are of the form 

S+LM= 0, S+LN = .0, 

which must have, for their intersection with each other, 

L[M-N)=0; 

but M — N is a line passing through the point (.MN). 

According to the remark in Art. 257, this is only an extension 

of the theorem (Art. 108), that the radical axes of three circles 

meet in a point. For three circles have one chord (the line at 

infinity) common to all, and the radical axes are their other 

common chords. 

* Mr. Todhunter has with justice objected to this proof, that since no rule is given 

which of the diagonals of is cl = + e2, all that is in strictness proved is that the 

lines joining (1., 2) to (4, 5) and (2, 3) to (5, 6) intersect either on the line joining 

(3, 4) to (6, 1), or on that joining (1, 3) to (4, 6). But if the latter were the case the 

triangles 123, 456 would be homologous (see Ex. 3, p. 59), and therefore the inter¬ 

sections 14, 25, 36 on a right line ; and if wre suppose five of these tangents fixed, the 

sixth instead of touching a conic would pass through a fixed point. 
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The theorem of Art. 264 may be considered as a still further 

extension of the same theorem, and three conics which have 

each double contact with a fourth may be considered as having 

four radical centres, through each of which pass three of their 

common chords. 

The theorem of this Article may, as in Art. 108, be other¬ 

wise enunciated : Given four points on a conic section, its chord of 

intersection with a fixed conic passing through two of these points 

will pass through a fixed point. 

Ex. 1. If through one of the points of intersection of two conics we draw any line 

meeting the conics in the points P, p, and through any 

other point of intersection B a line meeting the conics in 

the points Q. q, then the lines PQ, pq will meet on CD, 

the other chord of intersection. This is got by supposing 

one of the conics to reduce to the pair of lines OA, OB. 

Ex. 2. If two right lines, drawn through the point of 

contact of two conics, meet the curves in points P, p, Q, q, 

then the chords PQ, pq will meet on the chord of inter¬ 

section of the conics. 

This is also a particular ease of a theorem given in Art. 264, since one intersection 

oi common tangents to two conics which touch reduces to the point of contact 

(Cor., Art. 117). 

267. The equation of a conic circumscribing a quadrilateral 

(ay = k/3S) furnishes us with a proof of “Pascal’s theorem,” 

that the three intersections of the opposite sides of any hexagon 

inscribed in a conic section are in one right line. 

Let the vertices be abcdefi and let ab — 0 denote the equation 

of the line joining the points a, b\ then, since the conic circum¬ 

scribes the quadrilateral abcdj its equation must be capable of 

being put into the form 

ab .cd—bc.ad — 0. 

But since it also circumscribes the quadrilateral defa, the same 

equation must be capable of being expressed in the form 

de .fa — ef. ad = 0. 

From the identity of these expressions, we have 

ab.cd — de .fa = (be — ef) ad. 

Hence, we learn that the left-hand side of this equation (which 

from its form represents a figure circumscribing the quadrilateral 

formed by the lines a5, de, cd, af) is resolvable into two factors, 

which must therefore represent the diagonals of that quadri¬ 

lateral. But ad is evidently the diagonal which joins the vertices 
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a and d, therefore be-ef must be the other, and must join the 

points [ab, de), [ed, af); and since from its form it denotes a line 

through the point (be, ef), it follows that these three points are 

in one right line. 

268. We may, as in the case of Brianchon’s theorem, obtain 

a number of different theorems concerning the same six points, 

according to the different orders in which we take them. Thus, 

since the conic circumscribes the quadrilateral beef, its equation 

can be expressed in the form 

be.ef— be.ef= 0. 

Now, from identifying this with the first form given in the last 

Article, we have 
ab.cd— be.ef = [ad— ef) beM, 

whence, as before, we learn that the three points (ab, of), [cd, be), 

[ad, ef) lie in one right line, viz. ad — ef= 0. 

In like manner, from identifying the second and third forms 

of the equation of the conic, we learn that the three points 

(<de, ef), [fa, be), [ad, be) lie in one right line, viz. be —ad— 0. 

But the three right lines 

be — ef — 0, ef — ad = 0, ad-be — 0, 

meet in a point (Art. 41). Hence we have Steiner’s theorem^ 

that u the three Pascal’s lines which are obtained by taking the 

vertices in the orders respectively, abedef\ adefeb, afebed, meet 

in a point.” For some further developments on this subject we 

refer the reader to the note at the end of the volume. 

Ex. 1. If a, b, c be three points on a right line; a', b\ c’ three points on another 

line, then the intersections (be', b'c), (ca', c'a), {ah', a'b) lie in a right line. This is 

,a particular case of Pascal’s theorem. It remains true if the second line be at infinity 

and the lines ba', ca' be parallel to a given line, and similarly for cb', ab'; ac', be'. 

Ex. 2. From four lines can be made four triangles, by leaving out in turn one 

line: the four intersections of perpendiculars of these triangles lie in a right line. 

Let a, b, c, d be the right lines; a', b', c', d' lines perpendicular to them; then the 

theorem follows by applying the last example to the three points of intersection of 

<2, b, c with d, and the three points at infinity on a', b', c\* 

■* This proof was given me independently by Prof. De Morgan and by Mr. Burnside. 

■The theorem itself, of which another proof has been given p. 217, may also be deduced 

from Steiner’s theorem, Ex. 3, p. 212. For the four intersections of perpendiculars 

must lie on the directrix of the parabola, which has the four lines for tangents. The 

line joining the middle points of diagonals is parallel to the axis (see Ex. 1, p. 212), 

It follows in the same way from Cor. 4, p. 207, that the circles circumscribing the four 

(triangles pass through the same point, viz. the focus of the same parabola. If we are 
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Ex. 3. Steiner’s theorem, that the perpendiculars of the triangle formed by three 

tangents to a parabola intersect on the directrix is a particular case of Brianchon’s 

theorem. For let the three tangents be a, b, c; let three tangents perpendicular to 

them be a', b', c', and let the line at infinity, which is also a tangent (Art. 254) be oo . 

Then consider the six tangents a, b, c, c', oo, a'; and the lanes joining ab, c’oo ; 

5c, a'ao; cc', aa' meet in a point. The first two are perpendiculars of the triangle, 

and the last is the directrix on which intersect every pair of rectangular tangents 

(Art. 221). This proof is by Mr. John C. Moore. 

Ex. 4. Given five tangents to a conic, to find the point of contact of any. Let 

ABODE be the pentagon formed by the tangents; then, if AO and BE intersect in 

0, DO passes through the point of contact of AB. This is derived from Brianchon’s 

theorem by supposing two sides of the hexagon to be indefinitely near, since any 

tangent is intersected by a consecutive tangent at its point of contact (Art. 147). 

269. Pascal’s theorem enables ns, given five points A, B, C, 

D) Ey to construct a conic j for if we draw any line AP through 

one of the given points, we can find the point F in which that 

line meets the conic again, and can so determine as many points 

on the conic as we please. For, by Pascal’s theorem, the points 

of intersection (AB, DE), (BC, EE), (CD, AF) are in one right 

line. But the points (AB, DE), (CD, AF) are by hypothesis 

known. If then we join these points 0, P, and join to E the 

point Q in which OP meets BC, the intersection of $7? with AP 

determines F. In other words, F is the vertex of a triangle 

FPQ whose sides pass through the fixed points A, E, 0, and whose 

base angles P, Q move along the fixed lines CD, CB (see Ex. 3, 

p. 42). The theorem was stated in this form by MacLaurin. 

Ex. 1. Given five points on a conic, to find its centre. Draw AP parallel to BO 

and determine the point F. Then AF and BC are two parallel chords and the line 

joining their middle points is a diameter. In like manner, by drawing QE parallel 

to CD we can find another diameter, and thus the centre. 

given five lines, M. Auguste Miquel has proved (see Catalan’s Theoremes et Problemes 

de Geometrie EUmentaire. p. 93) that the foci of the five parabolas which have four 

of the given lines for tangents lie on a circle (see Higher Plane Curves, Art. 146), 
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Ex. 2. Given five points on a conic, to draw the tangent at any one of them. 

The point F must then coincide with A, and the line QF drawn through E must 

therefore take the position qA. The tangent therefore must bejy/1. 

Ex. 3. Investigate by trilinear coordinates (Art. 62) MacLaurin’s method of 

generating conics. In other words, find the locus of the vertex of a triangle whose 

sides pass through fixed points and base angles move on fixed lines. Let a, /3, y 

be the sides of the triangle formed by the fixed points, and let the fixed lines be 

la + to/3 + ny = 0, l'a + m'(3 + n'y = 0. Let the base be a = /x[3. Then the line 

joining to /3y, the intersection of the base with the first fixed line, is 

(l/x + to) 13 + ny — 0. 

And the line joining to ay, the intersection of the base with the second line, is 

(I'/x + to') a + n'/xy = 0. 

Eliminating fx from the last two equations, the equation of the locus is found to be 

hn'a[3 — (to/3 + ny) (l'a + n'y)f 

a conic passing through the points 

/3y, ya, (a, la + to/3 + ny), ((3, Va + m'(3 + n'y). 

EQUATION REFERRED TO TWO TANGENTS AND THEIR CHORD. 

270. It much facilitates computation (Art. 229) when the 

position of a point on a curve can be expressed by a single 

variable ; and this we are able to do in the case of two of the 

principal forms of equations of conics already given. First, let 

Zr, M be any two tangents and R their chord of contact. Then 

the equation of the conic (Art. 252) is LM= R2; and if fxL = R 

be the equation of the line joining LR to any point on the 

curve (which w7e shall call the point //), then substituting in the 

equation of the curve, we get M — /jlR and fi*L — M for the 

equations of the lines joining the same point to MR and to LM. 

Any two of these three equations therefore will determine a 

point on the conic. 

The equation of the chord joining two points on the curve 

/i,, is 
Mjl'L — (/jl + fjf) R M = 0. 

For it is satisfied by either of the suppositions 

(,ixL = R, /jlR = M), (/*'L = R, ii'R~M). 

If fx and p coincide we get the equation of the tangent, viz. 

fi2L — 2/xR + M — 0. 

Conversely, if the equation of a right line [fi2L — 2fiR-{-M—0) 

involve an indeterminate /jl in the second degree, the line will 

always touch the conic Ail/— Ru. 
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271. To find the equation of the 'polar of any point. 

The coordinates IJ, M\ R‘' of the point substituted in the 

equation of either tangent through it give the result 

fTLr - 2 jiE 4 Mr = 0. 

M R 
Now at the point of contact pz = ~ ^ and p= — (Art. 270). 

-L Li 

Therefore the coordinates of the point of contact satisfy the 

equation 

ML' - 2RR' 4 LM' =*■ 0, 

which is that of the polar required. 

If the point had been given as the intersection of the lines 

aL — R, bR = M, it is found by the same method that the equa¬ 

tion of the polar is 

abL - 2aR 4 M= 0. 

272. In applying these equations to examples it is useful to 

take notice that, if we eliminate R between the equations of 

two’ tangents 

pzL — 2p,R 4 M— 0, pnL — 2 p'R 4 M= 0, 

we get pp'L = M for the equation of the line joining LM to 

the intersection of these tangents. Hence', if we are given the 

product of two /a’s, pp =='a, the intersection of the corresponding 

tangents lies on the fixed line aL = M. In the same case, sub¬ 

stituting a for pp in the equation of the chord joining the points, 

we see that that chord passes through the fixed point [aL 4 M} R). 

Again, since the equation of the line joining any point p to 

LM is pL = M: the points 4 pj — p lie on a right line passing 

through LM. 

Lastly, if LM—R\ LM = R'2 be the equations of two conics 

having X, M for common tangents, then since the equation 

plL — M does not involve R or R\ the line joining the point 

4 p on one conic to either of the points ± p on the other, passes 

through LM the intersection of common tangents. We shall 

say that the point 4 p on the one conic corresponds directly to 

the point 4 p and inversely to the point — p on the other. And 

we shall say that the chord joining any two points on one conic 

corresponds to the chord joining the corresponding points on 

the other. 

K K. 
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Ex. 1. Corresponding chords of two conics intersect on one of the chords of 

intersection of the conics. 

The conics LM — A2, LM — R'2 have R2 — R'2 for a pair of common chords. 

But the chords 

fxfx'L — (fi + /u.') R + M — 0, fx/x'L — (fx + n') Rr + M = 0, 

evidently intersect on R — R'. And if we change the signs of /x, fx' in the second 

equation, they intersect on R + R'. 

Ex. 2. A triangle is circumscribed to a given conic j two of its vertices move on 

fixed right lines ; to find the locus of the third. 

Let us take for lines of reference the two tangents through the intersection of the 

fixed lines, and their chord of contact. Let the equations of the fixed lines be 

aL-M = 0, bL-M= 0, 

while that of the conic is LM — R2 = 0. 

Now we proved (Art. 272) that two tangents which meet on aL — M must have 

the product of their /x’s = a ; hence, if one side of the triangle touch at the point /x, 

Qj b 
the others will touch at the points - - , and their equations will be 

m r- 

-„L-2~R + M=0, - L-2h- R + M=0. 
fj? fx fX2 fX 

H can easily be eliminated from the last two equations, and the locus of the vertex 

is found to be 

LM — 
Aab 

[a + b) 

the equation of a conic having double contact with the given one along the line R*. 

Ex. 3. To find the envelope of the base of a triangle, inscribed in a conic, and 

whose two sides pass through fixed points. 

Take the line joining the fixed points for R, let the equation of the conic be 

LM = R2, and those of the lines joining the fixed points to LM be 

aL — M— 0, bL — M- 0. 

Now, it was proved (Art. 272) that the extremities of any chord passing through 

[aL — M, R) must have the product of their fx’s = a. Hence, if the vertex be /x, the 

base angles must be - and —, and the equation of the base must be 
fX (X 

abL — [a -\-b) juR + /x2M = 0. 

The base must, therefore (Art. 270), always touch the conic 

LM= R2, 
Aab 7 

a conic having double contact with the given one along the line joining the given 
points. 

Ex. 4. To inscribe in a conic section a triangle whose sides pass through three 
given points. 

Two of the points being assumed as in the last Example, we saw that the equa¬ 
tion of the base must be 

abL — [a + b) fxR + jul2M — 0. 

* This reasoning holds even when the point LM is within the conic, and therefore 

the tangents L, M imaginary. But it may also be proved by the methods of the 

next section, that when the equation of the conic is L2 + M2 — R2} that of the locus 
is of the form L2 + M2 = k2R2. 
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Now, if this line pass through the point cL — R — 0, dR — M = 0, we must have 

ab — (a + b) fxc + ft2cd — 0, 

an equation sufficient to determine /t. 
Now, at the point ft we have fxL = R, ft-L — M; hence the coordinates of this 

point must satisfy the equation 

abL — (a + b) cR + cdM — 0. 

The question, therefore, admits of two solutions, for either of the points in which this 

line meets the curve may be taken for the vertex of the required triangle. The geo¬ 

metric construction of this line is given Art. 297, Ex. 7. 

Ex. 5. The base of a triangle touches a given conic, its extremities move on two 

fixed tangents to the conic, and the other two sides of the triangle pass through fixed 

points; find the locus of the vertex. 

Let the fixed tangents be L. M, and the equation of the conic LM — R2. Then 

the point of intersection of the line L with any tangent (jx2L — 2/j-R + M) will have 

its coordinates L. R, M respectively proportional to 0, 1, 2 ft. And (by Art. 65) the 

equation of the line joining this point to any fixed point L'R'M' will be 

LM' - L'M = 2/jl (.LR’ - L'R). 

Similarly, the equation of the line joining the fixed point L"R"M" to the point 

(2, /jl, 0), which is the intersection of the line M with the same tangent, is 

2 (RM" - R"M) - fji (.LM" - L"M). 

Eliminating ft, the locus of the vertex is found to be 

(LM' - L'M) (LM" - L"M) = 4 (LR' - L'R) (RM" - R"M), 

the equation of a conic through the two given points. 

273. The chord joining the points /x tan0, /x cot<£ (where 

4> is any constant angle) will always touch a conic having double 

contact with the given one. For (Art. 270) the equation of the 

chord is 
— /ill (tan (j> + cot <£) + M = 0? 

which, since tan^-f eot$ = 2 cosec2<£, is the equation of a tan¬ 

gent to LM sin22cf> = B2 at the point /x on that conic. It can be 

proved, in like manner, that the locus of the intersection of tan¬ 

gents at the points /x tan0, /x cotc/> is the conic LM = Ll sin22</>. 

Ex. If in Ex. 5, Art. 272, the extremities of the base lie on any conic having 

double contact with the given conic, and passing through the given points, find the 

locus of the vertex. 

Let the conics be 

LM -R2= 0, LM sin* 2<£ - R2 = 0, 

then, if any line touch the latter at the point ft, it will meet the former in the points 

ft tan cp and fx cot (p • and if the fixed points are //, ft", the equations of the sides are 

Hfi' tan <pL — (ft' + ft tan <p) R + 31= 0, 

fi/t" cot cpL — (ft” + /i cot <p) R 4- M — 0. 

Eliminating ft, the locus is found to be 

(M - ft'R) 0- R) = tan2<p (M - ft"R) (jt'L - R). 
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274. Given four points of a conic, the anharmonic ratio of the 

pencil joining them to any fifth point is constant (Art. 259). 

The lines joining four points p', p" ^ p"\ if'" to any fifth 

point p, are 

p' (pL - JR) + [M- pR) = 0, p" (pL — R) + [M- pR) = 0, 
p" [pL - R) + (M— pR) = 0, p"" (pL — R) + [M^- pR) — 0, 

and their anharmonic ratio is (Art. 58) 

{p - p )(p - p ) 

(p -p )[p -p ) 

and is, therefore, independent of the position of the point p. 

We shall, for brevity, use the expression, u the anharmonic 

ratio of four points of a conic,” when we mean the anharmonic 

ratio of a pencil joining those points to any fifth point on the 

curve. 

275. Four fixed tangents cut any fifth in points whose anhar¬ 

monic ratio is constant. 

Let the fixed tangents be those at the points p\ p \ p"\ p"", 

and the variable tangent that at the point p; then the anhar¬ 

monic ratio in question is the same as that of the pencil joining 

the four points of intersection to the point LM. But (Art. 272) 

the equations of the joining lines are 

p pL — M = 0, p"p L — M— 0, p"pL — M = 0, p""pL — M— 0, 
a system (Art. 59) homographic with that found in the last 

Article, and whose anharmonic ratio is therefore the same. 

Thus, then, the anharmonie ratio of four tangents is the same 

as that of their points of contact. 

276. The expression given (Art. 274) for the anharmonic 

ratio of four points on a conic p\ p \ p", p"" remains unchanged 

if we alter the sign of each of these quantities; hence (Art. 272) 

if we draw four lines through any point LM, the anharmonic 

ratio of four of the points [p \ p \ p"\ p"") where these lines meet 

the conic, is equal to the anharmonic ratio of the other four points 

(— p\ — p"j — p"\ — p"") where these lines meet the conic. 

For the same reason, the anharmonic ratio of four points on one 

conic is equal to that of the four corresponding points on another ; 

since corresponding points have the same p (Art. 272). Again, 

the expression (Art. 274) remains unaltered, if we multiply each 
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g either by tan $ or cot$; hence, we obtain a theorem of Mr. 

Townsend’s, u If two conics have double contact, the anharmonic 

ratio of four of the 'points in tohich any four tangents to the one 

meet the other is the same as that of the other four 'points in which 

the four tangents meet the curve, and also the same as that of the 

four points of contact. 

277. Conversely, given three fixed chords of a conic aaf 

bb\ cc ; a fourth chord dd\ such that the anharmonic ratio of 

abed is equal to that of a'b'cd', will always touch a certain conic 

having double contact with the given one. For let a, 5, c, a', b\ d 

denote the values of g for the six given fixed points, and ft, g 

those for the extremity of the variable chord, then the equation 

[a - b) (c — ft) _ (a' — V) (c — g') 

{a — c){b— ft) [a — c) (b‘' — g) ’ 

when cleared of fractions, may, for brevity, be written 

Agg -f- Bg -f- Cg -p D = 0, 

where A: i?, (7, D are known constants. Solving for g from this 

equation, and substituting in the equation of the chord 

gg'L — (ft -f g)R-\-M= 0, 
it becomes 

g (Bg + D) L + R{g (Ag + C) — (Bg + D)) — M{Ag -f C) = 0, 

or g2 [BL+AR) + g[DL -\-[C — B)R — AM) - {DR + CM) = 0, 

which (Art. 270) always touches 

{DL + (C-B) R - AMf + I (■#£ + AR) (CM+ DR) = 0, 

an equation which may be written in the form 

4 {BC- AD) (.LM - IP) + [DL + {B+C)R + AM}'2 = 0, 

showing that it has double contact with the given conic. 

In the particular case when B=C, the relation connecting 

ft, g becomes 
Agg B {g g ) -\- D =■ 0, 

which (Art. 51) expresses that the chord gg'L — (ft + g') R -+ M 

passes through a fixed point. 

EQUATION REFERRED TO THE SIDES OF A SELF-CONJUGATE 

TRIANGLE. 

278. The equation referred to the sides of a self-conjugate 

triangle ZV + ni2fi~ = rdf1 (Art. 258) also allows the position of 
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any point to be expressed by a single indeterminate. For if 

we write la = ny cos<£, m(3 — ny sin<£, then, as at pp. 94, 219, 

the chord joining any two points is 

la COS-J (<£ -f <p') + ni/3 sin-J(^) + <£') — ny cos| (<£ — <£>'), 

and the tangent at any point is 

la cos cf) *f m(3 sin tp — ny. 

If for symmetry we write the equation of the conic 

aa2 + b/32 + cy~ = 0, 

then it may be derived from the last equation, that the equation 

of the tangent at any point affy is 

aa a' + h/3/3' + cyy — 0, 

and the equation of the polar of any point a{3'y is necessarily 

of the same form (Art. 89). Comparing the equation last 

written with \a + /ll/3 -f vy = 0, we see that the coordinates of 

the pole of the last line are - , j-, - ; and, since the pole of 
a o g 

any tangent is on the curve, the condition that Xa -f + vy 

A2 

may touch the conic is — + -f A = o. When this condition 
a b c 

is fulfilled the conic is evidently touched by all the four lines 

Xa ± /a/3 ± j/7, and the lines of reference are the diagonals of the 

quadrilateral formed by these lines (see Ex. 3, Art. 146). In like 

manner, if the condition be fulfilled aa'2 + b/3'2 + cy'2 = 0, the 

conic passes through the four points a', ± /3', + y. 

Ex. 1. Find the locus of the pole of a given line \a + n(3 + vy with regard to 

a conic which passes through four fixed points a, + /S', + y’. 

Ans. 
Xa'2 
-+ 

a 
= 0. 

Ex. 2. Find the locus of the pole of a given line Xa + /u/8 + vy, with regard to a 

conic which touches four fixed lines la + m/3 + ny. l2a m2j3 n2y _ 
Ans. T — — U. 

A fx v 

These examples also give the locus of centre ; since the centre is the pole of the 

line at infinity a sin A + (3 sin B + y sin^ O. 

Ex. 3. What is the equation of the circle having the triangle of reference for a 

self-conjugate triangle ? Ans. (See Ex. 2, Art. 128) a2 sin 2A + /32sin2B + y2 sin2(7= 0. 

It is easy to see (see Art. 258) that the centre of the circle is the intersection of 

perpendiculars of the triangle, the square of the radius being the rectangle under the 

segments of any of the perpendiculars (taken with a positive sign when the triangle 

is obtuse angled, and with a negative sign when it is acute angled). In the latter 

case, therefore, the circle is imaginary. 
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280*. The equation (Art. 258 (a)) x2 + y2 = e2y2 (where the 
origin is a focus and 7 the corresponding directrix) is a parti¬ 
cular case of that just considered. The tangents through (7, x) 
to the curve are evidently ey + x and ey — x. If, therefore, the 
curve be a parabola, e = 1; and the tangents are the internal 
and external bisectors of the angle [yx). Hence, “tangents to 
a parabola from any point on the directrix are at right angles 
to each other.” 

In general, since x = ey cos0, y = ey sin <£, we have 

- = tan 6 : 
x 

or (f) expresses the angle which any radius vector makes with x. 
Hence we can find the envelope of a chord which subtends 

a constant angle at the focus, for the chord 

x cos| ((f) + <f)')-\-y sin^ ($ -f </>') = ey cos| (<£ - </>'), 

if cj) - </>' be constant, must, by the present section, always touch 

x* + y2 = e2y2 cos2^ (</> - <£'), 

a conic having the same focus and directrix as the given one. 

281. The line joining the focus to the intersection of two 
tangents is found by subtracting 

x cos cf) -f y sin 6 — ey — 0, 

x cos cf)' +y sin <£' — ey = 0, 

to be x sin ^ (cj) + <f>’) - y cos \ (cf) + <f>') = 0, 

the equation of a line making an angle ^ (</> 4 <//) with the axis 

of sc, and therefore bisecting the angle between the focal radii. 
The line joining to the focus the point where the chord of 

contact meets the directrix is 

x cos \ (cj) + <£')+ y sin J (<£ + <£') = 0, 

a line evidently at right angles to the last. 
To find the locus of the intersection of tangents at points which 

subtend a given angle 28 at the focus. 
By an elimination precisely the same as that in Ex. 2, Art. 102, 

the equation of the locus is found to be fie2 4- y2) cos2 8 = e2y2, 

* Art. 279 of the older editions is now numbered Art. 258 (o). 
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which represents a conic having the same focus and directrix as 

the given one, and whose eccentricity = ——^ . 

If the curve be a parabola, the angle between the tangents is 

in this case given. For the tangent (as cos $ + y sin<£ - 7) bisects 

the angle between x cos sin<£> and 7. The angle between the 

tangents is, therefore, half the angle between x cos«£+y sin<£ and 

x cos + y sin <£', or = 1 (^> — <£>'). Hence, the angle between two 

tangents to a 'parabola is half the angle which the points of contact 

subtend at the focus • and again, the locus of the intersection of 

tangents to a parabola^ which contain a given angle, is a hyperbola 

with the same focus and directrix, and whose eccentricity is the 

secant of the given angle, or whose asymptotes contain double 

the given angle (Art. 167). 

282. Any two conics have a common self-conjugate triangle. 

For ( see Ex. 1, p. 148) if the conics intersect in the points 

A} B: (7, jD, the triangle formed by the points E, F, 0, in which 

each pair of common chords intersect, is self-conjugate with 

regard to either conic. And if the sides of this triangle be 

a, /3, 7, the equations of the conics can be expressed in the form 

ad1 + bfi* + c72 = 0, aid1 + b’/32 + cf = 6. 

We shall afterwards discuss the analytical problem of reducing 

the equations of the conics to this form. If the conics intersect 

in four imaginary points, the lines a, /3, 7 are still real. For it 

is obvious that any equation with real coefficients which is 

satisfied by the coordinates x + x" j(— 1)) y' + y" 1)5 

also be satisfied by x' — x" 1), y' - y" j{— 1), and that the 

line joining these points is real. Hence the four imaginary 

points common to two conics consist of two pairs x + x" 1), 

y' ± y" V(— 1); xm ± x"" V(- 1), y'" ± y"" V(- l). Two of the 
common chords are real and four imaginary. But the equa¬ 

tions of these imaginary chords are of the form L±M1), 

intersecting in two real points LM^ LrM\ 

Consequently the three points E, Fy 0 are all real. 

If the conics intersect in two real and two imaginary points, 

two of the common chords are real, viz. those joining the two 

real and two imaginary points 5 and the other four common 

chords are imaginary. And since each of the imaginary chords 
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passes through one of the two real points, it can have no other 

real point on it. Therefore, in this case, one of the three points 

E, F\ 0 is real and the other two imaginary; and one of the 

sides of the self-conjugate triangle is real and the other two 

imaginary. 

Ex. 1. Find the locus of vertex of a triangle whose hase angles move along one 

conic, and whose sides touch another. [The following solution is Mr. Burnside’s.] 

Let the conic touched by the sides be x2 + y2 — z2, and the other ax1 + by2 — cz2. 

Then, as at Ex. 1, p. 94,- the coordinates of the intersection of tangents at points a, y 

are eos^ (a + y), sin § (a + y), cos £ (a — y); and the conditions of the problem give 

a cos2 \ (« + y) + b sin2 \ (a + y) = c cos2 g (a — y) ; 

or (a + b — c) + (a — b — c) cos a cos y + (b — c — a) sin a sin y = 0. 

In 1 ke manner 

(a + b — c) + (a — b — c) cos /? cos y + (b — c — a) sin (3 sin y = O’, 

whence (a + b — c) cos \ (a + /3) = {b + c — a) cos ^ (a — /3) cos y, 

(a + b — c) sin i (a + /3) = (a -1- c — b) cos h (a — (3) sin y ; 

and, since the coordinates of the point whose locus we seek are cos £ (a 4- 0J, 

sin \ (a + /3), cos £ (a — /3), the equation of the locus is 

x2 y1 _ z2 

(b + c — a)2 (c cc — b)2 ~ (a + b — c)2 * 

Ex. 2. A triangle is inscribed in. the conic x2 + y2 = z2. and two sides touch the 

conic ax2 + by2 = cz2 ; find the envelope of the third side. 

Ans. (ca + ab — be)2 x2 + (ab + be — ca)2 y2 - {be + c'a — ab)2 z*. 

ENVELOPES. 

283. If the equation of a right line involve an indeterminate 

quantity in any degree, and if we give to that indeterminate a 

series of different values, the equation represents a series of 

different lines, all of which touch a certain curve, which is called 

the envelope of the system of lines. We shall illustrate the 

general method of finding the equation of an envelope by 

proving, independently of Art. 270, that the line + 

where /i is indeterminate, always touches the curve LM—R2. 

The point of intersection of the lines answering to the values 

p and fM + h is determined by the two equations 

(i*L — 2/jlR + M = 0, 2 (/iL — R) 4 hL = 0; 

the second equation being derived from the first by substituting 

fi-Vh for yLt, erasing the terms which vanish in virtue of the first 

equation, and then dividing by The smaller k is, the more 

nearly does the second line approach to coincidence with the 

L L« 
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first; and if we make h = 0, we find that the point of meeting 

of the first line with a consecutive line of the system is de¬ 

termined by the equations 

[lL — 2/xB + M = 0, [xL — B = 0; 

or, what comes to the same thing, by the equations 

/xL — B = 0, fjbB — M — 0. 

Now since any point on a curve may be considered as the inter¬ 

section of two of its consecutive tangents (Art. 147), the point 

where any line meets its envelope is the same as that where 

it meets a consecutive tangent to the envelope; and therefore 

the two equations last written determine the point on the 

envelope which has the line — 2ixB -f M for its tangent. 

And by eliminating //, between the equations we get the equa¬ 

tion of the locus of all the points on the envelope, namely 

LM=B\ 

A similar argument will prove, even if X, iff, B do not re¬ 

present right lines, that the curve represented by jx2L—2/xB-{- M 

always touches the curve LM = B\ 

The envelope of L cos 0 4- Msm(f> — X, where cf> is indeter¬ 

minate, may be either investigated directly in like manner, or 

may be reduced to the preceding by assuming tan ^ when 

on substituting 

cos <f> = 1-n* 

l+/A° 

2 fx 

1 + Al¬ 

and clearing of fractions, we get an equation in which [x only 

enters in the second degree. 

284. We might also proceed as follows: The line 

L - 2fxB + M 

is obviously a tangent to a curve of the second class (see note, 

p. 147) ; for only two lines of the system can be drawn through 

a given point: namely, those answering to the values of /x 

determined by the equation 

tfL - 2fxR + Mf = 0, 

where X', B\ Mf are the results of substituting the coordinates 

of the given point in X, X, M. Now these values of fx will 

evidently coincide, or the point will be the intersection of two 
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consecutive tangents, if its coordinates satisfy the equation 

LM — E2. And, generally, if the indeterminate (x enter alge¬ 

braically and in the nh degree, into the equation of a line, the 

line will touch a curve of the ?itn class, whose equation is found 

by expressing the condition that the equation in [x shall have 

equal roots. 

Ex. 1. The vertices of a triangle move along the three fixed lines a, fi. y, and two 

of the sides pass through two fixed points a'fi'y', a'fi"y", find the envelope of the 

third side. Let a 4- fifi be the line joining to aj3 the vertex which moves along y, 

then the equations of the sides through the fixed points are 

y' (a + fifi) - (a + fifi') y = 0, y" (a + fifi) - (a" + p(3") y = 0. 

And the equation of the base is 

(a + fj.fi') y"a + (a" + fifi") fjy'fi — (a' + fifi') (a" 4- ufi”) y — 0, 

for it can be easily verified that this passes through the intersection of the first line 

with a, and of the second line with fi. Arranging according to the powers of fi, we 

find for the envelope 

(afi'y" + fiy'a" - ya'fi" - ya'fi')2 = 4a'fi" (ay" - a"y) (fiy' - fi'y). 

This example may also be solved by arranging according to the powers of a, the 

equation in Ex. 3, p. 49. 

Ex. 2. Find the envelope of a line such that the product of the perpendiculars 

on it from two fixed points may be constant. 

Take for axes the fine joining the fixed points and a perpendicular through its 

middle point, so that the coordinates of the fixed points may be y = 0, x = + c : then 

if the variable line be y — mx + n = 0, we have by the condition of the question 

(n + me) (n — me) = b- (1 + m2), 

or n2 = b2 + b2m2 + c2m2, 

but n2 — y2 — 2 mxy + m2x2, 

therefore m2 (x2 — b2 — c2) — 2mxy + y2 — b2 = 0 ; 

and the envelope is x2y2 — (x2 — b2 — c2) (y2 — b2), 

or _a.2- +yl-1 
y- + c2 + b2 ~ ’ 

Ex. 3. Find the envelope of a line such that the sum of the squares of the perpen¬ 

diculars on it from two fixed points may be constant. __ 2x2 i 2y2 
A 71S • 

b2 - 2c2 + b2 
= 1. 

Ex. 4. Find the envelope if the difference of squares of perpendiculars be given. 

Ans. A parabola. 

Ex. 5. Through a fixed point 0 any line OP is drawn to meet a fixed line ; to find 

the envelope of PQ drawn so as to make the angle OPQ constant. 

Let OP make the angle 0 with the perpendicular on the fixed line, and its length 

is p sec0j but the perpendicular from O on PQ makes a fixed angle fi with OP, 

therefore its length is = p sec 0 cos fi; and since this perpendicular makes an angle 

— 0 + fi with the perpendicular on the fixed line, if we assume the latter for the axis 

of x, the equation of PQ is 

x cos (0 + fi) + y sin (0 + /?) = p sec 0 cos fi, 
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or x cos (20 + (3) + y sin (20 + (3) = 2p cos (3 — x cos /3 y sin (3, 

an equation of the form L cos <p + M sin <p = Bs 

whose envelope, therefore, is 

x2 + y2 = (x cos /3 + y sin (3 — 2p cos /?)?, 

the equation of a parabola having the point 0 for its focus. 

A B 
Ex. 6. Find the envelope of the line —I—= 1, where the indeterminates are 

connected by the relation fx + [x = C. ^ ^ 

We may substitute for fx\ C — fx, and clear of fractious; the envelope is thus 

found to be A2 3- B2 + C2 — 2AB — 2AC — 2BC = 0, 

an equation to which the following form will be found to be equivalent, 

+ *]A + J-R + *J(7 — 0. 

Thus, for example,—Given vertical angle and sum of sides of a triangle to find the 

envelope of base. 
x y 

The equation of the base is — + ^ = 1, 

where a + b — c. 

The envelope is, therefore, 

x2 + y2 — 2 xy — 2 cx — Icy + c2 = 0, 

a parabola touching the sides x and y. 

In like manner,—Given in position two conjugate diameters of an ellipse, and the 

sum of their squares, to find its envelope. 

If in the equation i 
a'2 b'2 ~ * 

we have a'2 + b'2 — c2, the envelope is 

x ±y ±c~ 0. 

The ellipse, therefore, must always touch four fixed right lines. 

285. If the coefficients in the equation of any right line 

ka. +fjb/3-]■ yy he connected by any relation of the second order 

in A, y} 

-4X,2 -f Byd -f- Cv2 -f- 2Ffxv -f- 2 Gy A -f 2H\/jl = 0, 

the envelope of the line is a conic section. Eliminating v between 

the equation of the right line and the given relation, we have 

(Af — 2 Gy a + (7a2) A2 + 2 [fly1 — Fyca — Gy/3 -f Ca/3) \y, 

+ (Bf-2FyP+C/3*)S=.Q, 
and the envelope is 

[Af-2 t77a+ Ca?)[By'-2Fy0+ C/32) = [Hf-Fya-Gy/3 + Col/3)\ 

Expanding this equation, and dividing by 72, we get 

(BO- F'2) a2 +[CA- G2) /32 + [AB-H'2)f 

2+ (GII- AF) /3y + 2 [UF^BG) 7a + 2 [FG - CH) a/3 == 0, 
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The result of this article may be stated thus: Any tangential 

equation of the second order in A, ft, v represents a conic, whose 

trilinear equation is found from the tangential by exactly the 

same process that the tangential is found from the trilinear. 

For it is proved (as in Art. 151) that the condition that 

Aa 4- yp 4- vy shall touch 

ay.2 + h,32 4- cy2 + 2fPy 4- 2gyy + 2hy3 = 0, 

or, in other words, the tangential equation of that conic is 

(be — f2) A2 -f (ca — g2) y2 4- (ab — h2) v2 

+ 2 (gh — af) yv + 2 (hf— bg) v\ + 2 (fg — ch) Ay = 0. 

Conversely, the envelope of a line whose coefficients A, /a, v 

fulfil the condition last written, is the conic ay2 4- &c. = 0; and 

this may be verified by the equation of this article. For, 

if we write for A, B: &c., be — /2, ca - g2, &c., the equation 

(BG- F1) a2 4- &c. = 0 becomes 

(abc + 2fgh—af 2— bg2—efi1) (ayijrbp2jrcy2jr2fpy-ir2gyy 4 2hy/3) = 0. 

Ex. 1. We may deduce, as particular cases of the above, the results of Arts. 127, 
jp Q JJ’ 

130, namely, that the envelope of a line which fulfils the condition — + - -|— =0 
A. ix v 

. is J(Fa) + J(G/3) + ^(Hy) = 0; and of one which fulfils the condition 

1(*V + AM + J(-HV) = 0ist+| + |"=0. 

Ex. 2. What is the condition that Xa + /u./3 + vy should meet the conic given by 

the general equation in real points ? 

Ans. The line meets in real points when the quantity (bo —f2) X2 + &c. is 

negative; in imaginary points when this quantity is positive; and touches when 

it vanishes. 

Ex. 3. What is the condition that the tangents drawn through a point a'fi'y' 

should be real ? 

Ans. The tangents are real when the quantity (BC — F2) a'2 + &c. is negative ; 

or, in other words, when the quantities abc + 2fgh + etc. and aa!2 + b(3'2 + &c. have 

opposite signs. The point will be inside the conic and the tangents imaginary when 

these quantities have like signs. 

286. It is proved, as at Art. 76, that if the condition be 

fulfilled, ABC + 2FGE- AFZ -BG‘- CEZ = 0, 

then the equation 

A A2 4" By14" Cv2 4” 2Fyv 4* 2 Grv A 4“ 23\y = 0 

may be resolved into two factors, and is equivalent to one of the 

foi m (of A _j_ _j_ y'v) (a"A + P'^ + y"v) = 0. 
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And since the equation is satisfied if either factor vanish, it 

denotes (Art. 51) that the line \ol + ytt/3 + vy passes through one 

or other of two fixed points. 

If, as in the last article, we write for A, be — /2, &c., it will 

be found that the quantity ABC + 2FGH-\- &c. is the square 

of abc + 2fgh + &c. 

Ex. If a conic pass through two given points and have double contact with a fixed 

conic, the chord of contact passes through one or other of two fixed points. For let 

S be the fixed conic, and let the equation of the other be S = (Xa + [x(3 + vy)2. Then 

substituting the coordinates of the two given points, we have 

S' = (Xa' + VP' + vy')2 ; S" - (\a" + up" + vy")2; 

whence (Xa! + upt + vy') J(S") = ± (Xa" + /u/3" + vy") J(S'), 

showing that Xa + p./3 + vy passes through one or other of two fixed points, since 

S', S” are known constants. 

287. To find the equation of a conic having double contact 

with two given conics, S and S'. Let E and A be a pair of 

their chords of intersection, so that S — S' = EF; then 

/j?E2 — 2fi(S+ S') + F2 = 0 

represents a conic having double contact with S and S'; for it 

may be written 

(jiE+F)* = 4/iS, or {nE-F)* = ±nS'. 

Since [x is of the second degree, we see that through any 

point can be drawn two conics of this system; and there are 

three such systems, since there are three pairs of chords E, F. 

If S' break up into right lines, there are only two pairs of 

chords distinct from S\ and but two systems of touching conics. 

And when both S and S' break up into right lines there is but 

one such system. 

Ex. Find the equation of a conic touching four given lines. 

Am. fi.2!!2 (AC + BD) + F2 = 0, 

where A, B, C, D are the sides; JE, F the diagonals, and AC — BB — EF. Or more 

symmetrically if L, M, N be the diagonals, L ± M + N the sides, 

}J?L2 - n (L2 + M2- N2) + M2 - 0. 

For this always touches 4L2M2 — (L2 + M2 — N2)2 

= (L + M + N) (M+ N-L) (L + N-M) (M + L - N). 

L2 M2 
Or, again, the equation may be written N2 = c“s2^) + ^2^ (see 278). 
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288. The equation of a conic having double contact with 

two circles assumes a simpler form, viz. 

S-2v,(c+c') + {c-cy=o. 
The chords of contact of the conic with the circles are found 

tobe C-C’ + fi = 0, and C-O’-fi = 0, 

which are therefore parallel to each other, and equidistant from 

the radical axis of the circles. This equation may also be written 

in the form = 

Hence, the locus of a 'point, the sum or difference of whose tangents 

to two given circles is constant, is a conic having double contact 

with the two circles. If we suppose both circles infinitely small, 

we obtain the fundamental property of the foci of the conic* 

If /j, be taken equal to the square of the intercept between 

the circles on one of their common tangents, the equation de¬ 

notes a pair of common tangents to the circles. 

Ex. 1. Solve by this method the Examples (Arts. 113, 114) of finding common 

tangents to circles. 

Ans. Ex. 1. JC + JC' = 4 or = 2. Ans. Ex. 2. JO + JCf - 1 or = J — 79. 

Ex. 2. Given three circles; let L, U be a pair of common tangents to C, C”; 

21, M‘ to C", C; X, X' to C, C'; then if L, M, X meet in a point, so will L', 21', X'A 

Let the equations of the pans of common tangents be 

jor+jC” = t, jcn+jo=tf, jo+jof = r. 
Then the condition that L, M, X should meet in a point is f + t = t” ; and it is 

obvious that when this condition is fulfilled, U, 21’, X’ also meet in a point. 

Ex. 3. Three conics having double contact with a given one are met by three 

common chords, which do not pass all through the same point, in six points which 

lie on a conic. Consequently, if three of these points he in a right line, so do the 

other three. Let the three conics be S — L2, S — 212, S — X2; and the common 

chords L + 21, 21 + X, X + L, then the truth of the theorem appears from inspec¬ 

tion of the equation 

S + MX + XL + L2I - (S - L-) + (L + 21) [L + X). 

* This principle is employed by Steiner in his solution of Malfatti’s problem, viz. 

“ To insciibe in a triangle three circles which touch each other and each of which 

touches two sides of the triangle.” Steiner’s construction is, “ Inscribe circles in the 

triangles formed by each side of the given triangle and the two adjacent bisectors 

of angles; these circles having three common tangents meeting in a point will have 

three other common tangents meeting in a point, and these are common tangents to 

the circles required. For a geometrical proof of this by Dr. Hart, see Quarterly 

Journal oj Mathematics, vol. I., p. 219. We may extend the problem by substituting 

for the word “circles,” “'conics having double contact with a given one.” In this 

extension, the theorem of Ex. 3, or its reciprocal, takes the place of Ex. 2, 
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GENERAL EQUATION OF THE SECOND DEGREE. 

289. There is do conic whose equation may not be written 

in the form 

aa2 4 bft2 -f- C72 4 2//3y -f ‘Zgyv. 4 2Aaj3 — 0. 

For this equation is obviously of the second degree; and since 

it contains five independent constants, we can determine these 

constants so that the curve which it represents may pass through 

five given points, and therefore coincide with any given conic. 

The trilinear equation just written includes the ordinary Car¬ 

tesian equation, if we write x and y for a and (3, and if we 

suppose the line 7 at infinity, and therefore write 7 = 1 (see 

Art. 69, and note p. 72). 

In like manner the equation of every curve of any degree 

may be expressed as a homogeneous function of a, (3, 7. For 

it can readily be proved that the number of terms in the complete 

equation of the nth order between two variables is the same as 

the number of terms in the homogeneous equation of the nth 

order between three variables. The two equations then, con¬ 

taining the same number of constants, are equally capable of 

representing any particular curve. 

290. Since the coordinates of any point on the line joining 

two points et!(3'y', et!'f3"y" are (Art. 66) of the form lot + met.", 

1(3' 4 m(3", ly 3-my", we can find the points where this joining 

line meets any curve by substituting these values for a, /3, 7, 

and then determining the ratio l: m by means of the resulting 

equation.* Thus (see Art. 92) the points where the line meets 

a conic are determined by the quadratic 

Z2 {get!2 4 Z>/3'2 + cy2 4 2f(3'y 4 Zgyo! 4 2het'/3') 

4 2Im {aet!et!' + b(3'(3" 4 cy'y" 

4 / (fi'y" 4 (3"y) 4 g {yet." 4 y'et!) 4 h [a (3" 4 ex." (3')} 

4 m2 {aet!'2 4 b/3"2 4 cy"2 4 2/(3"y" 4 2gy"et!' 4 2ha!'/3") = 0 ; 

or, as we may write it for brevity, l2S' + 2lmP+ m2S" = 0. 

When the point et'(3'y is on the curve, S' vanishes, and the 

quadratic reduces to a simple equation. Solving it for l: in, 

* This method was introduced by Joachimsthal. 
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we see that the coordinates of the point' where the conic is met 

again by the line joining o." ff'y" to a point on the conic a' ffy\ 

are S"af — 2Pa", S"ff — ^Pff', 8"y - 2Py". These coordinates 

reduce to a'(B'y if the condition P= 0 be fulfilled. Writing this 

at full length, we see that if a"/3"y" satisfy the equation 

aaa'4 f cyy'4 f(/3y'+ (3'y) 4 g [yo! 4 y'o.) 4 h (a4 a'/3) = 0, 

then the line joining d'ff'y" to a! (3'y meets the curve in two 

points coincident with a (3'y'] in other words, a"(3"y" lies on 

the tangent at a'/3ry'. The equation just written is therefore 

the equation of the tangent. 

291. Arguing, as at Art. 89, from the symmetry between 

a/3y, o! (3'y of the equation just found, we infer that when o!(3'y' 

is not supposed to be on the curve, the equation represents the 

polar of that point. The same conclusion may be drawn from 

observing, as at Art. 91, that P= 0 expresses the condition that 

the line joining a! (3'y, a"(3"y" shall be cut harmonically by the 

curve. The equation of the polar may be written 

ol (aoL + h/3 + gy) 4 (3' (ho 4 b/3 4 fy) 4 y (go 4 f(3 4 cy) = 6. 

But the quantities which multiply a', (3', y' respectively, are half 

the differential coefficients of the equation of the conic with re¬ 

spect to a, /3, y. We shall for shortness write S2l $3, instead 

dS dS dp. 

do.9 d(3 5 dy9 
and we see that the equation of the polar is 

o'8l 4 (3'S2 4 y'S3 = 0. 

In particular, if /3^, y' both vanish, the polar of the point (3y 

is 8^ or the equation of the 'polar of the intersection of tvoo of the 

lines of reference is the differential coefficient of the equation of 

the conic considered as a function of the third. The equation of 

the polar being unaltered by interchanging aBy, a!/3'y', may also 

be written a8'4 j38' 4 yS^ = 0, 

292. When a conic breaks up into two right lines, the polar 

of any point whatever passes through the intersection of the 

right lines. Geometrically, it is evident that the locus of har¬ 

monic means of radii drawn through the point is the fourth 

harmonic to the pair of lines and the line joining their inter¬ 

section to the given point. And we might also infer, from the 
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formula of the last article, that the polar of any point with 

respect to the pair of lines aft is /3'a 4 a'ft, the harmonic con¬ 

jugate with respect to a, /3 of /3'a - a'/3, the line joining aft to 

the given point. If then the general equation represent a pair 

of lines, the polars of the three points fty, 7a, aft, 

aa + hft 4- gy = 0, ha 4- hft 4-/7 = 0, ga A-fft 4 cy = 0, 

are three lines meeting in a point. Expressing, as in Art. 38, 

the condition that this should be the case, by eliminating a, ft, 7 

between these equations, we get the condition, already found by 

other methods, that the equation should represent right lines, 

which we now see may be written in the form of a determinant, 

ac h. q 

K b, f 

9,f, 0 =0; 

or, expanded, abc -f 2[fgh — of2 — bg2 — ch2 = 0. 

The left-hand side of this equation is called the discriminant* 

of the equation of the conic. We shall denote it in what follows 

by the letter A. 

293. To find the coordinates of the pole of any line 

Xa + jxf3 + vy, Let a'ft'y' be the sought coordinates, then v/e 

must have 

aa 4 hft' -f gy = X, ha' 4 bft' -\-fy = go! 4 fft' 4 cy = v. 

Solving these equations for a, /S', 7', we get 

Aa' = X [be -fl) 4 [fg - ch) 4 v [hf- bg), 

Aft' = X [fg- ch) 4 fx [ca — g1) 4 v [gh-af], 

Ay = X [hf — bg) 4 fx [gh- of) 4 v [ab - h2) ; 

or, if wTe use A, B, Cf &c. in the same sense as in Art. 151, 

we find the coordinates of the pole respectively proportional to 

A\ 4 H[x 4 Gv, H\ 4- B[x 4 Fv, 6rX 4 F/x 4 Cv. 

Since the pole of any tangent to a conic is a point on that 

tangent, we can get the condition that Xa 4- fxft 4 ry may touch 

the conic, by expressing the condition that the coordinates just 

found satisfy Xa 4 /x/3 4 vy = 0. We hnd thus, as in Art. 285, 

AX2 4 Bft2 4- Cv2 4- 2Fgv 4 2 GvX 4 2H\/x - 0. 

* See Lessons on Modern Higher Algebra, Lesson xr. 

f A, B, C, Ac. are the minors of the determinant of the last article. 
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If we write this equation 2 = 0, it will be observed that the 

coordinates of the pole are 2,, 22, 2S, that is to say, the diffe¬ 

rential coefficients of 2 with respect to X, /*, v. Just, then, as the 

equation of the polar of any point is aS' 4 &S' 4 yS^ = 0, so 

the condition that Xa 4/A? 4 r7 may pass through the pole of 

\'a q_ ^ (3 4. vy (or, in other words, the tangential equation of 

this pole) is X2/ 4 /a22' 4 v2' = 0. And again, the condition 

that two lines Xa + ^/3-f vy, X'a + jjf/3 -f vy may be conjugate 

with respect to the conic, that is to say, may be such that the 

pole of either lies on the other, may obviously be written in 

either of the equivalent forms 

X'2, 4 4 v% = G, X2/ 4 /a28' 4 v2s' = 0. 

From the manner in which 2 was here formed, it appears that 

2 is the result of eliminating a', 7', p between the equations 

ao! 4 h,3' -f gy 4 p\ = 0, ha 4 b/3' -\-fy- 4- pfi = 0, 

ga 4 fj3' 4 cy' 4 pv = 0, Xa' 4 fif¥+ vy = 0 ; 

in other words, that 2 may be written as the determinant 

X, //,, v, 0 

a, h, g, \ 

h, b, /, r 
.9, /> c> v 

— AX"2 4 Bp: 4 GV 4 2Fptv 4 2 Qv\ 4 2Il\p,. 

Ex. 1. To find the coordinates of the pole of Xa + /up + vy with respect to 

J(/a) + ,J(m/3) + 4«y). The tangential equation in this case (Art. 130) being 

Ifiv + mvX + nX/n — 0, 

the coordinates of the pole are 

a! — mv 4- n/i, /3' = n\ + lv, y’ = 1/u. + mX, 

Ex. 2. To find the locus of the pole of Xa 4- /x/3 + vy with respect to a conic 

being given three tangents, and one other condition.* 

Solving the preceding equations for I, m, n, we find I, m, n proportional to 

\ (iU/3' 4- vy’ — Xa ), /a (vy’ + Xa’ — /u/3'), v (Xa + /aft’ — vy’). 

Now J(7a) + 4(mf3) 4- J(ny') denotes a conic touching the three lines a, (3, y ; and 

any fourth condition establishes a relation between 1, m, n, in which, if we substitute 

the values just found, we shall have the locus of the pole of Xa + /a(3 + vy. If we 

write for X, /a, v the sides of the triangle of reference a, b, c, we shall have the locus 

of the pole of the line at infinity aa + b(3 + cy, that is, the locus of centre. Thus 

L 771/ 71 
the condition that the conic should touch A a + B(3 + Cy being — + — + - =0 

J± jD G 

* The method here used is taken from Hearn's Researches on Conic Sections. 
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(Art. 130), w© infer that the locus of the poje of Xa + y(3 + vy with respect to a 
conic touching the four lines a, (3, y, A a + B(3 + Cy, is the right line 

X (y(3 + yy - Xa) ^ y (vy + Xa - y(3) i (Xa + y(3 - i>y) _ A 
" A £ + C “ 

Or, again, since the condition that the conic should pass through a!fly' is 

J(Ia') + J(to/3') + J(ny') = 0, the locus of the pole of Xa + fi/3 + vy with respect to a 
conic which touches the three lines a, (3, y, and passes through a point a'(3'y', is 

J{Xa' (/u(3 + vy — A a)} + (vy + Xa — y(3)} + *]{vy' (Xa A- y(3 — yy)} = 0, 

whioh denotes a conic touching y(3 + vy — Xa, vy + Xa — y(3, Xa + y(3 — vy. In the 

case where the locus of centre is sought, these three lines are the lines joining the 

middle points of the sides of the triangle formed by a, (3, y. 

Ex. 3. To find the coordinates of the pole of \a 4- /x/3 + vy with respect tp 
J(3y + inya + na(3. The tangential equation in this case being, Art. 127, 

PX- + m2/!2 + rPy1 — 2mnyv — 2 nlyX — 2 ImXy = 0, 

the coordinates of the pole are 

a —l (IX — my — nv), (3' = m (my. — nv — IX), y■ = n (nv —IX — my), 

whence my' + n(3' = — 2ImnX, na + ly' = — 2Imny, 1(3' + ma! — — 2lmnu j 

and, as in the last example, we find l, to, n respectively proportional to 

«' (&F + vy - Xa), (3' (vy' + \a - y(3’), y' (xa + y(3' - vy'). 

Thus, then, since the condition that a conic circumscribing a(3y should pass through 

l to n 
a fourth point aft y' is — 4- -y, d—; =? 0, the locus of the pole of Xa + y(3 + vy, with 

a p y 

regard to a conic passing through the four points, is 

—, Ou|S + vy - Xa) + (vy + Xa- y(3) + -7, (Xa + y(3 - vy) = 0, 
a p y 

which, when the locus of centre is sought, denotes a conic passing through the 

middle points qf the sides of the triangle. The condition that the conic should 

touch Aa + B(3+Cy being J(AI) + J(Bm) + J(Cn) = 0, the locus of the pole of 

Xa + y/3 + vy, with regard to a conic passing through three points and touching 

a fixed line, is 

J{Aa (y(3 + vy — Xa)} + *]{B(3 (vy + Xa — y(3)} + \Cy (Xp + y(3 — vy) = 0, 

which, in general, represents a curve of the fourth degree. 

294. If ar'/3"y" be any point on any of the tangents drawn 

to a curve from a fixed point a/3'y, the line joining a'/3'y, a"(3”y" 

meets the curve in two coincident points, and the equation in 

l: m (Art. 290), which determines the points where the joining 

line meets the curve, will have equal roots. 

To find, then, the equation of all the tangents which can be 

drawn through a '/3*y\ we must substitute la + ma, 1/3 -f m/3\ 

ly -f my in the equation of the curve, and form the condition 

that the resulting equation in l: m shah have equal roots. 
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Thus (see Art. 92) the equation of the pair of tangents to a 

conic is SS' — P2, where 

S = ad1 -f- &c., P = aa/2 4 &c., P=aaa'4&c. 

This equation may also be written in another form ; for since 

any point on either tangent through a/3'y' evidently possesses 

the property that the line joining it to a (3'y' touches the curve, 

we have only to express the condition that the line joining two 

points (Art. 65) 

a (/3'7" - £V) + £ (7'a" - 7"a') 4 7 (a'/3v - a"/3') = 0 

should touch the curve, and then consider a'/3"y" variable, when 

we shall have the equation of the pair of tangents. In other 

words, we are to substitute f3y — /3'7, 7a' — 7/a, a/3' — a73 for 

X, ya, v in the condition of Art. 285, 

AX2 4 PyP 4 Gv2 4 2F^v 4 2 Gv\ 4 2E\fi = 0. 

Attending to the values given (Art. 285) for A, P, &c., it may 

(easily be verified that 

(aa2 4 &c.) (aa'2 4 &c.) — (aaa' 4 &c.)2 = A {[By — /3'y)2 4 &c. 

Ex. To find the locus of intersection of tangents which cut at right angles to a 

Conic given by the general equation (see Ex. 4, p. 169). 

We see now that the equation of the pair of tangents through any point (Art. 147) 

may also be written 

A [y — y')2 4- B {x — a/)2 + C {xy' — yx’)2 

-2 F[x- x') {xy’ - yx’) + 2G (y - y') (:xy' - x’y) -2 H {x - x') [y ^ y') = 0. 

This will represent two right lines at right angles when the sum of the coefficients 

of x2 and y2 vanishes, which gives for the equation of the locus 

C (x2 + y2) — IGx — 2Fy + A + B = 0. 

This circle has been called the director circle of the conic. When the curve is a 

parabola, (7=0, and we see that the equation of the directrix is Gx + Fy = \ (A + B). 

295. It follows, as a particular case of the last, that the 

pairs of tangents from /37j 7a, a/3 are 

P72 4 C/32 - 2P/37, Ca2 4 Ay2 - 2 Gy*, A(32 4 Pa2 - 2Pa/3, 

as indeed might be seen directly by throwing the equation of 

the curve into the form 

(aa 4 h/3 4 gy]14 (C/32 4 P72 — 2Fj3y) — 0. 

Now if the pair of tangents through /37 be [3 — ky, /3 — k'y7 it 

appears from these expressions that kk' = , and that the corre- 
C 
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C A 
sponding quantities for the other pairs of tangents are —, p, 

jfL JL) 

and these three multiplied together are = 1. Hence, recollecting 

the meaning of h (Art. 54), we learn that if /!, F) B, D) G,E 
be the angles of a circumscribing hexagon, 

sin EAB.sm FAB.sm FBC.sin DBG.sin DCA .sin ECA 
sin FA Chain FA G sin FBA.sin DBA .sin DOB. sin FOB 

Hence also three pairs of lines will touch the same conic if 

their equations can be thrown into the form 

MA NA 2f'MN — 0, NA LA 2g'NL = 0, U + TP + 2h'LM= 0, 
for the equations of the three pairs of tangents, already found 

ean be thrown into this form by writing L\/[A) for a, &c. 

296. If we wish to form the equations of the lines joining 

to a fi'A all the points of intersection of two curves, we have 

only to substitute Za-f mF, Ifi + m/3', ly + my in both equations, 

and eliminate l : m from the resulting equations. For any 

point on any of the lines in question evidently possesses the 

property that the line joining it to a (3'A meets both curves in 

the same point 5 therefore the equations in l: m, which determine 

the points where one of these lines meets both curves, must 

have a common root; and therefore the result of elimination 

between them is satisfied. Thus, the equation of the pair of 

lines joining to F(3'y' the points where any right line L meets S, 

is L'2S — elLL'P-\ L2S' = 0. If the point F(3'y be on the curve 

the equation reduces to L'S— 2LP=0. 

Ex. A chord which subtends a right angle at a given point on the curve passes 

through a fixed point (Ex. 2, Art. 181). We use the general equation, and by the formula 

last given, form the equation of the lines joining the given point to the intersection 

of the conic with \x + uy + v. The coordinates being supposed rectangular, these lines 

will be at right angles if the sum of the coefficients of x2 and y1 vanish, which gives the 

condition 

viz. 

(\x’ + uy’ + v) (a + b) — 2 (aXx’ + b/my'). 

And since X, /u, v enter in the first degree, the chord passes through a fixed point, 

^ a ^ y\ if the point on the curve vary, this other point will describe x, 
b + a~’ a + b' 

a conic. If the angle subtended at the given point be not a right angle, or if the 

angle be a right angle, but the given point not on the curve, the condition found in 

like manner will contain A., y, v in the second degree, and the chord will envelope 

a conic. 

297. Since tbe equation of the polar of a point involves the 

coefficients of the equation in the first degree, if an indeterminate 
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enter in the first degree into the equation of a conic it will 

enter in the first degree into the equation of the polar. Thus, 

if P and P' be the polars of a point with regard to two conics 

S, S', then the polar of the same point with regard to S+kS' 

willbeP+APh For 

[a + ka) act! -f &c. = aaa' + &c. + k [a a a' + &c.}. 

Hence, given four points on a conic, the polar of any given point 

passes through a fixed point (Ex. 2, Art. 151). 

If Q and Q' be the polars of another point with regard to S 

and S', then the polar of this second point with regard to S+kS' 

is Q + kQ'. Thus, then (see Art. 59), the polars of two points 

with regard to a system of conics through four points form two 

homographic pencils of lines. 

Given two homographic pencils of lines, the locus of the inter¬ 

section of the corresponding lines of the pencils is a conic through 

the vertices of the pencils. For, if we eliminate k between 

P-f kP'y Q+kQ', we get PQ'= P'Q. In the particular case 

under consideration, the intersection of P+kP', Q + kQ' is the 

pole with respect to S-\-kS' of the line joining the two given 

points. And we see that, given four points on a conic, the locus 

of the pole of a given line is a conic (Ex. 1, Art. 278). 

If an indeterminate enter in the second degree into the 

equation of a conic, it must also enter in the second degree 

into the equation of the polar of a given point, which will then 

envelope a conic. Thus, if a conic have double contact with 

two fixed conics, the polar of a fixed point will envelope one 

of three fixed conics; for the equation of each system of conics 

in Art. 287 contains /i in the second degree. 

We shall in another chapter enter into fuller details re¬ 

specting the general equation, and here add a few examples 

illustrative of the principles already explained. 

Ex. 1. A point moves along a fixed line; find the locus of the intersection of its 

polars with regard to two fixed conics. If the polars of an}7 two points a’fi'y', a"/3"y" 

on the given line with respect to the two conics be P', P"; Q’, Q"; then any other 

point on the line is Xa’ + fxa", X/3' + /if3", Xy' + fxy"; and its polars XP' + fxP" 

XQ' + nQ", which intersect on the conic P'Q" = P"Q'. 

Ex. 2. The anharmonic ratio of four points on a right line is the same as that 

of their four polars. 

For the anharmonic ratio of the four points 

la' + via", Va + m’a", l"a' + m"a", l'"a' + m'"a", 
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is evidently the same as that of the four lines 

IP' + mP", I’P' + m'P", rP' + m"P", l"’P’ + m"'P". 

Ex. 3. To find the equation* of the pair of tangents at the points where a conic S 

is met by the line y. 

The equation of the polar of any point on y is (Art. 291) a'^q- (3'S2 = 0. But 

the points where y meets the curve are found by making y = 0 in the general 

equation, whence 
act' 2 + 2 ha'p + 5/3'2 = 0. 

Eliminating a', /3' between these equations, we get for' the equation Of the pair 

of tangents 
aSf - 2hSxS2 + bSt2 = 0. 

Thus- the elation of the asymptotes of a conic (given by the Cartesian equation) is 

for the asymptotes are the tangents at the points where the curve is met by the line 

at infinity 2. 

Ex. 4. Given three points on a conic: if one' asymptote p'ass through a' fixed 

point, the other will envelope a conic touching the sides of the given triangle. If 

tx, t2 be the asymptotes, and aa + b(3 + cy the line at infinity, the equation of the 

conic is txt2 — (aa + b(3 + cy)2. But since it passes through /3y, ya, a/3, the equa¬ 

tion must not contain the terms a2, /32, y2. If therefore tx be Xa + g(3 + vy, t2 must 
as J2 c2 

be-r- -]S+—y; and if f2 pass through afty', then (Ex. 1, Art.- 285) tx touches 
A. v 

a J(aa') + b J(/3/3') + c J(yy') = 0. The same argument proves that if a conic pass 

through three fixed points, and if one of its chords of intersection with a conic given 

by the general equation aa? + &c. = 0 be Xa + /*/3 + vy, the other will be% + -/3 + -y. 
/V fA Xf 

Ex. 5. Given- a self conjugate triangle with regard to- a conic-: if one chord of 

intersection with a fixed conic (given by the general equation) pass through a fixed 

point, the other will envelope a conic [Mr. Burnside]. The terms a/3, /3y, ya are 

now to disappear from the equation, whence if one chord be Xa + /x(3 + vy, the other 

is found to be 

Xa (pg + vh — \f) + fxf3 (vli + X/— ug) + vy (X/+ V-g — vh). 

Ex. 6. A and A' (al^1yl, a2/32y2) are the points of contact of a common tangent 

to two conics U, V; P and P' are variable points, one on each conic; find the locus 

of C, the intersection of AP, A'P', if PP' pass through a fixed point 0 on the common 

tangent [Mr. Williamson], 

Let P and Q denote the polars of al(31 y„ a2/32y2, with respect to U and V respec¬ 

tively ; then (Art. 290) if a/3y be the coordinates of C, those of the point P where 

AC meets the conic again, are Uax — 2Pa, C/31 — 2P/3, Uyx — 2Py • and those of the 

point P' are, in like manner, Va2 — ‘2,Qa, Ac. If the line joining these points pass 

through 0, which we choose as the intersection of a, (3, we must have 

TJax — IP a _ Fa2 — 2 Qa 

Uj^2Pp ~ \% -~2 C/35 

and when A, A', 0 are um*estricted in position, the locus is a curve of the fourth 

order. If, however, these points be in a right line, we may choose this for the line a, 

and making ax and a2 = 0, the preceding equation becomes divisible by a, and re¬ 

duces to the curve of the third order PV(32= QU(3X. Further, if the given points 
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are points of contact of a common tangent, P and Q represent the same line; and 

another factor divides out of the equation which reduces to one of the form U — JcVt 
representing a conic through the intersection of the given conics. 

Ex. 7. To inscribe in a conic, given by the general equation, a triangle whose 

sides pass through the three points /3y, ya, a(3. We shall, as before, write Sl} So, S3 

for the three quantities, a a + hfi 4- gy, ha + b(3 + fy, ga +f(3 + cy. Now we have 

seen, in general, that the line joining any point on the curve a/3y to another 

point a’j3'y’ meets the curve again in a point, whose coordinates are S'a — 2P'ar, 

S'/3 — 2P'/3', S'y — 2P'y. Now if the point a'/3'y' be the intersection of lines /3, y, 

we may take a = 1, (S' = 0, y' — 0, which gives S' = a, P' — Su and the coordinates 

of the point where the line joining a/3y to /3y meets the curve, are aa — 25^ a/3, ay. 

In like manner, the line joining a/3y to ya,- meets the curve again in ba, bj3 — 2S2, by. 

The line joining these two points will pass through a/3, if 

aa — 2Sl _ ba 

a/3 = b,3 - 2S„ 

or, reducing 2S1S2 = aaS2 + bf3Su 

which is the condition to be fulfilled by the coordinates of the vertex. Writing in 

this equation aa = St — h(3 — gy, bfi = S2 — ha — fy, it becomes 

h (a-''i + (3So) + y (fSi + gS2) — 0. 

But since a/3y is on the curve, a.5t + f3S2 + yS3 = 0, and the equation last written 

reduces to 
yrfSi+<fS2>-hS3) = &. 

Now the factor y may be set aside as irrelevant to the geometric solution of the 

problem; for although either of the points where y meets the curve fulfils the con¬ 

dition which we have expressed analytically, namely, that if it be joined to /3y and 

to ya, the joining lines meet the curve again in points which lie on a line with a/3; 

yet, since these joining lines coincide, they cannot be sides of a triangle. The vertex 

of the sought triangle is therefore either of the points where the curve is met by 

fS1+gSn — h:S3. It can be verified immediately that fSl = gS2 = kS3 denote the 

lines joining the corresponding vertices of the triangles a/3y, SyS3S3. Consequently 

(see Ex. 2, Art. 60), the line fSf + gS$— hS3 is constructed as follows-;-<vForm the tri¬ 

angle DEF whose sides 

are the polars of the 

given points A, B, C •, 

let the lines joining the 

corresponding vertices 

of the two triangles 

meet the opposite sides- 

of the polar triangle in 

L, M, M; then the lines 

LM, MX, XL pass 

through the vertices of 

the required triangles.” 

The truth of this construction is easily shown geometrically: for if we suppose that 

we have diawn the two triangles 123, 456 which can be drawn through the points 

A, B, C; then applying Pascal’s theorem to the hexagon 123456, we see that the 

line BC passes through the intersection of 16, 34. But this latter point is the pole 

of AL (Ex. 1, Art. 146). Conversely, then, AL passes through the pole of BC, and L 

is on the polar of A (Ex. 1, Art. 146). 

This construction becomes indeterminate if the triangle is selfconjugate in which 

case the problem admits of an infinity of solutions. 

N N. 



274 METHODS OF ABRIDGED NOTATION'. 

Ex. 8. If two conics have double contact, any tangent to the one is cut har¬ 

monically at its point of contact, the points where it meets the other, and where 

it meets the chord of contact. 

If in the equation S + E2 = 0, we substitute la' + ma", If3' + mf3", ly’ 4- my", for 

a, (3, y, (where the points a'(3'y', a"(3"y" satisfy the equation S = 0), we get 

(IE'+ mE'')2 + 21mP = 0. 

Now, if the line joining a'(3'y', a"f3"y”, touch S + E2, this equation must be a 

perfect square; and it is evident that the only way this can happen is if P = — 2E'E", 

when the equation becomes (IE’ — mE")2 - 0 ; when the truth of the theorem is 

manifest. 

Ex. 9. Eind the equation of the conic touching five lines, viz. a, (3, y, Aa + B(3 + Cy, 

A'a + B’f3 + C'y. 
i j. i 

Ans. (lay + (m(3y + (ny)2, where l, m, n are determined by the conditions 

l m n _ l m n _ 

A + B+C~°’ A' + B}+C'~°' 

Ex. 10. Find the equation of the conic touching the five lines, a, (3, y, a + (3 + y, 

2a + (3 — y. 

We have l + m + n = 0, — n — 0: hence the required equation is 

2 (- a)2 + (3(3f + (yf = 0. 

Ex. 11. Find the equation of the conic touching a, (3, y, at their middle points. 

Ans. (aa)2 + (5/3)2 + (cy)2 = 0. 

1 1 1 

Ex. 12. Find the condition that (la)2 + (m/3)2 + (wy)2 = 0 should represent a para¬ 

bola. 
O f/l 

Ans. The curve touches the line at infinity when - + ^ 
l m n + - = 0. 

c 

Ex. 13. To find the locus of the focus of a parabola touching a, f3, y. 

Generally, if the coordinates of one focus of a conic inscribed in the triangle a(3y 

be a'/S'y', the lines joining it to the vertices of the triangle will be 

a _ (3 (3 _ y y _ a 

a' ~ [3'' /S' ~ y' ’ y' ~ a' ’ 

and since the lines to the other focus make equal angles with the sides of the triangle 

(Art. 189), these lines will be (Art. 55) 

a a- (3’(3, (3'f3 = y'y, y'y = a'a; 

and the coordinates of the other focus may be taken —,, . 
a p y 

Hence, if we are given the equation of any locus described by one focus, we can 

at once write dowm the equation of the locus described by the other; and if the 

second focus be at infinity, that is, if a" sin A + (3" sin B + y" sin C— 0, the first 

sin A sin B sin C 
must lie on the circle—,—1—ot- H-— = 0. The coordinates of the focus of 

a [3 y 

l mn. 
a parabola at infinity are > sin.- <7? smce (remembering the relation in 

Ex. 12) these values satisfy both the equations, 

a sin A + [3 siu B + y sin C = 0, ^la + Jm/3 + Jny = 0. 

sin2 A sin2I? sin2 C 
The coordinates, then, of the finite focus are —j— 

m n 
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Ex. 14. To find the equation of the directrix of this parabola. 

Forming, by Art. 291, the equation of the polar of the point whose coordinates 

have just been given, we find 

la (sin2A + sin2(7—sin2A) + m[3 (sin2(7+ sin2A — sinhB) + ny (sin2A + sin2I? — sin2C') =0, 

or la sin B sin C cos A 4- m/3 sin C sin A cos B + ny sin A sin B cos (7=0. 

Substituting for n from Ex. 12, the equation becomes 

l sin B sin C (a cos A — y cos C) + m sin C sin A (/3 cos B — y cos C) = 0; 

hence the directrix always passes through the intersection of the perpendiculars of 

the triangle (see Ex. 3, Art. 54). 

Ex. 15. Given four tangents to a conic find the locus of the foci. Let the four 

tangents be a, /3, y, 8; then, since any line can be expressed in terms of three others, 

these must be connected by an identical relation aa + £/3 + cy + d8 — 0. This relation 

must be satisfied, not only by the coordinates of one focus a'fi'y'd’, but also by those 

of the other 
1^ 

P' 

_1 

6” 

The locus is therefore the curve of the third degree. 
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CHAPTER XV. 

THE PRINCIPLE OF DUALITY; AND THE METHOD OF 

RECIPROCAL POLARS, 

298. The methods of abridged notation, explained in the 

last chapter, apply equally to tangential equations. Thus, if 

the constants X, ya, v in the equation of a line be connected by 

the relation 

(aX -\-bn-\- cv) (a\+b* (a -f c'v) = [a"\-\-b" [a'"\-Vb'" 

the line (Art. 285) touches a conic. Now it is evident that one 

line which satisfies the given relation is that whose X, ya, v are 

determined by the equations 

aX + bfju + cv = 0, a'X + b"fi 4- c"v = 0. 

That is to say, the line joining the points which these last 

equations represent (Art. 70), touches the conic in question. 

If then a, /3, 7, 8 represent equations of points, (that is to 

say, functions of the first degree in X, ya, v) ay = k/38 is 

the tangential equation of a conic touched by the four lines 

a(3, /3y, 78, 8a. More generally, if S and 8' in tangential co¬ 

ordinates represent any two curves, S - kS' represents a curve 

touched by every tangent common to 8 and S'. For, whatever 

values of X, ya, v make both 8— 0 and S' = 0, must also make 

8—kS' = 0, Thus, then, if 8 represent a conic, S — koi(3 re¬ 

presents a conic having common with 8 the pairs of tangents 

drawn from the points a, /3. Again, the equation ay — kS2 

represents a conic such that the two tangents which can be 

drawn from the point a coincide with the line a/3; and those 

which can be drawn from 7 coincide with the line 7ft. The 

points a, 7 are therefore on this conic, and /3 is the pole of the 

line joining them. In like manner, 8— a2 represents a conic 

having double contact with $, and the tangents at the points 

of contact meet in a; or, in other words, a is the pole of the 

chord of contact. 

So again, the equation ay = &2y82 may be treated in the same 

manner as at Art. 270, and any point on the curve may be 
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represented by + 2/iJc/3 + 7, while the tangent at that point 

joins the points yita + A.-/3, 4 7.* 

Ex. 1. To find the locus of the centre of conics touching four given lines. Let 

Z = 0, E' = 0 be the tangential equations of any two conics touching the four lines; 

then, by Art. 298, the tangential equation of any other is Z + k'L' = 0. And (see 

G + kG' F+kF’ „ . . ... 
Art. 151) the coordinates of the centre are j7q> j > > the form of winch 

shows (Art. 7) that the centre of the variable conic is on the line joining the centres 

G F G’ F' ... 
of the two assumed conics, whose coordinates are ^ ^; and that it divides 

the distance between them in the ratio C : kC\ 

Ex. 2. To find the locus of the foci of conics touching four given lines. "We have 

only in the equations (Ex. Art. 258a) which determine the foci to substitute A + kA' 
for A. &.C., and then eliminate k between them, when we get the result in the form 

{C (x~ - y-) + 2Fy - 2Gx + A - B) {C'xy - F'x - G'y + H'} 

= {C (x2 - y2) + 2Fy -2G'x + A' - B'} [Cxy -Fx- Gy + H). 

This represents a curve of the third degree (see Ex. 15, p. 275), the terms of higher 

order mutually destroying. If, however, E and Z' be parabolas, Z + &Z' denotes 

a system of parabolas having three tangents common. We have then C and C' both 

= 0, and the locus of foci reduces to a circle. Again, if the conics be concentric, 

taking the centre as origin, we have F, F', G, G' all = 0. In this case Z + kZ' re¬ 

presents a system of conics touching the four sides of a parallelogram and the locus 

of foci is an equilateral hyperbola.f 

Ex. 3. The director circles of conics touching four fixed lines have a common 

radical axis. This is apparent from what was proved, p. 270, that the equation of 

the director circle is a linear function of the coefficients A, B, &c., and that therefore 

when we substitute A + kA! for A, &c. it will be of the form S + kS' = 0. This 

theorem includes as a particular case, “ The circles having for diameters the three 

diagonals of a complete quadrilateral have a common radical axis.” 

299. Thus we see (as in Art. 70) that each of the equations 

used in the last chapter is capable of a double interpretation, 

according as it is considered as an equation in trilinear or in 

tangential coordinates. And the equations used in the last 

chapter, to establish any theorem, will, if interpreted as equations 

* In other words, if in any system x'y'z', x"y"z", be the coordinates of any two 

points on a conic, and x”'y‘"z'" those of the pole of the line joining them, the co¬ 

ordinates of any point on the curve may be written 

y!'x + 2fxkx’" + x", iBy' + 2y.ky"' + y", n2z' + 2fikz'" + z", 

while the tangent at that point divides the two fixed tangents in the ratios /u. : k, 

fik : 1. When k— 1, the curve is a parabola. Want of space prevents us from giving 

illustrations of the great use of this principle in solving examples. The reader may 

try the question :-To find the locus of the point where a tangent meeting two fixed 

tangents is cut in a given ratio. 

f It is proved in like manner that the locus of foci of conics passing through four 

fixed points, which is in general of the sixth degree, reduces to the fourth when the 

points form a parallelogram. 
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in tangential coordinates, yield another theorem, the reciprocal 

of the former. Thus (Art. 266) wo proved that if three conics 

($,/$+ ZJ/, 8+ LN) have two points (8, L) common to all, 

the chords in each case joining the remaining common points 

(ilf, Nj M—N)) will meet in a point. Consider these as 

tangential equations, and the pair of tangents drawn from L 

is common to the three conics, while AT, AT, M— N denote in 

each case the point of intersection of the other two common 

tangents. We thus get the theorem, u If three conics have two 

tangents common to all, the intersections in each case of the 

remaining pair of common tangents, lie in a right line.” Every 

theorem of position (that is to say, one not involving the magni¬ 

tudes of lines or angles) is thus twofold. From each theorem 

another can be derived by suitably interchanging the words 

u point ” and li line ” ; and the same equations differently inter¬ 

preted will establish either theorem. We shall in this chapter 

give an account of the geometrical method by which the attention 

of mathematicians was first called to this “ principle of duality.”* 

300. Being given a fixed conic section (U) and any curve 

($), we can generate another curve (s) as follows: draw any 

tangent to /S', and take its pole with regard to U\ the locus of 

this pole will be a curve s, which is called the polar curve of 8 

with regard to U. The conic U: with regard to which the pole 

is taken, is called the auxiliary conic. 

We have already met with a particular example of polar 

curves (Ex. 12, Art. 225), where we proved that the polar curve 

of one conic section with regard to another is always a curve of 

the second degree. 

We shall for brevity say that a point corresponds to a line 

when we mean that the point is the pole of that line with regard 

to U. Thus, since it appears from our definition that every point 

of s is the pole with regard to U of some tangent to #, we shall 

* The method of reciprocal polars was introduced by M, Poncelet, whose account 

of it will be found in Orelle’s Journal. vol. iv. M. Plticker, in his “ System der 

Analytischen Geometrie,” 1835, presented the principle of duality in the purely ana¬ 

lytical point of view, from which the subject is treated at the beginning of this 

chapter. But it was Mobius who, in his Barycentrische Calcul,” 1827, had made 

the important step of introducing a system of coordinates in which the position of 

a right line was indicated by coordinates and that of a point by an equation. 
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briefly express this relation by saying that every point of s cor¬ 

responds to some tangent of 8. 

301. The point of intersection of two tangents to S will corre¬ 

spond to the line joining the corresponding points of s. 

This follows from the property of the conic Z7, that the point 

of intersection of any two lines is the pole of the line joining 

the poles of these two lines (Art. 146). 

Let ns suppose that in this theorem the two tangents to S 

are indefinitely near, then the two corresponding points of s will 

also be indefinitely near, and the line joining them will be a 

tangent to s; and since any tangent to 8 intersects the eon- 

secutive tangent at its point of contact, the last theorem be¬ 

comes for this case: If any tangent to S correspond to a point 

on Sj the point of contact of that tangent to S will correspond to 

the tangent through the point on s. 

Hence we see that the relation between the curves is reci¬ 

procal^ that is to say, that the curve S might be generated from 

s in precisely the same manner that s was generated from S. 

Hence the name u reciprocal polarsA 

302. We are now able, being given any theorem of position 

concerning any curve 8, to deduce another concerning the curve s. 

Thus, for example, if we know that a number of points con¬ 

nected with the figure 8 lie on one right line, we learn that the 

corresponding lines connected with the figure s meet in a point 

(Art. 146), and vice versa; if a number of points connected 

with the figure 8 lie on a conic section, the corresponding lines 

connected with s will touch the polar of that conic with regard 

to U; or, in general, if the locus of any point connected with 8 

be any curve S', the envelope of the corresponding line connected 

with s is s\ the reciprocal polar of S'. 

303. The degree of the polar reciprocal of any curve is equal 

to the class of the curve (see note, Art. 145), that is, to the number 

of tangents which can be drawn from any point to that curve. 

For the degree of s is the same as the number of points in 

which any line cuts s; and to a number of points on s, lying on 

a right line, correspond the same number of tangents to S passing 

through the point corresponding to that line. Thus, if S be a 
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conic section, two, and only two, tangents, real or imaginary, 
can be drawn to it from any point (Art. 145); therefore, any 
line meets s in two, and only two points, real or imaginary; we 
may thus infer, independently of Ex. 12, Art. 225, that the reci¬ 
procal of any conic section is a curve of the second degree. 

304. We shall exemplify, in the case where S and s are conic 
sections, the mode of obtaining one theorem from another by 
this method. We know (Art. 267) that “if a hexagon be in- 
scribed in $, whose sides are A, B, (7, D, E, F, then the points 
of intersection, AD, BE, CF, are in one right line.” Hence we 
infer, that “ if a hexagon be ctVcimscribed about s, whose vertices 
are a, 6, c, cZ, e,/, then the lines, ad, c/*, will meet in a point ” 
(Art. 265). Thus we see that Pascal’s theorem and Brianchon’s 
are reciprocal to each other, and it was thus, in fact, that the 
latter was first obtained. 

In order to give the student an opportunity of rendering him¬ 
self expert in the application of this method, we shall write in 
parallel columns some theorems, together with their reciprocals. 
The beginner ought carefully to examine the force of the argu¬ 
ment by which the one is inferred from the other, and he ought 
to attempt to form for himself the reciprocal of each theorem 
before looking at the reciprocal we have given. He will soon 
find that the operation of forming the reciprocal theorem will 
reduce itself to a mere mechanical process of interchanging the 
words “point” and “line,” “inscribed” and “ circumscribed,” 
“ locus ” and “ envelope,” &c. 

If two vertices of a triangle move If two' sides of a triangle pass through 
along fixed right lines, while the sides fixed points, while the vertices move on 
pass each through a fixed point, the locus fixed right lines, the envelope of the third 
of the third vertex is a conic section, side is a conic section. 
(Art. 269). 

If, however, the points through which If the lines on which the vertices move 
the sides pass lie in one right line, the meet in a point, the third side will pass 
locus will be a right line. (Ex. 2. p. 41). through a fixed point. 

In what other case will the locus be In what other case will the third side 
a right line? (Ex. 3, p. 42). pass through a fixed point? (p. 49). 

If two conics touch, their reciprocals wil! also touch; for the 
first pair have a point common, and also the tangent at that point 
common, therefore the second pair will have a tangent common 
and its point of contact also common. So likewise if two conics 
have double contact their reciprocals will have double contact. 
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If a triangle be circumscribed to a If a triangle be inscribed in a conic 

conic section, two of whose vertices move section, two of whose sides pass through 

on fixed lines, the locus of the third ver- fixed points, the envelope of the third side 

tex is a conic section, having double con- is a conic section, having double contact 

tact with the given one. (Ej£. 2, p. 250). with the-given one. (Ex. 3, p. 250). 

305. We proved (Art. 301, see figure, p. 282) if to two points 

P, P', on >8, correspond the tangents pt, p't', on s, that the tan¬ 

gents at P and P' will correspond to the points of contact p, p, 

and therefore Q, the intersection of these tangents, will corre¬ 

spond to the chord of contact pp'. Hence we learn that to 

any point Q, and its polar PP', with respect to S, correspond a 

line pp and its pole q with respect to s. 

Given two points on a conic, and two 

of its tangents, the line joining the points 

of contact of those tangents passes through 

one or other of two fixed points. (Ex-, 

Art. 286, p. 262). 

Given four points on a conic, the polar 

of a fixed point passes through a fixed 

point. (Ex. 2, p-; 15S). 

Given four points on a conic, the locus 

of the pole Of a fixed right line is a conic 

section. (Ex. 1, p. 251). 

The lines joining the vertices of a tri¬ 

angle to the opposite vertices of its polar 

triangle with regard to a conic meet in 

apoint. (Aft. 99). 

Inscribe' in a conic a triangle whose 

sides pass through three given points. 

(Ex. 7, Art. 297, p. 273). 

Given two tangents and two points 

on a conic, the point of intersection of the 

tangents at those points will move along 

one or other of two fixed right lines. 

Given four tangents to a conie, the 

locus of the pole of a fixed right line is 

a right line. (Ex. 2, p. 251). 

Given four tangents to a conic, the 

envelope of the polar of a fixed point is 

a conic section. 

The points of intersection of each side 

of any triangle, with the opposite side of 

the polar triangle, lie in one right line. 

Circumscribe about a conic a triangle 

whose vertices rest on three given lines. 

306. Given two conics^ S and S', and their two reciprocals, 

s and s' •, to the four points A, B, C, D common to S and S' 

correspond the four tangents a, b, c, d common to s and s', and 

to the six chords of intersection of S and S', AB, CD ;• A C, BD; 
AD, BC correspond the six intersections of common tangents 

to s and s'; ah, cd; ac,- bd; ad, be,.* 

If three' conics have two common tan¬ 

gents, or if they have each double contact 

with a fourth, their six chords of inter¬ 

section will pass three by three through 

the same points. (Art. 264). 

Or, in other words, three conics, having 

each double contact with a fourth, may be 

If three conics have' two points com¬ 

mon, or if they have each double contact 

with a fourth, the six points of inter¬ 

section of common tangents- lie three by 

three on the same right lines. 

Or three conics, having each double 

contact with a fourth, may be considered 

* A system of four points connected by six lines is accurately called a quadrangle, 

as a system of four lines intersecting in six points is called a quadrilateral. 

GO. 
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considered as having four radical centres. 

If through the point of contact of two 

conics which touch, any chord be drawn, 

tangents at its extremities will meet on 

the common chord of the two conics. 

If through an intersection of common 

tangents of two conics any two chords be 

drawn, lines joining their extremities will 

intersect on one or other of the common 

chords of the two conics. (Ex. 1, p. 250). 

If A and B be two conics having each 

double contact with S, the chords of con¬ 

tact of A and B with S, and their chords 

of intersection with each other, meet in 

a point, and form a harmonic pencil. 

(Art. 2G3). 

If A, B, C be three conics, having 

each double contact with S, and if A and 

B both touch C, the tangents at the points 

of contact will intersect on a common 

chord of A and B. 

as having four axes of similitude. (See 

Art. 117, of which this theorem is an ex¬ 

tension). 

If from any point on the tangent at 

the point of contact of two conics which 

touch, a tangent be drawn to each, the 

line joining their points of contact will 

pass through the intersection of common 

tangents to the conics. 

If on a common chord of two conics, 

any two points be taken, and from these 

tangents be drawn to the conics, the dia¬ 

gonals of the quadrilateral so formed will 

pass through one or other of the intersec¬ 

tions of common tangents to the conics. 

If A and B be two conics having each 

double contact with S, the intersections 

of the tangents at their points of contact 

with S, and the intersections of tangents 

common to A and B, lie in one right line, 

which they divide harmonically. 

If A, B, C be three conics, having 

each double contact with S, and if A and 

B both touch C, the line joining the points 

of contact will pass through an intersec¬ 

tion of common tangents of A and B. 

307. We have hitherto supposed the auxiliary conic U to be 

any conic whatever. It is most common, however, to suppose 

this conic a circle; and hereafter, when we speak of polar curves, 

we intend the reader to understand polars with regard to a circle, 

unless we expressly state otherwise. 

We know (Art. 88) that the polar of any point with regard 

to a circle is perpendicular to the line joining this point to the 

centre, and that the distances of the point and its polar are, when 

multiplied together, equal to the square of the radius; hence the 

relation between polar curves with regard to a circle is often 

stated as follows: Being given 

any point 0, if from it we let fall 

a perpendicular OT on any tan¬ 

gent to a curve S, and produce 

e 0 T, Op is 

then the 

locus of the point p is a curve s, 

which is called the polar recipro¬ 

cal of S. For this is evidently 

it until the rectang 

equal to a constant 

o 
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equivalent to saying that p is the pole of PP, with regard to 

a circle whose centre is 0 and radius 7c. We see, therefore 

(Art. 301), that the tangent pt will correspond to the point of 

contact P, that is to say, that OP will be perpendicular to pt, 

and that OP.Ot = 7c\ 

It is easy to show that a change in the magnitude of 7c will 

affect only the size and not the shape of s, wThich is all that in 

most cases concerns us. In this manner of considering polars, 

all mention of the circle may be suppressed, and s may be called 

the reciprocal of 8 with regard to the point 0. We shall call 

this point the origin. 

The advantage of using the circle for our auxiliary conic 

chiefly arises from the two following theorems, which are at once 

deduced from what has been said, and which enable us to trans¬ 

form, by this method, not only theorems of position, but also 

theorems involving the magnitude of lines and angles: 

The distance of any point P from the origin is the reciprocal of 

the distance from the origin of the corresponding line pt. 

The angle TQT' between any two lines TQ, T Q, is equal to 

the anglep Op subtended at the origin by the corresponding points 

p, p ; for Op is perpendicular to TQ, and Op to T'Q. 

We shall give some examples of the application of these 

principles when we have first investigated the following 

problem: 

308. To find the polar reciprocal of one circle with regard to 

another. That is to say, to find the locus of the pole p with re¬ 

gard to the circle (0) of any tangent PT to the circle (0). Let 

J\TN be the polar of the point C 

with regard to 0, then having 

the points C, p, and their polars 

MN, PT, we have, by Art. 101, 

the ratio 
OC Op 

but the first 
CP pN’ 

ratio is constant, since both OC 

and CP are constant ) hence the 

distance of p from 0 is to its distance from MN in the constant 

ratio OC: CP) its locus is therefore a conic, of which 0 is a focus, 

MN the corresponding directrix, and whose eccentricity is OC 
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divided bj CP. Hence the eccentricity is greater, less than, or 

= 1, according as O is without, within, or on the circle C. 

Hence the polar reciprocal of a circle is a conic section, of 

which the origin is the focus, the line corresponding to the centre 

is the directrix, and which is an ellipse, hyperbola, or parabola 

according as the origin is within, without, or on the circle. 

309. We shall now deduce some properties concerning angles, 

by the help of the last theorem given in Art. .307, 

Any two tangents to a circle make The line drawn f;rom the foGus to the 

equal angles with their cfyord of contact. intersection of two tangents bisects the 

angle subtended at the focus by their 

chord of contact. (Art. 191). 

For the angle between one tangent PQ (see fig., p. 282) and 

the chord of contact PP' is equal to the angle subtended at the 

focus by the corresponding points y>, q $ and similarly, the angle 

QP'P is equal to the angle subtended by p. q: therefore, since 

QPP'=QB'r,Poq=/oq. 
Any tangent to a circle is perpen- Any point on a conic, and the point 

dicular to the line joining its point of where -its tangent meets the directrix, 

contact to the centre. subtend a right angle at the focus. 

This follows as before, recollecting that the directrix of the 

conic answers to the centre of the circle. 

Any line is perpendicular to the line 

joining its pole to the centre of the circle. 

The line joining any point to the 

centre of a circle makes equal angles with 

the tangents through that point. 

The locus of the intersection of tan? 

gents to a circle, which cut at a given 

angle, is a concentric circle. 

The envelope of the chord of contact 

of tangents which c.uc at a given angle 

is a concentric circle. 

If from a fixed point tangents be 

drawn to a series of concentric circles, 

the locus of the points of contact will be 

a circle passing through the fixed point, 

and through the common centre. 

Any point and the intersection of its 

polar with the directrix subtend a right 

angle at the focus. 

If the point where any line meets the 

directrix be joined to the focus, the join¬ 

ing line will bisect the angle between the 

focal radii to the points where the given 

line meets the curve. 

The .envelope of a chord of a conic, 

which subtends a given angle at the focus, 

is a conic having the same focus and the 

same directrix. 

The locus of the intersection of tan? 

gents, whose chord subtends a given angle 

at the foeps, is a conic haying the same 

focus and directrix. 

If a fixed line intersect a series of 

conics having the same focus and same 

directrix, the envelope of the tangents to 

the conics, at the points where this line 

meets them, will be a conic having the 

same focus, and touching both the fixed 

line and the common directrix. 
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In the latter theorem, if the fixed line be at infinity, we find 

the envelope of the asymptotes of a series of hyperbolas, having 

the same focus and same directrix, to be a parabola having the 

same focus and touching the common directrix. 

If two chords at right angles to each The locus of the intersection of tan- 

other be drawn through any point on a gents to a parabola which cut at right 

circle, the line -joining their extremities angles is the directrix* 

passes through the centre. 

We say a parabola, for, the point through which the chords 

of the circle are drawn being taken for origin, the polar of the 

circle is a parabola (Art. 308). 

The envelope of a chord of a circle 

which subtends a given angle at a given 

point on the curve is a concentric circle. 

Given base and vertical angle of a 

triangle, the locus of vertex is a circle 

passing through the extremities of the 

base. 

The locus of the intersection of tan¬ 

gents to an ellipse or hyperbola wThich 

cut at right angles is a circle. 

The locus of the intersection of tan¬ 

gents to a parabola, -which cut at a given 

angle, is a conic having the same focus 

and the same directrix. 

Given in position two sides of a tri¬ 

angle, and the angle subtended by the 

base at a given point, the envelope of the 

base is a conic, of which that point is a 

focus, and to which the two given sides 

will be tangents. 

The envelope of any chord of a conic 

wThich subtends a right angle at any fixed 

point is a conic, of w’hich that point is 

a focus. 

u If from any point on the circumference of a circle perpen¬ 

diculars be let fall on the sides of any inscribed triangle, their 

three feet will lie in one right line ” (Art. 125). 

If we take the fixed point for origin, to the triangle inscribed 

in a circle will correspond a triangle circumscribed about a para¬ 

bola ; again, to the foot of the perpendicular on any line corre¬ 

sponds a line through the corresponding point perpendicular to 

the radius vector from the origin. Hence, “ If we join the focus 

to each vertex of a triangle circumscribed about a parabola, and 

erect perpendiculars at the vertices to the joining lines, those 

perpendiculars will pass through the same point.” If, therefore, 

a circle be described, having for diameter the radius vector from 

the focus to this point, it will pass through the vertices of the 

circumscribed triangle. Hence, Given three tangents to a para¬ 

bola, the locus of the focus is the circumscribing circle (p. 207). 

The locus of the foot of the perpen- If from any point a radius vector be 

dicular (or of a line making a constant drawn to a circle, the envelope of a per- 

.angle with the tangent) from the focus pendicular to it at its extremity (or of a 
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of an ellipse or hyperbola on the tangent line making a constant angle with it) is a 

is a circle conic having the fixed point for its focus. 

310. Having sufficiently exemplified in the last Article the 

method of transforming theorems involving angles, we proceed 

to show that theorems involving the magnitude of lines passing 

through the origin are easily transformed by the help of the first 

theorem in Art. 307. For example, the sum (or, in some cases, 

the difference, if the origin be without the circle) of the perpen¬ 

diculars let fall from the origin on any pair of parallel tangents 

to a circle is constant, and equal to the diameter of the circle. 

Now, to two parallel lines correspond two points on a line 

passing through the origin. Hence, u the sum of the reciprocals 

of the segments of any focal chord of an ellipse is constant.” 

We know (p. 185) that this sum is four times the reciprocal 

of the parameter of the ellipse, and since we learn from the 

present example that it only depends on the diameter, and not 

on the position of the reciprocal circle, we infer that the reci¬ 

procals of egual circles, with regard to any origin, have the same 

parameter. 

The rectangle under the segments of The rectangle under the perpendiculars 

,-any chord of a circle through the origin let fall from the focus on two parallel 

is constant. tangents is constant. 

Hence, given the tangent from the origin to a circle, we are 

given the conjugate axis of the reciprocal hyperbola. 

Again, the theorem that the sum of the focal distances of 

any point on an ellipse is constant may be expressed thus: 

The sum of the distances from the The sum of the reciprocals of perpen- 

focus of the points of contact of parallel diculars let fall from any point within a 

tangents is constant. circle on two tangents, whose chord of con¬ 

tact passes through the point, is constant. 

311. If we are given any homogeneous equation connecting 

the perpendiculars PA, PP, &c. let fall from a variable point P 

on fixed lines, we can transform it so as to obtain a relation 

connecting the perpendiculars ap, bp &c., let fall from the fixed 

points a, 5, &c., which correspond to the fixed lines, on the 

variable line which corresponds to P. For we have only to 

divide the equation by a power of OP, the distance of P from 

the origin, and then, by Art. 101, substitute for each term 



THE METHOD OF RECIPROCAL POLARS. 287 

PA 
jyjii pj-_ • -For example, if PA) PB, P<7, PD be the perpen¬ 

diculars let fall from any point of a conic on the sides of an 

inscribed quadrilateral, PA.PG =kPB.PD (Art. 259). Divid¬ 

ing each factor by OP, and substituting, as above, we have 
rr 7 / ? /// 

°~ . CE- —Jc-E. -P- • and Oa, Ob. Oc. Od being constant, we 
Oa Oc Ob Od 

infer that if a fixed quadrilateral be circumscribed to a conic, 

the 'product of the perpendiculars let fall from two opposite vertices 

on any variable tangent is in a constant ratio to the product of the 

perpendiculars let fall from the other two vertices. 

The product of the perpendiculars from 

any point of a conic on two fixed tangents 

is in a constant ratio to the square of the 

perpendicular on their chord of contact. 

(Art. 259). 

The product of tlie perpendiculars from 

two fixed points of a conic on any tan¬ 

gent, is in a constant ratio to the square 

of the perpendicular on it, from the inter¬ 

section of tangents at those points. 

If, however, the origin be taken on the chord of contact, the 

reciprocal theorem is 11 the intercepts, made by any variable 

tangent on two parallel tangents, have a constant rectangle/’ 

The product of the perpendiculars on The square of the radius vector from 

any tangent of a conic from two fixed a fixed point to any point on a conic, is in 

points (the foci) is constant. a constant ratio to the product of the per¬ 

pendiculars let fa?l from that point of the 

conic on two fixed right lines. 

Generally, since every equation in trilinear coordinates is 

a homogeneous relation between the perpendiculars from a point 

on three fixed lines, we can transform it by the method of this 

article, so as to obtain a relation connecting X, //, v, the per¬ 

pendiculars let fall from three fixed points on any tangent to 

the reciprocal curve, which may be regarded as a kind of tan¬ 

gential equation* of that curve. Thus the general trilinear 

equation of a conic becomes, when transformed, 

X2 a 
7 A6 

a ~2 + b —2 
p p 

A c — + 2/ , „ 
P PP 

+ 2,q » + 2,h —> = 0, 
P P PP 

where p, p', p" are the distances of the origin from the vertices 

of the new triangle of reference. Or, conversely, if we are 

given any relation of the second degree ^dX2 + &c. =0, con- 

* See Appendix on Tangential Equations. 
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necting the three perpendiculars X, /x, v, the trilinear equation 

of the reciprocal curve is 

a & A^ + B^+C^+ZF^/' + zG^+tH^^O, 
a/3 

a /3 Pi 7 a a'P 

where a\ /3\ 7' are the trilinear coordinates of the origin. 

Ex. 1. Given the focus and a triangle circumscribing a conic, the'perpendiculars 

let fall from its vertices on any tangent to the conic are connected by the relation 

sin 0 ^ + sin 6' — + sin 0" — = 0, 
A p v 

where 0, 6r, 0" are the angles the sides of the triangle subtend at the fociis. This 

is obtained by forming the reciprocal of the trilinear equation of the circle circum¬ 

scribing a triangle. If the centre of the inscribed circle be taken as focus, we have 

0 = 90° + \A, p sin |A = r, whence the tangential equation, on this system, of the 

inscribed circle is 
pv cot %A -{- vA cot \B 4- Ap cot ^G — (h 

In the case of any of the exscribed circles two of the cotangents are replaced by 

tangents. 

Ex. 2. Given the focus and a triangle inscribed in a conic, the perpendiculars let 

fall from its vertices on any tangent are connected by the relation 

sin |0 l-)+si sin hd' R'y+sinjr 
\p ) *i\p a-* 

%]=i. 

The tangential equation of the circumscribing circle takes the form' 

sin A 4(A) + sin B 4(p) + sin C 4(v) = 0. 

Ex. 3. Given focus and three tangents the trilinear equation of the conic is 

sin0J&) + s!nf)'lf)+sine * 
This is obtained by reciprocating the equation of the circumscribing circle last found. 

Ex 4. In like manner, from Ex. 1, we find that given focus and three points the 

trilinear equation is 

tan |0 — + tan W ^ + tan W' — = 0. 
« 7 

312. Very many theorems concerning magnitude may be 

reduced to theorems concerning lines cut harmonically or an- 

liarmonically, and are transformed by the following principle: 

To any four points on a right line correspond four lines passing 

through a pointy and the anharmonic ratio of this pencil is the 

same as that of the four points. 

This is evident, since each leg of the pencil drawn from the 

origin to the given points is perpendicular to one of the corre¬ 

sponding lines. We may thus derive the anharmonic properties 

of conics in general from those of the circle. 

The anharmonic ratio of the pencil The anharmonic ratio of the point in 

joining four points on a conic to a variable which four fixed tangents to a conic cut 

fifth is constant. any fifth variable tangent is constant. 
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The first of these theorems is true for the circle, since all the 

angles of the pencil are constant, therefore the second is true 

for all conics. The second theorem is true for the circle, since 

the angles which the four points subtend at the eentre are 

constant, therefore the first theorem is true for all conics. 

By observing the angles which correspond in the reciprocal 

figure to the angles which are constant in the ease of the circle, 

the student will perceive that the angles which the four points 

of the variable tangent subtend at either focus are constant, 

and that the angles are constant which are subtended at the 

focus by the four points in which any inscribed pencil meets 

the directrix. 

313. The anharmonic ratio of a line is not the only relation 

concerning the magnitude of lines which can be expressed in 

terms of the angles subtended by the lines at a fixed point. 

For, if there be any relation which, by substituting (as in Art. 56) 

„ ... . ~ OA. OB.sm A OB . 
tor each line AB involved in it,-^5-■— ? can be re¬ 

duced to a relation between the sines of angles subtended at a 

given point Oi this relation will be equally true for any trans¬ 

versal cutting the lines joining 0 to the points A, B: &c.; an-d 

by taking the given point for origin a reciprocal theorem can be 

easily obtained. For example, the following theorem, due to 

Carnot, is an immediate consequence of Art. 148: “ If any 

conic meet the side AB of any triangle in the points c, c ; BG 

in <2, a \ AC in 5, V ; then the ratio 

Ac.Ac.Ba.Bob. Cb. CV_ „ 

Ab.Ab'.Bc.Be'.Ca.Ca'= lm 

Now, it will be seen that this ratio is such that we may 

substitute for each line Ac the' sine of the angle AOc, which it 

subtends at any fixed point; and if we take the reciprocal of 

this theorem, we obtain the theorem given already Art. 295. 

314. Having shown how to form the reciprocals of particular 

theorems, we shall add some general considerations respecting 

reciprocal conics. 

We proved (Art. 308) that the reciprocal of a circle is an 

ellipse, hyperbola, or parabola, according as the origin is within, 
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without, or on the curve; we shall now extend this conclusion to 

all the conic sections. It is evident that, the nearer any line or 

point is to the origin, the farther the corresponding point or line 

will be; that if any line passes through the origin, the corre¬ 

sponding point must be at an infinite distance; and that the line 

corresponding to the origin itself must be altogether at an infinite 

distance. To two tangents, therefore, through the origin on one 

figure, wfill correspond two points at an infinite distance on the 

other; hence, if two real tangents can be drawn from the origin, 

the reciprocal curve will have two real points at infinity, that is, 

it will be a hyperbola; if the tangents drawn from the origin be 

imaginary, the reciprocal curve will be an ellipse; if the origin 

be on the curve, the tangents from it coincide, therefore the 

points at infinity on the reciprocal curve coincide, that is, the 

reciprocal curve will be a parabola. Since the line at infinity 

corresponds to the origin, we see that, if the origin be a point on 

one curve, the line at infinity will be a tangent to the reciprocal 

curve ; and we are again led to the theorem (Art. 254) that 

every parabola has one tangent situated at an infinite distance. 

315. To the points of contact of two tangents through the 

origin must correspond the tangents at the two points at infinity 

on the reciprocal curve, that is to say, the asymptotes of the 

reciprocal curve. The eccentricity of the reciprocal hyperbola 

depending solely on the angle between its asymptotes, depends 

therefore on the angle between the tangents drawn from the 

origin to the original curve. 

Again, the intersection of the asymptotes of the reciprocal 

curve [i.e. its centre) corresponds to the chord of contact of 

tangents from the origin to the original curve. We met with 

a particular case of this theorem when we proved that to the 

centre of a circle corresponds the directrix of the reciprocal 

conic, for the directrix is the polar of the origin which is the 

focus of that conic. 

Ex. 1. The reciprocal of a parabola with regard to a point on the directrix is an 

equilateral hyperbola. (See Art. 221). 

Ex. 2. Prove that the following theorems are reciprocal: 

The intersection of perpendiculars of The intersection of perpendiculars of 

a triangle circumscribing a parabola is a a triangle inscribed in an equilateral hy- 

point on the directrix. perbola lies on the curve. 
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Ex. 3. Derive the last from Pascal’s theorem. (See Ex. 3, p. 247). 

Ex. 4. The axes of the reciprocal curve are parallel to the tangent and normal of 

a conic drawn through the origin confocal with the given one. For the axes of the 

reciprocal curve must he parallel to the internal and external bisectors of the angle 

between the tangents drawn from the origin to the given curve. The theorem stated 

follows by Art. 189. 

316. Given two circles, we can find an origin such that the 

reciprocals of both shall be confocal conics. For, since the reci¬ 

procals of all circles must have one focus (the origin) common ; 

in order that the other focus should be common, it is only 

necessary that the two reciprocal curves should have the same 

centre, that is, that the polar of the origin with regard to both 

circles should be the same, or that the origin should be one of 

the two points determined in Art. 111. Hence, given a system 

of circles, as in Art. 109, their reciprocals with regard to one of 

these limiting points will be a system of confocal conics. 

The reciprocals of any two conics will, in like manner, be 

concentric if taken "with regard to any of the three points 

(Art. 282) wThose polars with regard to the curves are the same. 

Confocal conics cut at right angles The common tangent to two circles 

(Art. 188). subtends a right angle at either limit¬ 

ing point. 

The tangents from any point to two If any line intersect two circles, its 

confocal conics are equally inclined to two intercepts between the circles subtend 

each other. (Art. 189). equal angles at either limiting point. 

The locus of the pole of a fixed line The polar of a fixed point, with regard 

with regard to a series of confocal conics to a series of circles having the same 

is a line perpendicular to the fixed line, radical axis, passes through a fixed point; 

(Art. 226, Ex. 3). and the two points subtend a right angle 

at either limiting point. 

317. We may mention here that the method of reciprocal 

polars affords a simple solution of the problem, u to describe a 

circle touching three given circles.” The locus of the centre 

of a circle touching two of the given circles (1), (2), is evidently 

a hyperbola, of which the centres of the given circles are the 

foci, since the problem is at once reduced to—u Given base and 

difference of sides of a triangle.” Hence (Art. 308) the polar 

of the centre with regard to either of the given circles (1) will 

always touch a circle which can be easily constructed. In like 

manner, the polar of the centre of any circle touching (1) an a (3) 

must also touch a given circle. Therefore, if we draw a common 

tangent to the two circles thus determined, and take the pole 
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of this line with respect to (1), w^e have the centre of the circle 

touching the three given circles. 

318. To find the equation of the reciprocal of a conic with 

regard to its centre. 

We found, in Art. 178, that the perpendicular on the tangent 

could be expressed in terras of the angles ijt makes with the axes, 

p2 = ai cos2# -f- b2 sin2#. 

Hence the polar equation of the reciprocal curve is 

or 

= a2 cos2# 4 W sin2#? 

aV by , 
—-1—— 1 
V 9 

a conceptric conic, whose axes are the reciprocals of the axes 

of the given conic. 

319. To find the equation of the reciprocal of a conic with 

regard to any point (xy'). 

The length of the perpendicular from any point is (Art. 178) 

p = — = f[d2 cos2# 4 b2 sin2#) — x cos # — y sin # ^ 
P 

therefore the equation of the reciprocal curve is 

[xx' 4 yy 4 kfi — dzx2 4 b2y2c 

320. Given the reciprocal of a curve with regard to the origin 

of coordinates, to find the equation of its reciprocal with regard 

to any point [xy). 

If the perpendicular from the origin on the tangent be 

the perpendicular from any other point is (Art. 34) 

P—x' cos # - y' sin #, 

apd therefore the polar equation of the locus is 

p R 
— X cos # - y sin # ; 

. k x x 4 V V 4 k , R cos # p cos # 
hence -7-> =-— -and —^— = —~-^—-p.: 

R p k* xx! 4 yy 4 kl 1 

we must therefore substitute, in the equation of the given 

Idx Idy 
reciprocal, —~r —72 f°r aod —— r—72 for y. 

1 5 xx 4 yy 4 k xx 4 yy 4- h ■ 
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The effect of this substitution may be very simply written 

as follows : Let the equation of the reciprocal with regard to 

the origin be 

«„ + + “»-2 + &C- = °> 
where un denotes the terms of the nth degree, &c., then the 

reciprocal with regard to any point is 

w« + Un-1 

fxx 4 yy 4 Id 

Id 
4 u n—2 

■ xx 4 yy' 4 Id 2. 2 

4 &c. — 0. 

a curve of the same degree as the given reciprocal. 

321. To find the reciprocal with respect to x2 Jry2 — Ji2 of the 

conic given by the general equation. 

We find the locus of a point whose polar xx' -\- yy — Id shall 

touch the given conic by writing x\ y\ - Id for A, y, v in the 

tangential equation (Art. 151). The reciprocal is therefore 

Ax2 4 2Hxy 4 By2 — 2 GIdx — 2Fk2y 4 Cld = 0. 

Thus, if the curve be a parabola, C or ab — K2 = 0, and the 

reciprocal passes through the origin. We can, in like manner, 

verify by this equation other properties proved already geo¬ 

metrically. If we had, for symmetry, written Id = — zand 

looked for the reciprocal with regard to the curve x2 4 y2 4 z2 = 0, 

the polar would have been xx 4 yy' 4 zz\ and the equation of 

the reciprocal would have been got by writing x, y, z for A, y. v 

in the tangential equation. In like manner, the condition that 

\z+fjLy + vz may touch any curve, may be considered as the 

equation of its reciprocal with regard to x2 4 y2 4 z2. 

A tangential equation of the 7?th degree always represents 

a curve of the nth class; since if we suppose \x 4 yy 4 vz to 

pass through a fixed point, and therefore have \x 4 yy 4 vzr = 0; 

eliminating v between this equation and the given tangential 

equation, we have an equation of the wth degree to determine 

A : y; and therefore n tangents can be drawn through the given 

point. 

322. Before quitting the subject of reciprocal polars, we 

wish to mention a class of theorems, for the transformation of 

which M. Chasles has proposed to take as the auxiliary conic 

a parabola instead of & circle. We proved (Art. 211) that the 

intercept made on the axis of the parabola between any two 
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lines is equal to the intercept between perpendiculars let fall on 
the axis from the poles of these lines. This principle then 
enables us readily to transform theorems which relate to the 
magnitude of lines measured parallel to a fixed line. We shall 
give one or two specimens of the use of this method, premising 
that to two tangents parallel to the axis of the auxiliary parabola 
correspond the two points at infinity on the reciprocal curve, 
and that consequently the curve will be a hyperbola or ellipse, 
according as these tangents are real or imaginary. The reci¬ 
procal will be a parabola if the axis pass through a point at 
infinity on the original curve. 

u Any variable tangent to a conic intercepts on two parallel 
tangents, portions whose rectangle is constant.” 

To the two points of contact of parallel tangents answer the 
asymptotes of the reciprocal hyperbola, and to the intersections 
of those parallel tangents with any other tangent answer parallels 
to the asymptotes through any point; and we obtain, in the first 
instance, that the asymptotes and parallels to them through any 
point on the curve intercept on any fixed line portions whose 
rectangle is constant. But this is plainly equivalent to the 
theorem: “ The rectangle under parallels drawn to the asymp¬ 
totes from any point on the curve is constant.’9 

Chords drawn from two fixed points If any tangent to a parabola meet two 

of a hyperbola to a variable third point fixed tangents, perpendiculars from its ex¬ 

intercept a constant length on the asymp- tremities on the tangent at the vertex will 

tote. (Art. 199, Ex. 1). intercept a constant length on that line. 

This method of parabolic polars is plainly very limited in 

its application. 
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CHAPTER XVI. 

HARMONIC AND ANHARMONIC PROPERTIES OP CONICS* 

323. The harmonic and anharmonic properties of conic sec¬ 

tions admit of so many applications in the theory of these curves, 

that we think it not unprofitable to spend a little time in point¬ 

ing out to the student the number of particular theorems either 

directly included in the general enunciations of these properties, 

or which may be inferred from them without much difficulty. 

The cases which we shall most frequently consider are 

when one of the four points of the right line, whose anharmonic 

ratio we are examining, is at an infinite distance. The an¬ 

harmonic ratio of four points, A, B, (7, D, being in general 

,. c . AB AD , , . . . AB . 
(Art. 56) = -7- -=rn reduces to the simple ratio —when 

B 0 JJ Kj ±s(J 

D is at an infinite distance, since then AD ultimately — — DC. 

If the line be cut harmonically, its anharmonic ratio = — 1; and 

if D be at an infinite distance AB — BC, and AC is bisected. 

The reader is supposed to be acquainted with the geometric 

investigation of these and the other fundamental theorems con¬ 

nected with anharmonic section. 

324. We commence with the theorem (Art. 146): u If any 

line through a point 0 meet a conic in the points R\ R'\ and 

the polar of 0 in A, the line OR'BiR" is cut harmonically.” 

First. Let R" be at an infinite distance; then the line OR 

must be bisected at R'; that is, if through a fixed point a line he 

drawn parallel to an asymptote of an hyperbola, or to a diameter 

of a parabola, the portion of this line between the fixed point and 

its polar will be bis cted by the curve (Art. 211). 

* The fundamental property of anharmonic pencils was given by Pappus, Math. 

Coll. vil. 129. The name “anharmonic” was given by Chasles in his History of 

Geometry, from the notes to which the following pages have been developed. Further 

details will be found in his Traite de Geometric Superieure; and in his recently 

published Treatise on Conics. The anharmonic relation, however, had been studied 

by Mobius in his Barycentric Calculus, 1827, under the name of “ DoppeLchnitts- 

verhaltniss.” Later writers use the name “ Doppelverhaltniss,” 
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Secondly. Let R be at an infinite distance, and R'R" must 

be bisected at 0 \ that is, if through any point a chord he drawn 

parallel to the polar of that point, it will he bisected at the point. 

If the polar of 0 be at infinity, every chord through that 

point meets the polar at infinity, and is therefore bisected at 0. 

Hence this point is the centre, or the centre may he considered as 

a point whose polar is at infinity (Art. 154). 

Thirdly. Let the fixed point itself be at an infinite distance, 

then all the lines through it will be parallel, and will be bisected 

on the polar of the fixed point. Hence every diameter of a conic 

may he considered as the polar of the point at infinity in which its 

ordinates are supposed to intersect. 

This also follows from the equation of the polar of a point 

(Art. 145) 

{°x + %+g) + (k»> + h +/) f/ + = o. 

Now, if xy be a point at infinity on the line my = nx, we must 

make —, = —, and x’ infinite, and the equation of the polar 
x m 7 1 1 

becomes m ^ax _j_ jXy _j_ \jiX + fry _j_y*) = o, 

a diameter conjugate to my — nx (Art. 141), 

325. Again, it was proved (Art. 14G) that the two tangents 

through any point, any other line through the point, and the 

line to the pole of this last line, form a harmonic pencil. 

If now one of the lines through the point be a diameter, the 

other will be parallel to its conjugate, and since the polar of 

any point on a diameter is parallel to its conjugate, we learn that 

the portion between the tangents of any line drawn parallel to 

the polar of the point is bisected by the diameter through it. 

Again, let the point be the centre, the two tangents will be 

the asymptotes. Hence the asymptotes, together with any pair of 

conjugate diameters, form a harmonic pencil, and the portion of 

any tangent intercepted between the asymptotes is bisected by 

the curve (Art. 196). 

326. The anharmonic property of the points of a conic (Art. 

259) gives rise to a much greater variety of particular theorems. 

For, the four points on the curve may be any whatever, and 
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either one or two of them may be at an infinite distance; the 

fifth point 0, to which the pencil is drawn, may be also either 

at an infinite distance, or may coincide with one of the four 

points, in which latter case one of the legs of the pencil will be 

the tangent at that point; then, again, we may measure the 

anharmonic ratio of the pencil by the segments on any line 

drawn across it, which we may, if we please, draw parallel to 

one of the legs of the pencil, so as to reduce the anharmonic 

ratio to a simple ratio. 

The following examples being intended as a practical exercise 

to the student in developing the consequences of this theorem, 

we shall merely state the points whence the pencil is drawn, the 

line on which the ratio is measured, and the resulting theorem, 

recommending to the reader a closer examination of the manner 

in which each theorem is inferred from the general principle. 

We use the abbreviation {0.ABCJD} to denote the anhar¬ 

monic ratio of the pencil OA, OJ3, OC, OD< 
Ex. 1. {A .AB'CD) - {B. ABCD). 

Let these ratios he estimated by the segments on the line CD ) let the tangents 

at A, B meet CD in the points T, Tr, and let the chord 

AB meet CD in K, then the ratios are 

TK.DC _KT .DC 

TD. KC ~ KD. T'C’ 

that is, if any chord CD meet two tangents in T, V, 

and their chord of contact in K, 

KC. KT. TD - KD. TK. T'C. 

(The reader must he careful, in this and the following 

examples, to take the points of the peneil in the same 
order on both sides of the equation. Thus, on the left- 

hand side of this equation we took K second, because it 

answers to the leg OB of the pencil; on the light hand 

we take K first, because it answers to the leg OA). 

Ex. 2. Let T and T' coincide, then 

KC. TD~- KD. TC, 

or, any chord through the intersection of two tangents is cut harmonically by the 

chord of contact. 

Ex. 3. Let T be at an infinite distance, or the secant CD drawn parallel to FT’, 
•and it will be found that the ratio will reduce to 

TK- - TC. TD. 

Ex. 4, Let one of the points be at an infinite distance, then {0. AB C <x>} is con¬ 

stant. Let this ratio be estimated on the line C <x>. Let the lines AO, BO cut C 20 

Ca 
in a,b) then the ratio of the pencil will reduce to ; and we learn, that if two 

fixed points, A, B, on a hyperbola or parabola, be joined to any variable point 0, 

Q Q. 
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.find the joining lines meet a fixed parallel to an asymptote (if the curve be a hyper¬ 

bola), or a diameter (if the curve be a parabola), in a, b, then the ratio Ca : Cb will 

be constant. 

Ex. 5. If the same ratio be estimated on any other parallel line, lines inflected 

from any three fixed points to a variable point, on a hyperbola or parabola, cut a fixed 

parallel to an asymptote or diameter, so that ab : ac is constant. 

Ex. 6. It follows from Ex. 4, that if the lines joining A, B to any fourth point 

O' meet C oo in a', b', we must have 

ab _ aC 
Vbr~tfCT 

Now let us suppose the point C to be also at an infinite distance, the line C oo becomes 

an asymptote, the ratio ab : a'b' becomes one of equality, and lines joining two fixed 

points to any variable point on the hyperbola intercept on either asymptote a constant 

portion (Art. 199, Ex. 1). 

Ex. 7. {A. ABC = .ABC oo}. 

Let these ratios be estimated on Coo; then if the tangents at A, B, cut C oo in 

a, b, and the chord of contact AB in K, we have 

Ca _CK 
CK ~ Cb 

(observing the caution in Ex. 1). Or, if any paralle 

to an asymptote of a hyperbola, or a diameter of a 

parabola, cut two tangents and their chord of con¬ 

tact, the intercept from the curve to the chord is 

a geometric mean between the intercepts from the 

curve to the tangents. Or, conversely, if a line ab, parallel to a given one, meet the 

sides of a triangle in the points a, b, K, and there be taken on it a point C such that 

CK2 — Ca . Cb, the locus of C will be a parabola, if Cb be parallel to the bisector of 

the base of the triangle (Art. 211), but otherwise a hyperbola, to an asymptote of 

which ab is parallel. 

Ex. 8. Let two of the fixed points be at infinity, 

{oo .AB oo oo '} = {oo '. AB oo oo ; 

the lines oo oo , oo' oo ', are the two asymptotes, while oo oo ' is altogether at infinity. 

Let these ratios be estimated on the diameter OA ; let 

this line meet the parallels to the asymptotes B oo, B oo', 

in a and a': then the ratios become . Or. 
Oa OA 1 

parallels to the asymptotes through any point on a hyper¬ 

bola cut any semi-diameter, so that it is a mean propor¬ 

tional between the segments on it from the centre. 

Hence, conversely, if through a fixed point 0 a line O 

be drawn cutting two fixed lines, Ba, Ba', and a point A 
taken on it so that OA is a mean between Oa, Oa', the 

locus of A is a hyperbola, of which 0 is the centre, and 

Ba, Ba', parallel to the asymptotes. 

Ex. 9. {oo .AB oo oo '} = {oo '. AB oo oo '}. 

Oa Ob9 
Let the segments be measured on the asymptotes, and we have —- = (0 being 

Ob Oa' 
the centre), or the rectangle under parallels to the asymptotes through any point on 

the curve is constant (we invert the second ratio for the reason given in Ex. 1). 
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327. We next examine some particular cases of tlie anliar- 
monic property of the tangents to a conic (Art. 275). 

Ex. 1. This property assumes a very simple form, if the curve be a parabola, 
for one tangent to a para¬ 

bola is always at an in¬ 

finite distance (Art. 254). 

Hence three fixed tan¬ 

gents to a parabola cut 

any fourth in the points 

A, B, C, so that AB : AC 
is always constant. If 

the variable tangents co¬ 

incide in turn with each 

of the given tangents, we obtain the theorem, 

pQ _ RP _ Qr 

QR~P^~rP' 

Ex. 2. Let two of the four tangents to an ellipse or hyperbola be parallel to each 

other, and let the variable tangent coincide alter- 

nately with each of the parallel tangents. In the 

first case the ratio is 

Ab Be’ 
— , and in the second -=^7. 
Ac Db 

Hence the rectangle Ab. Db’ is constant. 

It may be deduced from the anharmonic pro¬ 

perty of the points of a conic, that if the lines joining any point on the curve 0 to 

A, D, meet the parallel tangents in the points b, b\ then the rectangle Ab.Bb’ will 

be constant. 

328. We now proceed to give some examples of problems 

easily solved by the help of the anharmonic properties of conics. 

Ex. 1. To prove MacLaurin’s method of generating conic sections (p. 248), viz.— 

To find the locus of the vertex V of a triangle whose sides pass through the points 

A, B, C, and whose base angles move on the fixed lines Oa, Ob. 
Let us suppose four such triangles drawn, then since the pencil {C.aa’a"a"'} is the 

same pencil as [C .bb'b"b"'}, we have 

{aa'a"a'"} = {bb'V'b’"}, 

and, therefore, 

{A . aaW") = {B. bb'b"b'n); 

or, from the nature of the question, 

{A. VVV"V"'} = [B. VVV'V"'}; 

and therefore A, B, V, V', V", V" He 

on the same conic section. Now if the 

first three triangles be fixed, it is evident 

that the locus of V"' is the conic section 

passing through AB V V' V". 

Or the reasoning may be stated thus: The systems of lines through A, and 

through B, being both homographic with the system through C, are homographic 

with each other; and therefore (Art. 297) the locus of the intersection of correspond- 
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ing lines is a conic through A and B. The following examples a?e, in like manner, 

illustrations of the application of this principle of Art. 297. 

Ex. 2. M. Chasles has showed that the same demonstration will hold if the side 

ab, instead of passing through the fixed point C, touch any conic which touches 

On, Ob ; for then any four positions of the base cut On, Ob, so that 

{act'a"a"'} - {bb'b"b"'} (Art. 275), 

and the rest of the proof proceeds the same as before. 

Ex. 3. Newton’s method of generating .conic sections:—Two angles of constant 

magnitude move about fixed points P, Q", a A' A’ A" 
the intersection of two of their sides tra. 

verses the right line AA'; then the locus 

of V, the intersection of their other two 

sides, will be a conic passing throug 

P, Q- 
Tor, as before, take four positions of 

the angles, then 

{P.AA'A"A'"\ ~ (Q. A A'A" A"'}; 

but {P.AA’A"A"'} - {P.VV'V’V"'}, 

{Q.AA'A"A!"\ - {Q. VV'V" V7"}, 

since the angles of the pencils are the same; therefore 

{P . VV'V’V"'} - {Q. VV'V'V"'}; 

and, therefore, as before, the locus of V"' is a conic through P, Q, V, V', V". 

Ex. 4. M. Chasles has extended this method of generating conic sections, by 

supposing the point A, instead of moving on a right line, to move on any conic 

passing through the points P, Q; for we shall still have 

{P. AA'A"A'n) = [Q. AA'A"A'"}. 

Ex. 5. The demonstration would be the same if. in place of the angles APV, AQV 
being constant, APV and AQV cut off constant intercepts each on one of two fixed 

lines, for we should then prove the pencil 

{P.AA'A"A= {P. VV'V"V-"}, 

because both pencils cut off intercepts of the same length on a fixed line. 

Thus, also, given base of a triangle and the intercept made by the sides on any 

fixed line, we can prove that the locus of vertex is a conic section. 

Ex. 6. We may also extend Ex. 1, by supposing the extremities of the line ab 
to move on any conic section passing through the points AB, for, taking four 

positions of the triangle, we have, by Art. 276, 

[aw a"a"') = {bb'b"b"'\; 

therefore, [A. aa'a"a'"} = {B. bb'b"b"% 

and the rest of the proof proceeds as before. 

Ex. 7. The base of a triangle passes through C\ the intersection of common 

tangents to two conic sections; the extremities of the base ab lie one on each of the 

conic sections, while the sides pass through fixed points A, B, one on each of the 

conics ; the locus of the vertex is a conic through A, B. 
The proof proceeds exactly as before, depending now on the second theorem 

proved, Art. 276. We may mention that this theorem of Art. 276 admits of a simple 

geometrical proof. Let the pencil {O.ABCD} be drawn from points corresponding 

to (o.cibcd}. Now, the lines OA, oa, intersect at r on one of the common chords of 

the conics; in like manner, BO, bo intersect in r' on the same chord, &c. 5 hence 

{rr’r"r'”} measures the anharmonic ratio of both these pencils. 
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Ex. 8. In Ex. 6 the base instead of passing through a fixed point C, may be sup¬ 

posed to touch a conic having double contact with the given conic (see Art. 276). 

Ex. 9. If a polygon be inscribed in a conic, all whose sides but one pass through 

fixed points, the envelope of that side will be a conic having double contact with 

the given one. 

For, take any four positions of the polygon, then if a, b, c, &c. be the vertices 

of the polygon, we have 

{<m'a"a= {bb'b"V"\ = {ccW"|, &c. 

The problem is, therefore, reduced to that of Art. 277,—“ Given three pairs of points, 

aa'a", dd'd", to find the envelope of a"'d'", such that 

{aa'a"a’"} = {dd'd"d'"}:, 

Ex. 10. To inscribe in a conic section a polygon, all whose sides shall pass through 

fixed points. 

If we assume any point (a) at random on the conic for the vertex of the polygon, 

and form a polygon whose sides pass through the given points, the point z, where 

the last side meets the conic, will not in general coincide with a. If we make four 

such attempts to inscribe the polygon, we must have, as in the last example, 

[aa'a" a'"} = {;zz'z"z 

Now, if the last attempt were successful, the point a'" would coincide with z'", and 

the problem is reduced to—“ Given three pairs of points, aa'a", zz'z", to find a point 

K such that 

{.Kao! a"} = {Kzz'z"}.” 

Now if we make az"a'zalz! the vertices of an inscribed hexagon (in the order here 

given, taking an a and 2 alternately, and so that 

az, a'z', a"z", may be opposite vertices), then either 

of the points in which the line joining the inter¬ 

sections of opposite sides meets the conic may be 

taken for the point K. For, in the figure, the 

points A CE are aa'a", 1) FB are zz'z"; and if we 

take the sides in the order ABCDEF, L, M, N are 

the intersections of opposite sides. Now, since 

{KPNL} measures both [D.KA CE) and {A.KDFB}, 

we have 

{KACE} = {KEFB}. q. e. d* 

It is easy to see, from the last example, that K 
is a point of contact of a conic having double con¬ 

tact with the given conic, to which az, a'z', a"z" are tangents, and that we have 

therefore just given the solution of the question. “To describe a conic touching three 

given lines, and having double contact with a given conic.” 

Ex. 11. The anharmonic property affords also a simple proof of Pascal’s theorem, 

alluded to in the last example. 

We have {E. CDFB} = {A. CBFB}. Now, if we examine the segments made by 

the first pencil on BC, and by the second on DC, we have 

{CRMB) = [CD NS). 

* This construction for inscribing a polygon in a conic is due to M. Poncelet (Traite 
des Proprietes Projectives, p. 351). The demonstration here used is Mr. Townsend’s. 

It shows that Poncelet’s construction will equally solve the problem, “ To inscribe a 

polygon in a conic, each of whose sides shall touch a conic having double contact with 

tjie given conic.” The conics touched by the sides may be all different. 
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Now, if we draw lines from the point L to each of these points, -we form two pencils 

which have the three legs, CL, JDE, AB, common, therefore the fourth legs NL, LM, 
must form one right line. In like manner, Brianchon’s theorem is derived from the 

anharmonic property of the tangents. 

Ex. 12. Given four points on a conic, ADFB, and two fixed lines through any 

one of them, DC, DE, to find the envelope of the line CE joining the points where 

those fixed lines again meet the curve. 

The vertices of the triangle CEM move on the fixed lines DC, DE, NL, and 

two of its sides pass through the fixed points, B, F; therefore, the third side 

envelopes a conic section touching DC, DE (by the reciprocal of MacLaurin’s mode 

of generation). 

Ex. 13. Given four points on a conic ABDE, and two fixed lines, AF, CD, pass¬ 

ing each through a different one of the fixed points, the line CF joining the points 

where the fixed lines again meet the curve will pass through a fixed point. 

For the triangle CFM has two sides passing through the fixed points B, E, and 

the vertices move on the fixed lines AF, CD, NL, which fixed lines meet in a point, 

therefore (p. 280) CF passes through a fixed point. 

The reader will find in the Chapter on Projection how the last two theorems are 

suggested by other well-known theorems. (See Ex. 3 and 4, Art. 355). 

Ex. 14. The anharmonic ratio of any four diameters of a conic is equal to that of 

their four conjugates. This is a particular case of Ex. 2, Art. 297, that the anharmonic 

ratio of four points on a line is the same as that of their four polars. We might 

also prove it directly, from the consideration that the anharmonic ratio of four 

chords proceeding from any point of the curve is equal to that of the supplemental 

chords (Art. 179). 

Ex. 15. A conic circumscribes a given quadrangle, to find the locus of its centre. 

(Ex. 3, Art. 151). 

Draw diameters of the conic bisecting the sides of the quadrangle, their anhar¬ 

monic ratio is equal to that of their four conjugates, but this last ratio is given, since 

the conjugates are parallel to the four given lines; hence the locus is a conic passing 

through the middle points of the given sides. If we take the cases where the conic 

breaks up into two right lines, we see that the intersections of the diagonals, and also 

those of the opposite sides, are points in the locus, and therefore that these points lie 

on a conic passing through the middle points of the sides and of the diagonals. 

329. We think it unnecessary to go through the theorems, 

which are only the polar reciprocals of those investigated in 

the last examples; but we recommend the student to form the 

polar reciprocal of each of these theorems, and then to prove it 

directly by the help of the anharmonic property of the tangents 

of a conic. Almost all are embraced in the following theorem: 

If there he any number of points a, &, c, d, cfee. on a right line, 

and a homographic system a', h\ </, d\ &c. on another line, the 

lines joining corresponding points will envelope a conic. For if 

we construct the conic touched by the two given lines and by 

three lines aa', hh\ cc/, then, by the anharmonic property of the 

tangents of a conic, any other of the lines dd! must touch the 
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same conic.* The theorem here proved is the reciprocal of 

that proved Art. 297, and may also be established by interpreting 

tangentially the equations there used. Thus, if P, P'; <2, Q' re¬ 

present tangentially two pairs of corresponding points, P+A,P\ 

Q + ^Q' represent any other pair of corresponding points; and 

the line joining them touches the curve represented by the 

tangential equation of the second order, PQ' = P/Q. 

Ex. Any transversal through a fixed point P meets two fixed lines OA, OA', in 

the points AA'; and portions of given length Aa, A'a' are taken on each of the 

given lines; to find the envelope of aa’. Here, if we give the transversal four 

positions, it is evident that {ABCD} = [A'B’C’D’}, and that {.ABCD} = {abed}, and 

{MB'C'D'} = {a'b'c'd'}. 

330. Generally when the envelope of a moveable line is 

found by this method to be a conic section, it is useful to take 

notice whether in any particular position the moveable line can 

be altogether at an infinite distance, for if it can, the envelope 

is a parabola (Art. 254). Thus, in the last example the line aa 

cannot be at an infinite distance, unless in some position AAr 

can be at an infinite distance, that is, unless P is at an infinite 

distance. Hence we see that in the last example, if the trans¬ 

versal, instead of passing through a fixed point, were parallel to 

a given line, the envelope would be a parabola. In like manner, 

the nature of the locus of a moveable point is often at once 

perceived by observing particular positions of the moveable point, 

as we have illustrated in the last example of Art. 328. 

331. If we are given any system of points on a right line 

we can form a homographic system on another line, and such 

that three points taken arbitrarily a', P, c shall correspond to 

three given points a, 5, c of the first line. For let the distances 

of the given points on the first line measured from any fixed 

* In the same case if P, P' be two fixed points, it follows from the last article 

that the locus of the intersection of Pd, P’d’ is a conic through P, P'. We saw 

(Art. 277) that if a, b, c, d, &c., a’, b’, c', d’ be two homographic systems of points 

on a conic, that is to say, such that {abed} always = {a'b’c’d'}, the envelope of tId' is 

a conic having double contact with the given one. In the same case, if P, P' be 

fixed points on the conic, the locus of the intersection of Pd, P’d’ is a conic through 

P, P\ Again, two conics are cut by the tangents of any conic having double con¬ 

tact with both, in homographic systems of points, or such that {abed} = {a’b'c'd'} 
(Art. 276); but it is not true conversely, that if we have two homographic systems 

of points on different conics, the lines joining corresponding points necessarily en¬ 

velope a conic. 
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origin on the line be a, b, c, and let the distance of any vari¬ 

able point on the line measured from the same origin be x. 

Similarly let the distances of the points on the second line 

from any origin on that line be db\ c , x , then, as in Art. 277, 

we have the equation 

(a — b) (c — x) _ (a — V) (c — x) 

(a — c) (b — x) (a —- c) [1/ - x) f 

which expanded is of the form 

Axx + Bx 4- Cx + D — 0.*’ 

This equation enables us to find a point x in the second line 

corresponding to any assumed point x on the first line, and such 

that {obex) = \a'Vcx\. If this relation be fulfilled, the line 

joining the points x7 x envelopes a conic touching the two given 

lines; and this conic will be a parabola if A — 0, since then x 

is infinite when x is infinite. 

The result at which we have arrived may be stated con¬ 

versely thus: Two systems of points connected by any relation 

will be homo graphic, if to one point of either system always corre¬ 

sponds one, and but one, point of the other. For evidently an 

equation of the form 

Axx ■+ Bx + Cx + D — 0 

is the most general relation between x and x that we can write 

down, which gives a simple equation whether we seek to deter¬ 

mine x in terms of x or vice versa. And when this relation 

is fulfilled, the anharmouic ratio of four points of the first 

system is equal to that of the four corresponding points of the 

second. For the anharmouic ratio 
(x — y) [z — w) 

[x -e)(g- w) 
is unaltered 

* M. Chasles states the matter thus : The points x, x' belong to homographic 

systems, if a, b, a', U being fixed points, the ratios of the distances ax : bx, a'x' : b'x', 
be connected by a linear relation, such as 

ax a'x' 
+ fXbrx' + V~°' 

Denoting, as above, the distances of the points from fixed origins, by a, b, x\ 

a', b', x', this relation is 

^ a — x 
A -z- + ix 

b — x 

a! — x . 
77-, + v = 0, 6 — x 

which, expanded, gives a relation between x and x' of the form 

Axx' + Bx + Cx' + J) = 0, 
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if instead of x we write 

tions for y, z) w. 

Bx + D 
Ax+C’ 

and make similar substitu- 

332. The distances from the origin of a pair of points A7 B 
on the axis of x being given by the equation, ax14 2hx -f b — 0, and 
those of another pair of points A\ B’ by ax2 4 2 h!x + br — 0, to 
-find the condition that the two pairs should be harmonically con¬ 

jugate. 
Let the distances from the origin of the first pair of points 

be a, P j and of the second a', /3'; then the condition i3 

A A! AB' a - a' a - P' 
__= —-• nr -=_=z — -• 
A'B B’B: a'-P P'-Pf 

which expanded may be written 

[a 4 /3) [a! 4 P') = 2a/3 4 2a'/3'. 

t~\ , 2h n b , , 2li V 
But a4P =--, a/3 = -; (a 4 P) = ——, a/3 =— . 

a a J a a 

The required condition is therefore 

aV 4 ab — 2hK = 0.* 

It is proved, similarly, that the same is the condition that the 
pairs of lines 

ad14 2hap 4 £/32, «'a2 4 2/fa/3 4 b'P\ 

should be harmonically conjugate. 

333. If a pair of points ax' 4 2hx 4 5, be harmonically con¬ 
jugate with a pair ax2 4 2h!x 4 b\ and also with another pair 

4 2'^'a: 4 it will be harmonically conjugate with every 
pair given by the equation 

{a'x2 4 2 Kx 4 b') 4 A (a'x2 4 2h"x 4 b") = 0. 

For evidently the condition 

a [b' 4 A b") 4 b [a 4 A a") — 2h [Ji 4 \h") = 0, 

will be fulfilled if we have separately 

ab' 4 ba — 2hh' — 0, ab" 4 ba" — 2hh" — 0. 

* It can be proved that the anharmonie’ ratio of the system of four points will be 

given, if [ah’ + a'b — 2hh')2 be in a given ratio to {ab — h2) («'&' — k'2). 



306 AN HARMONIC PROPERTIES OF CONICS. 

334. To find the locus of a 'point such that the tangents from 

it to two given conics may form a harmonic pencil. 

If four lines form a harmonic pencil they will cut any of the 

lines of reference harmonically. Now take the second form 

(Art. 294) of the equation of a pair of tangents from a 

point to a curve given by the general trilinear equation, and 

make 7 = 0 when we get 

(6Y/3'2 + By'2 - 2F/3'y') a2 - 2 (Co.fi' - Fa'y' - G/3'y' + ffy'2) a/3 

4- (Ca'2 + Ay'2 - 2 Ga'y') /32 - 0. 

We have a corresponding equation to determine the pair or 

points where the line 7 is met by the pair of tangents from 

afi'y' to a second conic. Applying then the condition of 

Art. 332 we find that the two pairs of points on 7 will form 

a harmonic system, provided that afi'y' satisfies the equation 

(Cf32 + By2 - 2Fl3y) (CV + A'y2 - 2 G'ay) 

4- (Ca2 4- Ay2 - 2 Gay) (Cfi2 + B'y2 - 2Ffiy) 

= 2 (Cal5 - Fay - G/3y + By2) (C'a/3 - F'ay - Gfiy 4- B'y2). 

On expansion the equation is found to be divisible by 7*, and 

the equation of the locus is found to be 

(BC'+B'C-2FF')a2-Y{ CA'+C'A-2 GG'fi2+ (AB'-vA'B-2BB',y* 

+2(GbET-f G'B-AF'-A'F) (3y+2(BF'+ B'F- BG'- B'G) ya 

4 2 [FG' + F'G — CB' — C'B) a/3 = 0; 

a conic having important relations to the two conics, which will 

be treated of further on. If the anbarmonic ratio of the four 

tangents be given, the locus is the curve of the fourth degree 

F2 = 7cS8\ where F\ denote the two given conics, and 

that now found. 

335. To find the condition that the line \a 4- p/3 4- vy should 

he cut harmonically hy the two conics. Eliminating 7 between 

this equation and that of the first conic, the points of inter¬ 

section are found to satisfy the equation 

[cX2 4- ay2 — 2g\v) a2 4- 2 [c\/x — f\v - ggv 4- hv2) a/3 

4- (c,u,2 4- hv2 — 2fgv) /32 = 0. 

We have a similar equation satisfied for the points where the 

line meets the second conic; applying then the condition of 
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Art. 332, we find, precisely as in the last article, that the re¬ 

quired condition is 

(be' + b'c — 2ff') A2 + (ca + c'a — 2gg) g? + (ah' + a'b — 2hhf) vl 

+ 2 (gh'+g'h - af - a'f) pv + 2 (hf + h'f- bg - b'g) vX 

+ 2 (fg + f'g — cli — eh) Xp = 0. 

The line consequently envelopes a conic.* 

INVOLUTION. 

336. Two systems of points a, 5, c, &c., a', b\ c', &c., situ¬ 

ated on the same right line, will be homographic (Art. 331) if 

the distances measured from any origin, of two corresponding 

points, be connected by a relation of the form 

Axx -f Bx + Cx' + D — 0. 

Now this equation not being symmetrical between x and af, the 

point which corresponds to any point of the line considered as 

belonging to the first system, will in general not be the same 

as that which corresponds to it considered as belonging to the 

second system. Thus, to a point at a distance x considered as 

belonging to the first system, corresponds a point at the dis¬ 

tance — j but considered as belonging to the second 

Cx + D 
system, corresponds — . 

Two homographic systems situated on the same line are 

said to form a system in involution, vThen to any point of the 

line the same point corresponds whether it be considered as 

belonging to the first or second system. That this should be 

the case it is evidently necessary and sufficient that we should 

have B= C in the preceding equation, in order that the relation 

connecting x and x may be symmetrical. We shall find it 

* If substituting in the equations of two conics U, V, for a, Xa + «a', &c. we 

obtain results 

\2U+2XfxP + fjT-ir, X2V+2XfiQ + ffV', 

then it is easy to see, as above, that TJV + U'V — 2PQ, represents the pair of lines 

which can be drawn through af3'y', so as to be cut harmonically by the conics. In 

the same case (Art. 296), the equation of the system of four lines joining a'f3'yr to 

the intersections of the conics, is 

(UV + U'V — 2PQ)2 = 4 {TJW - P2) (FF - Q2). 

UU' — P2 and VV' — Q2 denote the pairs of tangents from af3'y’ to the conics. 
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convenient to write the relation connecting any two correspond¬ 

ing points Axxr + H(x + x') + B= 0; 

and if the distances from the origin of a pair of corresponding 

points be given by the equation 

ax1 + 2 hx + 5 = 0, 

we must have Ab + Ba — 2llh = 0. 

337. It appears from what has been said that a system in 

involution consists of a number of pairs of points on a line 

a, a'\ 5, b'; &c., and such that the anharmonic ratio of any 

four is equal to that of their four conjugates. The expression of 

this equality gives a number of relations connecting the mutual 

distances of the points. Thus, from {abca} = {a'b'c'a), we have 

ab. ca' a'b', ca 

aa'. be a'a. b'c * 

or ab. ca . Vc = — a'b'. c'a. be. 

The development of such relations presents no difficulty. 

338. The relation Axx + H[x + x) + B = 0, connects the 

distances of two corresponding points from any origin chosen 

arbitrarily; but by a proper choice of origin this relation can 

be simplified. Thus, if the distances be measured from a point 

at the distance x = a, the given relation becomes 

A [x + a) (x + a) + H[x + x + 2a) + B — 0 

or Axx' + (H + Aa) (x + x') + Aa1 + 2i7a + B= 0. 

And if we determine a, so that H + Aa = 0, the relation reduces 

to xx' = constaijt. The point thus determined is called the 

centre of the system; and we learn that the -product of the dis¬ 

tances from the centre of two corresponding points is constant. 
4 

339. Since, iij general, the point corresponding to any point 

Hx + B 
X is - ^ when Ax+H= 0, the corresponding point is 

infinitely distant: or the centre is the point whose conjugate is 

infinitely distant. The same thing appears from the relation 

\abcc) = {<a'b'c'c), or 

ac. be a'c. b'c 
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Let c be infinitely distant, be ultimately = ac\ and ac = b'c, 

and this relation becomes ac.a'c — bc.b'c\ or, in other words, the 

product of the distances from c of two conjugate points is con¬ 

stant. The relation connecting the distances from the centre 

may be either ca.ca f &2 or ca.ca = — 7c\ In the one case 

two conjugate points lie on the same side of the centre; in the 

other case they lie on opposite sides. 

340. A point which coincides with its conjugate is called a 

focus of the system. There are plainly two foci ff' equidistant 

from the centre on either side of it, whose common distance 

from the centre c is given by the equation cfl = ± If. Thus, 

when If is taken with a positive sign, that is, when two con¬ 

jugate points always lie on the same side of the centre, the foci 

are real. In the opposite case they are imaginary. By writing 

x — x in the general relation connecting corresponding points, 

we see that in general the distances of the foci from any origin 

are given by the equation 

Ax2 -f 2Hx B= 0. 

341. We have seen (Art. 336) that if a pair of corresponding 

points be given by the equation ax2 4 2hx 4 & = 0, we must have 

Ab 4 Ba — 2Hh — 0. Now this equation signifies (see Art. 332) 

that any two corresponding points are harmonically conjugate 

with the two foci. The same inference may be drawn from 

the relation [off'a) = {<iff'a), which gives 

af.a'f' _ a'f.aff fa __ fa' 

aaff aa.Jf fa fa 

or the distance between the foci^' is divided internally and ex¬ 

ternally at a and a into parts which are in the same ratio. 

Coe. Wlien one focu3 is at infinity, the other bisects the 

distance between two conjugate points; and it follows hence 

that in this case the distance ab between any two points of the 

system is equal to a'b\ the distance between their conjugates. 

342. Two pairs of points determine a system in involution. 

We may take arbitrarily two pairs of points 

ax14 2hx 4 clx1 4 2h'x 4 bj 
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and we can then determine A, Ii, B from the equations 

Ab + Ba — 2Hh — 0, Ab' 4 Ba — 2Hh' = 0. 

We see, as in Art. 333, that any other pair of points in in¬ 

volution with the two given pairs may be represented by an 

equation of the form 

(ax2 4 ‘Bix 4 b) 4- X (a'x2 4 *h'x 4- b') = 0, 

since, when A, H, B are determined so as to satisfy the two 

equations written above, they must also satisfy 

A (b 4- XV) 4- B (a 4- Xa') — 2H (h 4- XA') = 0.* 

The actual values of A, B, H, found by solving these equations, 

are 2 (ati — ah), 2 (hb' — h'b), ah'— a'b. Consequently the foci 

of the system determined by the given pairs of points, are 

given by the equation 

(ah' - ah) x2 + (ab' — ab) x + (hb' — h'b) = 0. 

This may be otherwise written if we make the equations 

homogeneous by introducing a new variable y, and write 

U — ax2 + 2hxy 4 by\ V — a'x2 4- 2h'xy 4 b'y2. 

The equation which determines the foci is then 

dUdV_dUdV_o 

dx dy dy dx 

The foci of a system given by two pairs of points a, a'; £>, b' 

may be also found as follows, from the consideration that 

[afba] = {a'fb'a), or 
af. ba' _ a'f. b'a . 

a'f.ba af.b'a y 

whence af2 : a'f2 :: ab.ab' : a'b.a'b'; 

or f is the point where aa is cut either internally or externally 

in a certain given ratio. 

343. The relation connecting six points in involution is of 

the class noticed in Art. 313, and is such that the same relations 

* It easily follows from this, that the condition that three pairs of points 

ax2 + 2hx + b, a'x2 + 2h'x + ba"x2 + 2h"x + b" should belong to a system in in¬ 

volution, is the vanishing of the determinant 

a, h b 

a’, h’, V 

a", h", b" . 
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will subsist between the sines of the angles subtended by them 

at any point as subsist between the segments of the lines them¬ 

selves. Consequently, if a pencil be drawn from any point to 

six points in involution, any transversal cuts this pencil in six 

points in involution. Again, the reciprocal of six points in in¬ 

volution is a pencil in involution. 

The greater part of the equations already found apply 

equally to lines drawn through a point. Thus, any pair of lines 

a- y/3) a — p (3 belong to a system in involution, if 

App' + H (p + p') + B — 0; 

and if we are given two pairs of lines 

U= ad1 + 2Aa/3 -1- Z>/32, F= aV + 2h'a/3 + b'/3f 

they determine a pencil in involution whose focal lines are 

{ah' — ah) a2 -1- {ah' — a'b) cc(3 4- (hb' - lib) j32 = 0, 

dUdV dUdV_ 

0r da dff d& da ~ °‘ 

344. A system of conics passing through four fixed points 

meets any transversal in a system of points in involution. 

For, if S) S' be any two conics through the points, S + \S' 

will denote any other; and if, taking the transversal for axis 

of x and making y = 0 in the equations, we get ax2 -f 2gx -f c, 

and a'x2 + 2g'x + c to determine the points in which the trans¬ 

versal meets S and S\ it will meet S + \S' in 

ax2 + 2gx -f c + X {a'x2 + 2g'x + c'), 

a pair (Art. 342) in involution wTith the two former pair. 

This may also be proved 

geometrically as follows: 

By the anharmonic proper¬ 

ties of conics, 

{a.AdbA'J = [c.AdbA'}: 

but if we observe the points 

in which these pencils meet 

AX, we get [ACBA'} = {AB'o'A'j = {A’O’B’A}. 

Consequently the points AA' belong to the system in in¬ 

volution determined by BB\ CC') the pairs of points in which. 
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the transversal meets the sides of the quadrilateral joining the 

given points. 

Reciprocating the theorem of this article we learn that, the 

pairs of tangents drawn from any point to a system of conics 

touching four fixed lines, form a system in involution. 

345. Since the diagonals uc, hd may be considered as a conic 

through the four points, it follows, as a particular case of the last 

Article, that any transversal cuts the four sides and the diagonals 

of a quadrilateral in points BB\ CC\ DD', which are in invo¬ 

lution. This property enables us, being given two pairs of points 

BB\ DD' of a system in involution, to construct the point con¬ 

jugate to any other C. For take any point at random, a; join 

aB, aD, a(7; construct any triangle bed, whose vertices rest on 

these three lines, and two of whose sides pass through B'D', then 

the remaining side will pass through G\ the point conjugate to C. 

The point a may be taken at infinity, and the lines aB, aD, aC 

will then be parallel to each other. If the point C be at infinity 

the same method will give us the centre of the system. The 

simplest construction for this case is,—u Through B, D, draw 

any pair of parallel lines Bb, Dc; and through B\ D\ a different 

pair of parallels D'b, B'c; then be will pass through the centre 

of the system.” 
Ex. 1. If three conics circumscribe the same quadrilateral, the common tangent 

to any two is cut harmonically by the third. For the points of contact of this 

tangent are the foci of the system in involution. 

Ex. 2. If through the intersection of the common chords of two conics we draw 

a tangent to one of them, this line will be cut harmonically by the other. For in 

this case the points D and D' in the last figure coincide, and will therefore be a focus. 

Ex. 3. If two conics have double contact with each other, or if they have a con¬ 

tact of the third order, any tangent to the one is cut harmonically at the points where 

it meets the other, and where it meets the chord of contact. For in this case the 

common chords coincide, and the point where any transversal meets the chord of 

contact is a focus. 

Ex. 4. To describe a conic through four points a, b, c, d, to touch a given right 

line. The point of contact must be one of the foci of the system BBCCr, &c., and 

these points can be determined by Art. 342. This problem, therefore, admits of two 

solutions. 

Ex. 5. If a parallel to an asymptote meet the curve in C, and any inscribed 

quadrilateral in points abed; Ca. Cc = Cb. Cd. For C is the centre of the system. 

Ex. 6. Solve the examples, Art. 326, as caSes of involution. 

In Ex. 1, A is a focus : in Ex. 2, T is also a focus : in Ex. 3, T is a centre, &c. 

Ex. 7. The intercepts on any line between a hyperbola and its asymptotes are 

equal. For in this case one focus of the system is at infinity (Cor., Art. 341). 
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346. If there he a system of conics having a common self-con¬ 

jugate triangle, any line passing through one of the vertices of 

this triangle is cut hy the system in involution. 

For, if in aa2 -f h/32 + cf we write a = &/3, we get 

{ale2 + h) /32 + cf, 

a pair of points evidently always harmonically conjugate with 

the two points where the line meets /3 and 7. Thus, then, in 

particular, a system of conics touching the four sides of a fixed 

quadrilateral cuts in involution any transversal which passes 

through one of the intersections of diagonals of the quadrila¬ 

teral (Ex. 3, Art. 146). The points in which the transversal meets 

diagonals are the foci of the system, and the points where it 

meets opposite sides of the quadrilateral are conjugate points 

of the system. 

Ex. 1. If two conics U, V touch their common tangents A, B, C, JD in the points 

a, b, c, d; af, b’, c’, d'; a conic S through the points a, b, c, and touching D at d', 

will have for its second chord of intersection with V, the line Joining the intersection^ 

of A with bcf B with ca, C with ab. 

Let V meet ab in a, (3, then, by this article, since ab passes through an intersection 

of diagonals of ABCI) (Ex. 2, Art. 263), a, b ; a, (3 belong to a system in involution, of 

■frhich the points where ab meets C and D are conjugate points. But (Art. 345) the 

common chords of S and V meet ab in points belonging to this same system in 

involution, determined by the points a, b; a, (3, in which S and V meet the line ab. 

If then one of the common chords be JD, the other must pass through the intersection 

of C with ab. 

Ex. 2. If in- a triangle there be inscribed an ellipse touching the sides at their 

middle points a, b, c, and also a circle touching at the points a'f b', c', and if the fourth 

common tangent JD to the ellipse and circle touch the circle at d', then the circle de¬ 

scribed through the middle points touches the inscribed circle at d'. By Ex. 1, a conic 

described through a, b, c, will touch the circle at dr, if it also pass'through the points 

where the circle is met by the line joining the intersections of A, be; B, ca; C, ab. 

But this line is in this case the line at infinity. The touching conic is therefore a 

circle. Sir W. Pc. Hamilton has thus deduced Feuerbach’s theorem (p. 127) as a par¬ 

ticular case of Ex. 1. 

The point d' and the line JD can be constructed without drawing the ellipse. For 

since the diagonals of an inscribed, and of the corresponding circumscribing quad¬ 

rilateral meet in a point, the lines ab, cd; a'b', c'd', and the lines joining Hi), BC; 

A C, BD all intersect in the same point. If then a. /3, y be the vertices of the triangle 

formed by the intersections of bcf b'c'; ca, c'a'; ab, a'b'; the lines joining a’a, b'(3, c'y 

meet in d'. In other words, the triangle a(3y is homologous with abc, a'b'c', the 

centres of homology being the points d, df. In like manner, the triangle a(3y is also 

homologous with ABC, the axis of homology being the line JD. 
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CHAPTER XVII. 

THE METHOD OF PROJECTION.* 

347. We have already several times had occasion to point 

out to the reader the advantage gained by taking notice of 

the number of particular theorems often included under one 

general enunciation, but we now propose to lay before him a 

short sketch of a method which renders us a still more impor¬ 

tant service, and which enables us to tell when from a particular 

given theorem we can safely infer the general one under which 

it is contained. 

If all the points of any figure be joined to any fixed point 

in space (0), the joining lines wTill form a cone, of which the 

point 0 is called the vertex, and the section of this cone, by any 

plane, will form a figure which is called the projection of the 

given figure. The plane by which the cone is cut is called the 

plane of projection. 

To any point of one figure will correspond a point in the other. 

For, if any point A be joined to the vertex 0, the point a, 

in which the joining line OA is cut by any plane, will be the 

projection on that plane of the given point A. 

A right line will always he projected into a right line. 

For, if all the points of the right line be joined to the vertex, 

the joining lines will form a plane, and this plane will be inter¬ 

sected by any plane of projection in a right line. 

Hence, if any number of points in one figure lie in a right 

line, so will also the corresponding points on the projection; and 

if any number of lines in one figure pass through a point, so 

will also the corresponding lines on the projection. 

* This method is the invention of M. Poncelet. See his Traite des Proprieties 

Projectives, published in the year 1822, a work which I believe may be regarded 

as the foundation of the Modern Geometry. In it were taught the principles, that 

theorems concerning infinitely distant points may be extended to finite points on a 

right line; that theorems concerning systems of circles may be extended to conics 

having two points common; and that theorems concerning imaginary points and lines 

may be extended to real points and lines. 
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348. Any plane curve will always be projected into another 

curve of the same degree. 

For it is plain that, if the given curve be cut by any right line 

in any number of points, A, B, C\ D, &c. the projection will 

be cut by the projection of that right line in the same number of 

corresponding points, a, £, o, d, &c.; but the degree of a curve is 

estimated geometrically by the number of points in which it can 

be cut by any right line. If AB meet the curve in some real and 

some imaginary points, ab will meet the projection in the same 

number of real and the same number of imaginary points. 

In like manner, if any two curves intersect, their projections 

will intersect in the same number of points, and any point 

common to one pair, whether real or imaginary, must be con¬ 

sidered as the projection of a corresponding real or imaginary 

point common to the other pair. 

Any tangent to one curve will be projected into a tangent to 

the other. 

For, any line AB on one curve must be projected into the 

line adjoining the corresponding points of the projection. Now, 

if the points A, B, coincide, the points a, &, will also coincide, 

and the line ab will be a tangent. 

More generally, if any two curves touch each other in any 

number of points, their projections will touch each other in the 

same number of points. 

349. If a plane through the vertex parallel to the plane of 

projection meet the original plane in a line AB, then any pencil 

of lines diverging from a point on AB will be projected into a 

system of parallel lines on the plane of projection. For, since 

the line from the vertex to any point of AB meets the plane of 

projection at an infinite distance, the intersection of any two lines 

which meet on AB is projected to an infinite distance on the 

plane of projection. Conversely, any system of parallel lines on 

the original plane is proj >cted into a system of lines meeting in a 

point on the line DF, inhere a plane through the vertex parallel to 

the original plane is cut by the plane of projection. The method 

of projection then leads us naturally to the conclusion, that any 

system of parallel lines may be considered as passing through a 

point at an infinite distance, for their projections on any plane 
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pass through a point in general at a finite distance; and again, 

that all the points at infinity on any plane may he considered as 

lying on a right line, since we have showed that the projection 

of any point in which parallel lines intersect must lie somewhere 

on the right line BF in the plane of projection, 

350. We see now, that if any property of a given curve does 

not involve the magnitude of lines or angles, but merely relates 

to the position of lines as drawn to certain points, or touching 

certain curves, or to the position of points, &c., then this property 

will be true for any curve into which the given curve can be pro¬ 

jected. Thus, for instance, u if through any point in the plane 

of a circle a chord be drawn, the tangents at its extremities will 

meet on a fixed line.” Now since we shall presently prove that 

every curve of the second degree can be projected into a circle, 

the method of projection shows at once that the properties of 

poles and polars are true not only for the circle, but also for all 

curves of the second degree. Again, Pascal’s and Brianchon’s 

theorems are properties of the same class, which it is sufficient 

to prove in the case of the circle, in order to know that they are 

true for all conic sections. 

351. Properties which, if true for any figure, are true for its 

projection, are called projective properties. Besides the classes of 

theorems mentioned in the last Article, there are many projective 

theorems which do involve the magnitude of lines. For instance, 

the anharmonic ratio of four points in a right line [ABCB], 

being measured by the ratio of the pencil [0 .ABOB] drawn to 

the vertex, must be the same as that of the four points [abed], 

where this pencil is cut by any transversal. Again, if there be 

an equation between the mutual distances of any number of 

points in a right line, such as 

AB. CB.EF+ k.AC.BE.BF+ LAB. CF.BF+ &c. = 0, 

where in each term of the equation the same points are men® 

tioned, although m different orders, this property will be pro^ 

jective. For (see Art. 311) if for AB we substitute 

OA.OB.dmAOB p 
Qp > 

each term of the equation will contain OA, OB. 00. OB. OF, OF 
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in the numerator, and OP3 in the denominator. Dividing, then, 

by these, there will remain merely a relation between the sines 

of angles subtended at 0. It is evident that the points A, P, (7, 
D, P, P, need not be on the same right line; or, in other words, 

that the perpendicular OP need not be the same for all, provided 

the points be so taken that, after the substitution, each term of 

the equation may contain in the denominator the same product, 

OP. OP'. OP", &c. Thus, for example, “If lines meeting in a 

point and drawn through the vertices of a triangle ABC meet the 

opposite sides in the points a, 5, c, then Ab.Bc. Ga — Ac.Ba.Cb.” 

This is a relation of the class just mentioned, and which it is 

sufficient to prove for any projection of the triangle ABC. Let 

us suppose the point C projected to an infinite distance, then 

AC, BCj Cc are parallel, and the relation becomes 

Ab . Be = Ac. Ba, 

the truth of which is at once perceived on making the figure. 

352. It appears, from what has been said, that if we wish to 

demonstrate any projective property of any figure, it is sufficient 

to demonstrate it for the simplest figure into which the given 

figure can be projected; e.g. for one in which any line of the 

given figure is at an infinite distance. 

Thus, if it were required to investigate the harmonic pro¬ 

perties of a complete quadrilateral ABCD, whose opposite sides 

intersect in E, F, and the intersection of whose diagonals is 6r, 

we may join all the points of this figure to any point in space (7, 

and cut the joining lines by any plane parallel to OEF, then 

EF is projected to infinity, and we have a new quadrilateral, 

whose sides ab1 cd intersect in e at infinity, that is, are parallel; 

while be intersect in a point/at infinity, or are also parallel. 

We thus see that any quadrilateral may be projected into a 

2)arallelogram. Now since the diagonals of a parallelogram 

bisect each other, the diagonal ac is cut harmonically in the 

points «, g, c, and the point where it meets the line at in¬ 

finity ef. Hence AB is cut harmonically in the points A, 6r, (7, 
and where it meets EF. 

Ex. If two triangles ABC\ A’B'C', be such that the points of intersection of 

AB, A'BBC, B’C'; CA, C'A' lie in a right line, then the lines A A', BB\ CC’ 

jpeet in a point. 
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Project to infinity the line in which A B, A'B', &c. intersect; then the theorem 

becomes: “ If two triangles abc, a*Ue' have the sides of the one respectively parallel 

to the sides of the other, then the lines act4, bb', cc’ meet in a point.” But the truth 

of this latter theorem is evident, since cut', bb' both cut cc4 in the same ratio. 

353. In order not to interrupt the account of the applications 

of the method of projection, we place in a separate section 

the formal proof that every curve of the second degree 

may be projected so as to become a circle. It will also be 

proved that by choosing properly the vertex and plane of pro¬ 

jection, we can, as in Art. 352, cause any given line EF on the 

figure to be projected to infinity, at the same time that the 

projected curve becomes a circle. This being for the present 

taken for granted, these consequences follow i 

Given any conic section and a point in its plane, we can project 

it into a circle, of which the projection of that point is the centre, 

for we have only to project it so that the projection of the polar 

of the given point may pass to infinity (Art. 154). 

Any two conic sections may he projected so as both to become 

circles, for we have only to project one of them into a circle, 

and so that any of its chords of intersection with the other shall 

pass to infinity, and then, by Art. 257, the projection of the 

second conic passing through the same points at infinity as the 

circle must be a circle also. 

Any two conics which have double contact with each other may 

be projected into concentric circles. For we have only to project 

one of them into a circle, so that its chord of contact with the 

other may pass to infinity (Art. 257). 

354. We shall now give some examples of the method of 

deriving properties of conics from those of the circle, or from 

other more particular properties of conics. 

Ex 1. “A line through any point is cut harmonically by the curve and the polar 

of that point.” This property and its reciprocal are pi’ojective properties (Art. 351), 

and both being true for the circle, are true for every conic. Hence all the properties 

of the circle depending on the theory of poles and polars are true for all the conic 

sections. 

Ex. 2. The anharmonic properties of the points and tangents of a conic are pro¬ 

jective properties, which, when proved for the circle, as in Art. 312, are proved for 

all conics. Hence, every property of the circle which results from either of its 

unharmonic properties is true also for all the conic sections. 

Ex. 3. Carnot’s theorem (Art. 313), that if a conic meet the sides of a triangle, 

Ah. Ab'. Be. Be'. Ca. Co! = Ac. Ac'.Ba. Ba’, Cb. Cb', 
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is a projective property which need only be proved in the case of the eircle, in which 

case it is evidently true, since Ab .Ah' = Ac. Ac', (fee. 

The theorem can evidently be proved in like manner for any polygon. 

Ex 4. From Carnot’s theorem, thus proved, could be deduced the properties of 

Art. 148, by supposing the point C at an infinite distance ; we then have 

Ab .Ab' _ Bn. Ba' 

Ac . Ac Be. Be' 1 
where the line Ab is parallel1 to Ba. 

Ex. 5. Given two concentric circles. Given two' conics having double con- 

any chord of one which touches the tact with each other, any chord of one 

other is bisected at the point of con- which touches the other is cut harm©- 

tact, nically at the point of contact, and where 

it meets the chord of contact of the 

conics. (Ex. &, Art. 845). 

For the line at infinity in the first case is projected into the chord of contact of 

two conics having double contact with each other. Ex-. 4, Art. 236, is only a particular 

case of this theorem. 

Ex. 6. Given three concentric circles, Given three conics all touching each 

any tangent to one is cut by the other other in the same two points, any tan- 

two in four points whose anharmonic gent to one is cut by the other two in 

ratio is constant. four points whose anharmonic ratio is 

constant. 

The first theorem is obviously true, since the four lengths are constant. The 

second may be considered as an extension of the anharmonic property of the tangents 

of a conic. In like manner the theorem (in Art. 276) with regard to anharmonic 

ratios in conics having double contact is immediately proved by projecting the conics 

into concentric circles. 

Ex. 7. We mentioned already, that it was sufficient to prove Pascal’s theorem 

for the case of a circle, but, by the help of Art. 353, we may still further simplify 

our figure, for we may suppose the line joining the intersection of AB, DE, to that 

of BC, EF, to pass off to infinity; and it is only necessary to prove that, if a hexagon 

be inscribed in a circle having the side AB parallel to BE, and BC to EF, then 

CB will be parallel to AF] but the truth of this can be shown from elementary 

considerations. 

Ex. 8. A triangle is inscribed in any conic, two of whose sides pass through fixed 

points, to find the envelope of the third (Ex. 8, Art. 272). Let the line joining the fixed 

points be projected to infinity, and at the same time the conic into a circle, and this pro¬ 

blem becomes,—A triangle is inscribed in a circle, two of whose sides are parallel 

to fixed lines, to find the envelope of the third.” But this envelope is a concentric 

circle, since the vertical angle of the triangle is given; hence, in the general case, 

the envelope is a conic touching the given conic in two points on the line joining 

the two given points. 

Ex. 9. To investigate the projective properties of a quadrilateral inscribed in a 

conic. Let the conic be projected into a circle, and the quadrilateral into a parallelo¬ 

gram (Art. 852). Now the intersection of the diagonals of a parallelogram inscribed 

in a circle is the centre of the circle; hence the intersection of the diagonals of a 

quadrilateral inscribed in a conic is the pole of the line joining the intersections of 

the opposite sides. Again, if tangents to the circle be drawn at the vertices of this 

parallelogram, the diagonals of the quadrilateral so formed will also pass through 

the centre, bisecting the angles between the first diagonals ; hence, “ the diagonals 

of the inscribed and corresponding circumscribing quadrilateral pass through a point, 

.and form a harmonic pencil. ’ 
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Ex. 10. Given four points on a conic, 

the locus of its centre is a conic through 

the middle points of the sides of the given 

quadrilateral. (Ex. 15, Art. 328). 

Ex. 11. The locus of the point where 

parallel chords of a circle are cut in a 

given ratio is an ellipse having double 

contact with the circle. (Art. 163). 

Given four points on a conic, the locus 

of the pole of any fixed line is a conio 

passing through the fourth harmonic to 

the point in which this line meets each 

side of the given quadrilateral. 

If through a fixed point 0 a line be 

drawn meeting the conic in A, B, and on 

it a point P be taken, such that {OABP} 

may be constant, the locus of P is a 

conic having double contact with the 

given conic. 

355. We may project several properties relating to foci by 

the help of the definition of a focus, given p. 239, viz. that 

if /be a focus, and A, B the two imaginary points in which 

any circle is met by the line at infinity 5 then FA} FB are 

tangents to the conic. 

Ex. 1. The locus of the centre of a 

circle touching two given circles is a hy¬ 

perbola, having the centres of the given 

circles for foci. 

If a conic be described through two 

fixed points A, B, and touching two given 

conics which also pass through those 

points, the locus of the pole of AB is a 

conic touching the four lines- CA, CB, 

C'A, C'Bf where C, C', are the poles of 

AB with regard to the two- given conics. 

In this example we substitute for the word ‘circle,’ “conic through two fixed 

points A, B,” (Art. 257), and for the word ‘centre,’ “pole of the line ABA (Art. 154). 

Ex. 2. Given the focus and two-points Given two tangents, and- two points 

of a conic section, the intersection of tan- on a conic, the locus of the intersection 

gents at those points will lie on a fixed 

line. (Art. 191). 

Ex. 3. Given a focus and two tan¬ 

gents to a conic,- the locus of the other 

focus is a right line. (This follows from 

Art. 189). 

of tangents at those points is a right line. 

Given two fixed points A, B; two tan¬ 

gents FA,- FB■ passing one through each 

point, and two other tangents to a conic; 

the locus of the interseetion of the other 

tangents from A, B, is a right line. 

If two triangles circumscribe a conic, 

their six vertices lie on the same conic.* 

Ex. 4. If a triangle circumscribe a 

parabola, the circle circumscribing the 

triangle passes through the focus, Cor. 4, 

Art. 223. 

For if the focus be F, and the two circular points at infinity A, B, the triangle 

FAB is a second triangle whose three sides touch the parabola. 

Ex. 5. The locus of the centre of a Given one tangent, and three points 

circle passing through a fixed point, and on a conic, the locus of the intersection 

touching a fixed line, is a parabola of 

which the fixed point is the focus. 

of tangents at any two of these points is 

a conic inscribed in the triangle formed 

by those points. 

* This is easily proved directly. Take a side of each triangle and, by the anhar- 

monic property of the tangents of a conic, these lines are cut homographically by the 

other four sides ; whence it may easily be seen that the pencils joining the opposite 

vertices of each triangle to the other four are homographic: 
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Ex. 6. Given four tangents to a conic, Given four tangents to a conic, the 

the locus of the centre is the line joining locus of the pole of any line is the line 

the middle points of the diagonals of the joining the fourth harmonics of the points 

quadrilateral. where the given line meets the diagonals 

of the quadrilateral. 

It follows from our definition of a focus, that if two conics have the same focus, 

this point will be an intersection of common tangents to them, and will possess the 

properties mentioned at the end of Art. 264. Also, that if two conics have the same 

focus and directrix,- they may be considered as two conics having double contact with 

each other, and may be projected into concentric circles. 

356. Since angles which are constant in any figure will in 

general not be constant in the projection of that figure, we pro¬ 

ceed to show what property of a projected figure may be inferred 

when any property relating to the magnitude of angles is given; 

and we commence with the case of the right angle. 

Let the equations of two lines at right angles to each other 

be x — 0, y = 0, then the equation which determines the direction 

of the points at infinity on any circle is xl + y2 = 0,. or 

x + y \f — 1=0, x - y \J — 1 = 6. 

Hen-ce (Art. 57) these four lines form a harmonic pencil. 

Hence, given four points A, B, (7, D, of a line cut harmonically, 

where A, B may be real or imaginary, if these points be trans¬ 

ferred by a real or imaginary projection, so that A, B may 

become the two imaginary points at infinity on any circle, then 

any lines through (7, D will be projected into lines at right 

angles to each other. Conversely, any two lines at right angles 

to each other will he 'projected into lines which cut harmonically 

the line joining the two fixed points which are the projections of 

the imaginary points at infinity on a circle. 

Ex. 1. The tangent to a circle is at Any chord of a conic is cut harmoni- 

right angles to the radius; cally by any tangent,- and by the line 

joining the point of contact of that tan¬ 

gent to the pole of the given' chord. 

(Art. 146). 

For the chord of the conic is supposed to be the projection of the line at infinity 

in the plane of the circle; the points where the chord meets the conic will be the 

projections of the imaginary points at infinity on the circle j and the pole of the 

chord will be the projection of the centre of the circle. 

Ex. 2. Any right line drawn through Any right line through a point, the 

the focus of a conic is at right angles line joining its pole to that point, and 

to the line joining its pole to the focus, the two tangents from the point, form 

(Art. 192). a harmonic pencil. (Art. 146), 

It is evident that the first of these properties is only a particular case of the 

T T. 
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second, if we recollect that the tangents from the focus are the lines joining the 

focus to the two imaginary points on any circle. 

Ex. 3. Let us apply Ex. 6 of the last Article to determine the locus of the pole 

of a given line with regard to a system of confocal conics. Being given the two 

foci, we are given a quadrilateral circumscribing the conic (Art. 258a); one of the 

diagonals of this quadrilateral is the line joining the foci, therefore (Ex. 6) one point 

on the locus is the fourth harmonic to the point where the given line cuts the dis¬ 

tance between the foci. Again, another diagonal is the line at infinity, and since 

the extremities of this diagonal are the points at infinity on a circle, therefore by the 

present Article the locus is perpendicular to the given line. The locus is, therefore, 

completely determined. 

Ex. 4. Two confocal conics cut each If two conics be inscribed in the same 

other at right angles. quadrilateral, the two tangents at any of 

their points of intersection cut any dia¬ 

gonal of the circumscribing quadrilateral 

harmonically. 

The last theorem is a case of the reciprocal of Ex. 1, Art. 345. 

Ex. 5. The locus of the intersection The locus of the intersection of tan- 

of two tangents to a central conic, which gents to a conic, which divide harmoni- 

cut at right angles, is a circle. eally a given finite right line AB, is a 

conic through A, B. 
The last theorem may, by Art. 14G, be stated otherwise thus : “ The locus of a 

point 0, such that the line joining O to the pole of AO may pass through B, is a 

conic through A, Band the truth of it is evident directly, by taking four positions 

of the line, when we see, by Ex. 2, Art. 297, that the anharmonic ratio of four lines 

AO is equal to that of four corresponding lines BO. 

Ex. 6. The locus of the intersection If in the last example AB touch the 

of tangents to a parabola, which cut at given conic, the locus of 0 will be the 

right angles, is the directrix. line joining the points of contact of tan¬ 

gents from A, B. 

Ex. 7. The circle circumscribing a tri- If two triangles are both self-con- 

angle self-con jugate with regard to an jugate with regard to a conic, their six 

equilateral hyperbola passes through the vertices lie on a conic, 

centre of the curve. (Ex. 5, Art. 228). 

The fact that the asymptotes of an equilateral hyperbola are at right angles may 

be stated, by this Article, that the line at infinity cuts the curve in two points which 

are harmonically conjugate with respect to A, B, the imaginary circular points at 

infinity. And since the centre C is the pole of AB, the triangle CAB is self-conjugate 

with regard to the equilateral hyperbola. It follows, by reciprocation, that the six 

sides of two self-conjugate triangles touch the same conic. 

Ex. 8. If from any point on a conic If a harmonic pencil be drawn through 

two lines at right angles to each other be any point on a conic, two legs of which 

drawn, the chord joining their extremities are fixed, the chord joining the extremities 

passes through a fixed point. (Ex. 2, of the other legs will pass through a fixed 

Art. 181). point. 

In other words, given two points a, c on a conic, and {abed} a harmonic ratio, bd 
will pass through a fixed point, namely, the intersection of tangents at a, c. But the 

truth of this may be seen directly: for let the line ac meet bd in K, then, since 

{a.abed} is a harmonic pencil, the tangent at a cuts bd in the fourth harmonic to K: 
but so likewise must the tangent at c, therefore these tangents meet bd in the same 

point. As a particular case of this theorem we have the following : “ Through a fixed 
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point on a conic two lines are drawn, making equal angles with a fixed line, the chord 

joining their extremities will pass through a fixed point.” 

357. A system of pairs of right lines drawn through a point, 

so that the lines of each pair make equal angles with a fixed line, 

cuts the line at infinity in a system of points in involution, of 

which the two points at infinity on any circle form one pair of con¬ 

jugate points, For they evidently cut any right line in a system 

of points in involution, the foci of which are the points where the 

line is met by the given internal and external bisector of every 

pair of right lines. The two points at infinity just mentioned 

belong to the system, since they also are cut harmonically by 

these bisectors. 
The tangents from any point to a The tangents from any point to a 

system of confocal conics make equal system of conics inscribed in the same 

angles with two fixed lines. (Art. 189). quadrilateral cut any diagonal of that 

quadrilateral in a system of points in 

involution of which the two extremities 

of that diagonal are a pair of conjugate 

points. (Art. 344). 

358. Two lines which contain a constant angle cut the line 

joining the two points at infinity on a circle, so that the anhar- 

monic ratio of the four points is constant. 

For the equation of two lines containing an angle 0 being 

^ = 0, y = 0, the direction of the points at infinity on any circle 

is determined by the equation 

x1 + yl + 2xy cos 0 = 0; 

and, separating this equation into factors, we see, by Art. 57, that 

the auharmonic ratio of the four lines is constant if 0 be constant. 

Ex. 1. “ The angle contained in the same segment of a circle is constant.” We 

see, by the present Article, that this is the form assumed by the anharmonic property 

of four points on a circle when two of them are at an infinite distance. 

Ex. 2. The envelope of a chord of a If tangents through any point 0 meet 

conic which subtends a constant angle the conic in T% and there be taken 

at the focus is another conic having the on the conic two points A, B, such that 

6ame focus and the same directrix. {O.ATBTf) is constant, the envelope of 

A B is a conic touching the given conic 

in the points T, T\ 

Ex. 3. The locus of the intersection If a finite line AB, touching a conic 

of tangents to a parabola which cut at be cut by two tangents in a given an¬ 

si given angle is a hyperbola having the harmonic ratio, the locus of their inter¬ 

same focus and the same directrix. section is a conic touching the given conic 

at the points of contact of tangents from 

A, B. 
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Ex. 4. If from the focus of a conic a If a variable tangent to a conic meet 

line be drawn making a given angle with two fixed tangents in T, T', and a fixed 

any tangent, the locus of the point where line in M, and there be taken on it a 

it meets it is a circle. point P, such that [PTMT'\ may be con¬ 

stant, the locus of P is a conic passing 

through the points where the fixed tan¬ 

gents meet the fixed line. 

A particular case of this theorem is : “The locus of the point where the intercept 

of a variable tangent between two fixed tangents is cut in a given ratio is a hyper¬ 

bola whose asymptotes are parallel to the fixed tangents.” 

Ex. 5. If from a fixed point 0, OP be Given the anharmonic ratio of a pencil 

drawn to a given circle, and TP be drawn three of whose legs pass through fixed 

making the angle TPO constant, the points, and whose vertex moves along a 

envelope of TP is a conic having 0 for its given conic, passing through two of the 

focus. points, the envelope of the fourth leg is 

a conic touching the lines joining these 

two to the third fixed point. 

A particular case of this is: “ If two fixed points A, B on a conic be joined to 

a variable point P, and the intercept made by the joining chords on a fixed line be 

cut in a given ratio at M, the envelope of PM is a conic touching parallels through 

A and B to the fixed line. 

Ex. 6. If from a fixed point 0, OP be Given the anharmonic ratio of a pencil, 

drawn to a given right line, and the angle three of whose legs pass through fixed 

TPO be constant, the envelope of TP is points, and whose vertex moves along a 

a parabola having 0 for its focus. fixed line, the envelope of the fourth leg 

is a conic touching the three sides of the * ° 
triangle formed by the given points. 

359. We have now explained the geometric method by 

which, from the properties of one figure, may be derived those 

of another figure which corresponds to it (not as in Chap. XV., 

so that the points of one figure answer to the tangents of the 

other, but) so that the points of one answer to the points of the 

other, and the tangents of one to the tangents of the other. 

All this might be placed on a purely analytical basis. If any 

curve be represented by an equation in trilinear coordinates, 

referred to a triangle whose sides are a, 5, c, and if we interpret 

this equation with regard to a different triangle of reference 

whose sides are a\ b\ c', we get a new curve of the same degree 

as the first ;* and the same equations which establish any pro¬ 

perty of the first curve will, when differently interpreted, establish 

* It is easy to see that the equation of the new curve referred to tlie old triangle 

is got by substituting in the given equation for a, (3, y ; la + m/3 + ny, l'a + in'(3-\- n'y, 

l"a + m"(3 + n"y, where la + m(3 4- ny represents the line which is to correspond to 

a, &c. For fuller information on this method of transformation see Higher Plane 
CurveSj Chap. vm. 
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a corresponding property of the second. In this manner a 

right line in one system always corresponds to a right line in 

the other, except in the case of the equation aa 4- bj3 + cy = 0, 

which in the one system represents an infinitely distant line, 

in the other a finite line. And, in like manner, a a 4- b'8 + c'y, 

which represents an infinitely distant line in the second system 

represents a finite line in the first system. In working with 

trilinear coordinates, the reader can hardly have failed to take 

notice how the method itself teaches him to generalize all 

theorems in which the line at infinity is concerned. Thus 

(see Art. 278) if it be required to find the locus of the centre 

of a conic, when four points or four tangents are given, this 

is done by finding the locus of the pole of the line at infinity 

aa 4 b/3 -+■ cy, and the very same process gives the locus under 

the same conditions of the pole of any line Aa + /jL/3 4 vy. 

We saw (Art. 59) that the anharmonic ratio of a pencil 

P — kP\ P—IP\ &c. depends only on the constants &, and is 

not changed if P and P' are supposed to represent different right 

lines. We can infer then, that in the method of transformation 

which we are describing, to a pencil of four lines in the one 

system answers in the other system a pencil having the same 

anharmonic ratio; and that to four points on a line correspond 

four points whose anharmonic ratio is the same. 

An equation, 8= 0, which represents a circle in the one 

system will, in general, not represent a circle in the other. 

But since any other circle in the first system is represented 

by an equation of the form 

S 4- (aa. 4 bj3 + cy) (Aa 4^4 vy) — 0, 

all curves of the second system answering to circles in the 

first will have common the two points common to S and 

aa + 6/3 4 cy, 

360. In this way we are led, on purely analytical grounds, to 

the most important principles, on the discovery and application 

of which the merit of Poncelet’s great work consists. The 

principle, of continuity (in virtue of which properties of a figure, 

in which certain points and lines are real, are asserted to be 

true even when some of these points and lines are imaginary) 
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is more easily established on analytical than on purely geo¬ 

metrical grounds. In fact, the processes of analysis take no 

account of the distinction between real and imaginary, so im¬ 

portant in pure geometry. The processes, for example, by which, 

in Chap. XIV., we obtained the properties of systems of conics 

represented by equations of forms S — ka(3 or S— kd2 are un¬ 

affected, whether we suppose a and j3 to meet S in real or 

imaginary points. And though from any given property of a 

system of circles we can obtain, by a real projection, only a 

property of a system of conics having two imaginary points 

common, yet it is plainly impossible to prove such a property by 

general equations without proving it, at the same time, for conics 

having two real points common. The analytical method of 

transformation, described in the last article, is equally applicable 

if we wish real points in one figure to correspond to imaginary 

points on the other. Thus, for example, a2 -+ /3'2 = y2 denotes a 

curve met by y in imaginary points; but if we substitute for 

a, (3] P± Q \f[— 1), and for y, P, where P, Q, R denote right 

lines, we get a curve met in real points by R the line corre¬ 

sponding to y. 

The chief difference in the application of the method of 

projections, considered geometrically and considered algebrai¬ 

cally, is that the geometric method would lead us to prove a 

theorem, first for the circle or some other simple state of the 

figure, and then infer a general theorem by projection. The 

algebraic method finds it as easy to prove the general theorem 

as the simpler one, and would lead us to prove the general 

theorem first, and afterwards infer the other as a particular 

case. 

THEORY OF THE SECTIONS OF A CONE. 

361. The sections of a cone by 'parallel planes are similar. 

Let the line joining the vertex 0 to any fixed point A in one 

plane meet the other in the point a; and let radii vectores be 

drawn from A, a to any other two corresponding points P, b. 

Then, from the similar triangles OAB, Oab, AB is to ab in the 

constant ratio OA : Oa; and since every radius vector of the one 

curve is parallel and in a constant ratio to the corresponding 

radius vector of the other, the two curves are similar (Art. 233). 
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Cor. If a cone standing on a circular base be cut by any 

plane parallel to the base, the section will be a circle. This 

is evident as before; we may, if we please, suppose the points 

A, a the centres of the curves. 

362. A section of a cone, standing on a circular base, mag 

be either an ellipse, hyperbola, or parabola. 

A cone of the second degree is said to be right if the line 

joining the vertex to the centre of the circle which is taken for 

base be perpendicular to the plane of that circle; in which case 

this line is called the axis of the cone. If this line be not per¬ 

pendicular to the plane of the base, the cone is said to be oblique. 

The investigation of the sections of an oblique cone is exactly the 

same as that of the sections of a right cone, but we shall treat 

them separately, because the figure in the latter case being more 

simple will be more easily understood by the learner, who may at 

first find some difficulty in the conception of figures in space. 

Let a plane (OAB) be drawn through the axis of the cone 

OC perpendicular to the plane of the 

section, so that both the section MSsN 

and the base ASB are supposed to 

be perpendicular to the plane of the 

paper; the line RS, in which the 

section meets the base, is, therefore, 

also supposed perpendicular to the 

plane of the paper. Let us first 

suppose the line MN, in which the 

section cuts the plane OAB to meet 

both the sides OA} OB, as in the figure, on the same side of 

the vertex. 

Now let a plane parallel to the base be drawn at any other 

point s of the section. Then we have (Euc. ill. 35) the square 

of BS, the ordinate of the circle, = AR.RB, and in like manner 

rs2 = ar.rb. But from a comparison of the similar triangles 

A RMj arM; BRN, brN, it can at once be proved that 

AR.RB : MR.RN:: ar.rb : Mr.rN. 

Therefore RS2 : rs2 :: MR.RN: Mr.rN. 

Hence the section MSsN is such that the square of any ordinate 
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rs is to the rectangle under the parts in which it cuts the line 

MN in the constant ratio RS2 : MR. UN. 

Hence it can immediately be inferred 

(Art. 149) that the section is an ellipse, 

of which MN is the axis major, while 

the square of the axis minor is to MN2 

in the given ratio 

RS2 : MR.RN. 

Secondly. Let MN meet one of the 

sides OA produced. The proof proceeds 

exactly as before, only that now we prove 

the square of the ordinate rs in a constant 

ratio to the rectangle Mr.rN under the 

parts into which it cuts the line MN pro¬ 

duced. The learner will have no difficulty 

in proving that the locus will in this 

case be a hyperbola, consisting evidently of the two opposite 

branches NsS} Ms S'. 

Thirdly. Let the line MN be parallel 

to one of the sides. In this case, since 

AR — ar, and RB : rb :: RN i rN7 we have 

the square of the ordinate rs (= ar .rb) to 

the abscissa rN in the constant ratio 

RS2{=AR.RB) • RN. 

The section is therefore a parabola* 

363. It is evident that the projections of the tangents at the 

points A, B of the circle are the tangents at the points iff, N of 

* Those who first treated of conic sections only considered the case when a right 

cone is cut by a plane perpendicular to a side of the cone; that is to say, when MN 
is perpendicular to OB. Conic sections were then divided into sections of a right- 

angled, acute, or obtuse-angled cone; and according to Eutochius, the commentator 

on Apollonius, were called parabola, ellipse, or hyperbola, according as the angle of 

the core was equal to, less than, or exceeded a right angle. (See the passage cited 

in full, Walton's Examples, p. 428). It was Apollonius who first showed that all 

three sections could be made from one cone; and who, according to Pappus, gave 

them the names parabola, ellipse, and hyperbola, for the reason stated, A.rt. 194. The 

authority of Eutochius, who was more than a century later than Pappus, may not 

be very great, but the name parabola was used by Archimedes, who was prior to 

Apollonius. 
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the conic section (Art. 348); now in the case of the parabola the 

point M and the tangent at it go off to infinity ; we are therefore 

again led to the conclusion that every parabola has one tangent 

altogether at an infinite distance. 

364. Let the cone now be supposed oblique. The plane of 

the paper is a plane drawn through the line OC\ perpendicular to 

the plane of the circle A QSB. Now let 

the section meet the base in any line QS, 

draw a diameter LK bisecting QS, and 

let the section meet the plane OLK in the 

line MN, then the proof proceeds exactly 

as before; we have the square of the ordi¬ 

nate BS equal to the rectangle LR.BK; 

if we conceive a plane, as before, drawn 

parallel to the base (which, however, is left 

out of the figure in order to avoid render¬ 

ing it too complicated), we have the square 

of any other ordinate rs equal to the corresponding rectangle 

Ir.rh; and we then prove by the similar triangles KBM, krM; 

LBN, IrN, in the plane OLK, exactly as in the case of the right 

cone, that BS2: rs2, as the rectangle under the parts into which 

each ordinate divides AAV, and that therefore the section is a 

conic of which J\IN is the diameter bisecting QS, and which is an 

ellipse when MN meets both the lines OX, OK on the same side 

of the vertex, a hyperbola when it meets them on different sides 

of the vertex, and a parabola when it is parallel to either. 

In the proof just given QS is supposed to intersect the circle 

in real points; if it did not, wTe have only to take, instead of the 

circle AX, any other parallel circle ab, which does meet the sec¬ 

tion in real points, and the proof will proceed as before. 

365. We give formal proofs of the two following theorems, 

though they are evident by the principle of continuity : 

I. If a circular section be cut by any plane in a line QS, 

the diameters conjugate to QS in that plane, and in the plane of 

the circle, meet QS in the same point. When qs meets the circle 

in real points, the diameter conjugate to it in every plane must 

evidently pass through its middle point r. We have therefore 

u u. 

dtp 

LK 

r 
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only to examine the case where QS does not meet in real 
points. It was proved (Art. 361) that the diameter df which 
bisects chords, parallel to qs, of any circular section, will be pro¬ 
jected into a diameter 1)F bisecting1 
the parallel chords of any parallel 
section. The locus therefore of the 
middle points of all chords of the 
cone parallel to qs is the plane Odf. 
The diameter therefore, conjugate 
to QS in any section, is the inter¬ 
section of the plane Odf with the 
plane of that section, and must 
pass through the point B in which 
QS meets the plane ODf. 

/ D 

II. In the same case, if the diameters conjugate to QS in the 
circle, and in the other section, he cut into segments BD, BF; fig, 
BJc / the rectangle DR .BF is to gR.RJc as the square of the dia¬ 
meter of the section 'parallel to QS is to the square of the conjugate 
diameter. This is evident when qs meets the circle in real 
points; since rs2 = dr.rf. In general, we have just proved that 
the lines glc, df DF\ lie in one plane passing through the vertex. 
The points Z), d are therefore projections of g; that is to say, 
they lie in one right line passing through the vertex. We have 
therefore, by similar triangles, as in Art. 364, 

dr .if: DB.RF gr. rk : gB. Rk; 

and since dr. rf is to gr .rk as the squares of the parallel semi- 
diameters, DB.BF is to gB.Bk in the same ratio. 

If the section gskq and the line QS be given, this theorem 
enables us to find DB BF: that is to say, the square of the 
tangent from B to the circular section whose plane passes 
through QS. 

366, Given any conic gskq and a line TL in its plane not 
cutting it, we can project it so that the conic may become a circle, 
and the line may be projected to infinity. 

To do this, it is evidently necessary to find 0 the vertex of 
a cone standing on the given conic, and such that its sections 
parallel to the plane OIL shall be circles. For then any of 
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these parallel seetions would be a projection fulfilling the con¬ 

ditions of the problem. Now, if TL meet the conjugate dia¬ 

meter in the point L, it follows from the theorem last proved 

that the distance OL is given; for, since the plane OTL is 

to meet the cone in an infinitely small circle, OL1 is to gL.Lk 

in the ratio of the squares of two known diameters of the section. 

OL must also lie in the plane perpendicular to 2X, since it is 

parallel to the diameter of a circle perpendicular to TL. And 

there is nothing else to limit the position of the point 0, which 

may lie anywhere in a known circle in the plane perpendicular 

to TL. 

367. If a sphere he inscribed in a right cone touching the 

plane of any section, the point of contact will he a focus of that 

section, and the corresponding directrix will he the intersection of 

the plane of the section with the plane of contact of the cone with 

the sphere. 

Let spheres be both inscribed and exscribed between the 

cone and the plane of the section. Now, if 

any point P of the section be joined to the 

vertex, and the joining line meet the planes 

of contact in Dd, then we have PD — PF\ 

since they are tangents to the same sphere, and, 

similarly, Pd — TF', therefore PF+PF'=Dd, 

which is constant. The point (Z2), where FF' 

meets AB produced, is a point on the direc¬ 

trix, for by the property of the circle NFMR 

is cut harmonically, therefore P is a point on the polar of F. 

It is not difficult to prove that the parameter of the section 

MPN is constant, if the distance of the plane from the vertex 

be constant. 

Cor. The locus of the vertices of all right cones, out of 

which a given ellipse can be cut, is a hyperbola passing through 

the foci of the ellipse. For the difference of MO and NO is 

constant, being equal to the difference between MF' and NF'*. 

* By the help of this principle, Mr. Mulcahy showed how to derive properties of 

angles subtended at the focus of a conic from properties of small circles of a sphere. 

For example, it is known that if through any point P, on the surface of a sphere, a 

great circle be drawn, cutting a small circle in the points A, B, then tan \AP tan \BP 
is constant. Now, let us take a cone whose base is the small circle, and -whose vertex 
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ORTHOGONAL PROJ LOTION* 

368. If from all the points of any figure perpendiculars be 

let fall on any plane, their feet will trace out a figure which is 

called the orthogonal projection of the given figure. The ortho¬ 

gonal projection of any figure is, therefore, a right section of a 

cylinder passing through the given figure. 

All parallel lines are in a constant ratio to their orthogonal 

projections on any plane. 

For (see fig. p. 3) MM' represents the orthogonal projection 

of the line PQ, and it is evidently = PQ multiplied by the cosine 

of the angle which PQ makes with MM'. 

All lines parallel to the intersection of the plane of the figure 

with the plane on which it is projected are equal to their orthogonal 

projections. 

For since the intersection of the planes is itself not altered 

by projection, neither can any line parallel to it. 

The area of any figure in a given plane is in a constant ratio 

to its orthogonal projection on another given plane. 

For, if we suppose ordinates of the figure and of its pro¬ 

jection to be drawn perpendicular to the intersection of the 

planes, every ordinate of the projection is to the correspond¬ 

ing ordinate of the original figure in the constant ratio of 

the cosine of the angle between the planes to unity; and it 

will be proved, in Chap, xix., that if two figures be such that 

the ordinate of one is in a constant ratio to the corresponding 

ordinate of the other, the areas of the figures are in the 

same ratio. 

Any ellipse can he orthogonally projected into a circle. 

For, if we take the intersection of the plane of projection with 

the plane of the given ellipse parallel to the axis minor of that 

ellipse, and if we take the cosine of the angle between the planes 

is the centre of the sphere, and let ns cut this cone by any plane, and we learn that 

“if through a pointy, in the plane of any conic, a line be drawn cutting the conic 

in the points a, k, then the product of the tangents of the halves of the angles which 

ap, bp subtend at the Vertex of the cone will be constant.” This property will be 

true of the vertex of any right cone, out of which the section can be cut, and, 

therefore, since the focus is a point in the locus of such vertices, it must be true 

that tan \cifp tan \bfp is constant (see p. 210), 
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t)0 

=£ - then every line parallel to the axis minor will he unaltered 
a 

by projection, but every line parallel to the axis major will 

be shortened in the ratio b : a\ the projection will, therefore 

(Art. 163), be a circle, whose radius is b. 

369. We shall apply the principles laid down in the last 

Article to investigate the expression for the radius of a circle 

circumscribing a triangle inscribed in a conic, given Ex. 7, 

p. 220 * 

Let the sides of the triangle be a, /3, 7, and its area A, then, 

by elementary geometry, 

a/3 7 

4A * 

Now let the ellipse be projected into a circle whose radius is 5, 

then, since this is the circle circumscribing the projected triangle, 

we have 

But, since parallel lines are in a constant ratio to their projec¬ 

tions, we have 
ol : a :: b : b\ 

ff:/3i:b: b", 

Y : 7 :: b : b'" • 

and since (Art. 368) A' is to A as the area of the circle (=7r&2) 

to the area of the ellipse (=7Tab) (see chap. XIX.), we have 

Hence 

A': A :: b : a* 

aV : Vb”b"\ 
4 A 4A ’ 

and therefore R = 
b'b"bm 

ab * 

* This proof of Mr. MacCullagh’s theorem is due to Dr. Graves. 
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CHAPTER XVIII. 

INVARIANTS AND CQVARIANTS OF SYSTEMS OF CONICS. 

370. It was proved (Art. 250) that if S an! S' represent 

two conics, there are three values of k for which kS 4 S' re¬ 

presents a pair of right lines. Let 

S = ax2 4 by2 -f cz2 4 2 fyz 4 2gzx 4 2lixy, 

S' = a x + h'if 4 cz2 4 2fyz -1- 2jg'zx 4 2li'xy. 

We also write 

A = abc 4 2 fgh — af2 — by2 — cli2, 

A' = a'b'd 4 2/g'k' - a'f2 - b'g'2 - cW2. 

Then the values of h in question are got by substituting ha 4 a\ 

kb 4 b\ &c. for a1 5, &c. in A = 0. We shall write the resulting 

cu^'lc Ak3 4 0/s2 4 G'k 4 A' = 0. 

The value of 0, found by actual calculation, is 

(be —f2) a! 4 ica — g2) b' 4 [ab — li2) c 

+ 2 0* - af)f + 2 (if- bg) g + 2{fg- oh) li ; 
or, using the notation of Art. 151, 

Aa' 4 BY + Go 4 2 Ff 4 2 <2/ 4 2 BK; 

or, again, 

, dA dA , dA dA , dA lf dA 

a da+h db+C +f d/ +g dg +h dV 
as is also evident from Taylor’s theorem. The value of O' is 

got from 0 by interchanging accented and unaccented letters, 

and may be written 

0' = A'a 4 B’b 4 G'c 4 2F'f 4 2 G'g 4 2 H'h. 

If we eliminate k between kS 4 S' = 0, and the cubic which 

determines &, the result 

AS'3 - OS'2S 4 O'S'S* - A'S3 = 0, 
(an equation evidently of the sixth degree), denotes the three 

pairs of lines which join the four points of intersection of the 

two conics (Art. 238), 
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Ex. To find the locus of the intersection of normals to a conic, at the extremities 
x2 lP- 

of a chord which passes through a given point a/3. Let the curve he S = -g + — 1; 

then the points whose normals pass through a given point x'y' are determined (Art. 181, 

Ex. 1) as the intersections of S with the hyperbola S' = 2 {c2xy + b2y’x — a2x'y). We can 

then, by this article, form the equation of the six chords which join the feet of 

normals through x y', and expressing that this equation is satisfied for the point a/3, 

we have the locus required. 

We have A =-T , 0 = 0, 0' = — (a2x'• + b2y'2 — c4), A' = — 2a2b2e2x*y\ 

The equation of the locus is then 

8 
- {a°-fix - b2ay - c2afif A 2 (a2x2 + bhf- - c4) (a2fix - b2ay - c2afi) — + vr - 1 
a-b2 

a2 fi°- 

a- 

4- 2 a2b2c2xy 

which represents a curve of the third degree. If the given point be on either axis, 

the locus reduces to a conic, as may be seen by making a = 0 in the preceding equa¬ 

tion. It is also geometrically evident, that in this case the axis is part of the locus. 

The locus also reduces to a conic if the point be infinitely distant; that is ta say, 

when the problem is to find the locus of the intersection of normals at the extremities 

of a chord parallel to a given line. 

371. If on transforming to any new set of coordinates, 

Cartesian or trilinear, S and S' become S and S', it is manifest 

that 7cS f S' becomes 7cS-f S', and that the coefficient 7c is not 

affected. It follows that the values of 7c, for which 7cS-f S' 

represents right lines, must be the same, no matter in what 

system of coordinates S and S' are expressed. Hence, then, 

the ratio between any two coefficients in the cubic for 7c, found 

in the last Article, remains unaltered when we transform from 

any one set of coordinates to another.* The quantities A, 0, 

©', A' are on this account called invariants of the system of 

conics. If then, in the case of any two given conics, having 

by transformation brought S and S' to their simplest form, and 

having calculated A, 0, ©', Ar, we find any homogeneous rela¬ 

tion existing between them, we can predict that the same relation 

will exist between these quantities, no matter to what axes the 

equations are referred. It will be found possible to express in 

* It may be proved by actual transformation that if in S and S' we substitute 

for x. y, z: lx + my -f nz, Yx + m'y + n'z, Y’x + m"y + u"z, the quantities A, 0, 0' A' 
for the transformed system, are equal to those for the old, respectively multiplied by 

the square of the determinant 

I, m, n 

Y, vY. n' 
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terms of the same four quantities the condition that the conics 

should be connected by any relation, independent of the position 

of the axes, as is illustrated in the next Article. 

The following exercises in calculating the invariants A, 0, 

©', A', include some of the cases of most frequent occurrence. 

Ex. 1. Calculate the invariants when the conics are referred to their common 

self-conjugate triangle. We may take 

S ~ ax2 + by2 + cz2, S' — a'x2 + b'y2 + c'z2; 

and we may further simplify the equations by writing x, y, z, instead of x J(a'). 

y 4(5'), 0 4(c0> s0 as to bring S' to the form x2 + y2 + z2. We have then 

A = abc, 0 = be + ca + ab, 0' = a + b + c, A' = 1. 

And S + kS' will represent right lines, if 

kz 4- k2 {a + b + e) + k [be 4- ca 4- ab) 4- abc — 0. 

And it is otherwise evident that the three values for which S 4- kS' represents right 

lines are — a, — b, — e. 

Ex. 2. Let S', as before, be x2 + y2 + z2, and let S represent the general equation. 

Ans. 0 = (be — f2) + (ca — g2) + {ab — h2) = A + B 4- C; 0' = a + b + c. 

Ex. 3. Let S and S' represent two circles x2 4- y2 — r2, {x — a)2 4- [y — /3)2 — r'2. 

Ans. A ~-r2, 0 = a2 + /32 - 2r2 - r’2, 0' = a2 + (32 - r2 - 2r'2, A'= - r'2. So 

that if D be the distance between the centres of the circles, S + kS' will represent 

right lines if 

v2 + (2r2 + v* - D2) h + (r2 + 2r'2 - D2) k2 + r'2kz - 0. 

Now since we know that S — S' represents two right lines (one finite, the other 

infinitely distant), it is evident that — 1 must be a root of this equation. And it is 

in fact divisible by k + 1, the quotient being 

r2 + (r2 + r’2 - D2) k + r'2k2 = 0. 

2 2 

Ex. 4. Let S represent X- + f- — 1, while S' is the circle (x — a)2 + {y — /3)2 — r2. 
a2 b2 

A’ls- A = - A*. 0 = (“* + F - v - v-), 

0' — — + — — 1 — t-2 f ^ A' — — r2 
° ~a2+F 1 ' \a2 + b2) ’ A “ 7 * 

Ex. 5. Let S represent the parabola y2 — 4mx, and S' the circle as before. 

Ans. A = — 4vi2, 0 = — 4m (a + m), 0' = /32 — 4mu — r2, A' — — r2 

372. To find the condition that two conics S and S' should 

touch each other. When two points, A, B, of the four inter¬ 

sections of two conics coincide, it is plain that the pair of lines 

AC, BD is identical with the pair AD, BC. In this case, then, 

the cubic 

A// + ©Zr + &k + A' = 0, 

must have two equal roots. But it can readily be proved that 

the condition that this should be the case is 

(00' - 9 A A';2 = 4 (©“ - 3 A0') (©'* - 3 A'0), 
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or ©20'2 + 18AA'00' - 27A2A'2 - 4A0'3 - lA'03 = 0, 

which is the required condition that the conics should touch. 

It is proved, in works on the theory of equations, that the 

left-hand member of the equation last written is proportional 

to the product of the squares of the differences of the roots of 

the equation in k] and that when it is positive the roots of 

the equation in k are all real, but that when it is negative two of 

these roots are imaginary. In the latter case (see Art. 282), 

S and S' intersect in two real and two imaginary points: in 

the former case, they intersect either in four real or four 

imaginary points. These last two cases have not been distin¬ 

guished by anv simple criterion. 

If three points A} B, C coincide the conics osculate and in 

this case the three pairs of right lines are all identical so that 

the cubic must be a perfect cube; the condition for this are 

3A © _ 0' 

©~ “ & ~ 3A7’ 
The conditions for double contact are of a 

different kind and will be- got further on. 

Ex. 1. To find by this method the condition that two circles shall touch. Forming 

the condition that the reduced equation (Ex. 8, Art. 371), r- + (r2+ r'2— D2)b+ ?*'2&2=u, 
should have equal roots, we get r2 -f- r'~ — D2 = + 2rr'; D = r ± r' as is geometrically 

evident. 

Ex. 2. The conditions fot contact between two conic® can be shortly found in 

the cases of trinomial equations by identifying the equations- of tangents at any 

point given Arts. 127, 130, and are for 

fyz + gzx + hxy = 0, fix) + fmy) + fnz) = 0, (fl)- + (gm)% + (Jin)- = 0, 

for 

for 

4 (lx) + 4(my) + 4(nz) = 0, ax- + by1 -jr cz2 = 0, -0, 
ax2 + by2 + cz2 = 0, fyz + gzx + Jixy - 0, (af2)3 + (bg2)3 + (ch2)3 = O'. 

Ex. 3. Find the locus of the centre of a circle of constant radius touching a given 

conic. We have only to write for A, A', 0, 0' in the equation of this article, the 

values Ex. 4 and 5, Art. 371; and to consider a, (3 as the running coordinates. The 

locus is in general a curve of the eighth degree, but reduces to the sixth in the case of 

the parabola. This curve is the same which we should find by measuring from the 

curve on each normal, a constant length,- equal to r: It is sometimes called the curve 

parallel to the given conic. Its evolute is the' same as that of the conic. 

The following are the equations- of the parallel curves given at full length, which 

may also be regarded as equations giving the length of the normal distances from 

any point to the curve. The parallel to the parabola is 

rG — (3y2 + x2 + 8mx — 3m2) r4 + (3y* + y2 fix2 — 2mx + 20m2) 

+ 8mx3 + 8m2x2 — 32m"x + lG??i4} r2 — (y2 — 4mx)2 [y2 + (x — to)2} = 0. 

X X. 
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The parallel to the ellipse is 

c4?*8 - 2c2?*6 {c2 (a2 + b2) + (a2 - 2b2) x2 + (2a2 - b2) y2) 

+ r4 {e4 (a4 + 4a2b2 + b4) - 2c2 (a4 - a2b2 + 3b4) x2 4- 2c2 (3a4 - a2b2 + b4) f 

+ (a4 — 6a2b2 + 664) x4 + (6a4 — 6a2S2 4- b4) y4 + (6a4 — 10a262 4- 3b4) x2y2} 

+ r2 {— 2a2b2c4 (a2 + b2) + 2c2x2b2 (3a4 — a2b2 4- b4) — 2cPy2a2 (a4 — a262 4- 3b4) 

— J2x4 (6a4 — 10a2&2 4- 6&4) — a2y4 (6a4 — 10a262 4- 664) 4- x2y2 (4a6 — 3a4b2 — 3a2b4 4- 4b6) 

4- 2b2 (a2 - 2b2) xs-2 (a4 - a2b2 + 364) x4y2 - 2 (3a4 - a2b2+ b4) x2y4+ 2a2 (62 - 2a2) ys} 

4- (b2x2 + aPy2 — a2b2)2 {(x — c)2 4- y2} {(a? 4- c)2 4- ?/2} = 0. 

Thus the locus of a point is a conic, if the sura of squares of its normal distances to 

the curve be given. If we form the condition that the equation in r*2 should have 

equal roots, we get the squares of the axes multiplied by the cube of the evolute. If 

we make r = 0, we find the foci appearing- as points whose normal distance to the 

curve vanishes. This is to be accounted for by remembering that the distance from 

the origin vanishes of any point on either of the lines x2 + y2 — 0. 

Ex. 4. To find the equation of the evolute of an ellipse. Since two of the normals 

coincide which can be drawn through every point on the evolute, we have only to 

express the condition that in Ex. Art. 370 the curves S and S* touch. Now when the 

term k2 is absent from an equation, the condition that Ak3 + Q'k 4- A' should have 

equal roots reduces to 27AA'2 4- 40'3 = 0. The equation of the evolute is therefore 

(aPx2 + b2y2 - c4)3 4- 21 a2b2c4x2y2 = 0. (See Art. 248). 

Ex. 5. To find the equation of the evolute of a parabola. We have here 

S — y2 — 4mx, S' = 2xy 4- 2 (2m — x') y — Amy', 

A = — 4m2, 0 = 0, 0' = — Am (2m — x), A' = Amyt 

and the equation of the evolute is 21my2— 4 (x — 2m)3. It is to be observed, that the 

intersections of S and S' include not only the feet of the three normals which can be 

drawn through any point, but also the point at infinity on y. And the six chords of 

intersection of S and S' consist of three chords joining the feet of the normals, and 

three parallels to the axis through these feet. Consequently the method used (Ex., 

Art. 370) is not the simplest for solving the corresponding problem in the case of the 

parabola. We get thus the equation found (Ex. 12, Art. 227), but multiplied by the 

factor Am (2my 4- y'x — 2my') — y'3, 

373. If S' break up into two right lines we have A' = 07 

and we proceed to examine the meaning in this case of © and 0'. 

Let us suppose the two right lines to be x and y • and, by the 

principles already laid down, any property of the invariants, 

true when the lines of reference are so chosen, will be true in 

general. The discriminant of S+ 2kxy is got by writing h 4 h 

for h in A, and is A + 2/i> [fy — ch) — Now the coefficient 

of vanishes when c = 0; that is, when the point xy lies on 

the curve S. The coefficient of k vanishes when fg — ch] that 

is (see Ex. 3, Art. 228), when the lines x and y are conjugate with 

respect to S. Thus, then, when S' represents two right lines, A' 

vanishes/ ©' = 0 represents the condition that the intersection of 

the two lines should lie on S/ and 0 = 0 is the condition that the 

two lines should he conjugate with respect to S, 
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The condition that A + 0/v + &l? should be a perfect square 

is 0' = 4A0', which, according to the last Article, is the condition 

that either of the two lines represented by S' should touch S. 

This is easily verified in the example chosen, where 02 — 4A0' 

is found to be equal to {hc—f2) [ca — g2). 

Ex. 1. Given five conics S1; S2, &c., it is of course possible in an infinity of ways 

to determine the constants lu /2, &c.. so that 

+ ^iSi + I5Ss 

may be either a perfect square L2, or the product of two lines MX: prove that the 

lines L all touch a fixed conic F, and that the fines M, X are conjugate with regard 

to F. We can determine V so that the invariant 0 shall vanish for F and each 

of the five conics, since we have five equations of the form 

Acl4 + Bb4 + Ccj + 2 Ffi + 2 Gq4 + — 0, 

which are sufficient to determine the mutual ratios of A, B, &c.. the coefficients in 

the tangential equation of F. Now if we have separately Aaq + &c. = 0, Aa2 -f £c. = G, 

Aa3 + &c. = 0, Ac., we have plainly also 

A (/jCj + l2a2 + l3a3 + liai + 7ba5) + &c. = 0; 

that is to say, 0 vanishes for F and every conic of the system 

hSi + 4^ + hss + iisi + ibsa, 
whence by this article the theorem stated immediately follows. If the line M be 

given, N passes through a fixed point; namely, the pole of 31 with respect to V. 

Ex. 2. If six fines x, y, z, u, n, w all touch the same conic, the squares are con¬ 

nected by a linear relation 

ly + ly- + ly + ly + i.y- + ly — o. 
This is a particular case of the last example, but may be also proved as follows : 

Write down the conditions, Art. 151, that the six fines should touch a conic, and 

eliminate the unknown quantities A, B, &c., and the condition that the fines should 

touch the same conic is found to be the vanishing of the determinant 

v. «12, vi, Pl»l, VlXl5 

x,2, a*** v3\ y.2v2, ^2^25 

x32, V3~! P 3v3i v3^3> X3M3 

V, P2, v2, PiV4) XiPi 

x52, P2, 
o 

P^b, ^bPb 

X62, P2, 
O 

V5~) P 6^6) V6^3i ^6^6 

But this is also the condition that the squares should be connected by a linear relation. 

Ex. 3. If we are only given four conics Su S2, S3, S4, and seek to determine F, as 

in Ex. 1, so that 0 shall vanish, then, since we have only four conditions, one of the 

tangential coefficients A, &c. remains indeterminate, but we can determine all the 

rest in terms of that; so that the tangential equation of F is of the form E -t- Tc'Z' — 0, 

or Ftouches four fixed fines. We shall afterwards show directly that in four ways 

we can determine the constants so that IlS1 + l2S2 + I3S3 + liSi may be a perfect 

square. 

It is easy to see (by taking for M the fine at infinity) that if M be a given fine 

it is a definite problem admitting of but one solution to determine the constants, so 

that llS1 + ic. shall be of the form MX. And Ex. 1 shows that X is the locus of 

the pole of M with regard to F. Compare Ex. 8, Art. 228. 
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374. To find the equation of Tie 'pair of tangents at the points 

where S is cut hy any line Ax + py + vz. The equation of any 

conic having double contact with $, at the points where it meets 

this line, being kS 4- fix 4- py 4 vz)2 = 0, it is required to deter¬ 

mine k so that this shall represent two right lines. Now it will 

be easily verified that in this case not only A' vanishes but 0 

also. And if we denote by 2 the quantity 

AX 4 13p 4 Ov 4 2jHpy 4 2 GvA 4 2llAp^ 

the equation to determine k has two roots = 0, the third root 

being given by the equation kA 4 2 = 0. The equation of the 

pair of tangents is therefore 2S— A fix 4 py 4 vz)'2. It is plain 

that when Ax 4 py 4 vz touches N, the pair of tangents coincides 

with Ax 4 Ay 4 vz itself; and the condition that this should be 

the case is plainly 2 = 0.; as is otherwise proved (Art. 151). 

Under the problem of this Article is included that of finding 

the equation of the asymptotes of a conic given by the general 

trilinear equation. 

375. We now examine the geometrical meaning, in general, 

of the equation 0 = 0. Let us choose for triangle of reference 

any self-conjugate triangle with respect to /S', which must then 

reduce to the form ax2 4 hy2 4 cz2 (Art. 258). We have there¬ 

fore /=0, <7 = 0, h = 0. The value then of © (Art. 370) reduces 

to bca 4 cab’ 4 abc, and will evidently vanish if we have also 

a =0, V — 0, c = 0, that is to say, if /S', referred to the same 

triangle, be of the form fyz 4 gzx 4 h!xy. Hence 0 vanishes 

whenever any triangle inscribed in /S' is self-conjugate with regard 

to S. If we choose for triangle of reference any triangle self¬ 

conjugate with regard to /S', we have f = 0, g = 0, h! -- 0, and 

0 becomes 
[be — f2) a 4 (ca — g2) b' 4 [ah — h‘2) c ; 

and will vanish if we have be = /2, ca —g\ ab = Ji2. Now be —f2 

is the condition that the line x should touch /S; hence 0 also 

vanishes if any triangle circumscribing S is self-conjugate with 

regard to S. In the same manner it is proved that 0' = 0 is the 

condition either that it should be possible to inscribe in S a tri¬ 

angle selficonjugate with regard to S\ or to circumscribe about S 

a triangle, self-conjugate with regard to S'. When one of these 

things is possible, the other is so too. 
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A pair of conics connected by the relation 0 = 0 possesses 

another property. Let the point in which meet the lines joining 

the corresponding vertices of any triangle and of its polar tri¬ 

angle with respect to a conic be called the pole of either 

triangle with respect to that conic ] and let the line joining the 

intersections of corresponding sides be called their axis. Then 

if 0 = 0, the pole with respect to S of any triangle inscribed in 

S' will lie on S'] and the axis with respect to S’ of any tri¬ 

angle circumscribing S will touch S. Tor eliminating x, y, z 

in turn between each pair of the equations 

ax + hy -t- gz = 0, 7ix 4 by + fz = 0, gx +fy 4 cz — 0, 

we get (gh -af)x = [hf-bg) y = [fg - ch) z, 

for the equations of the lines joining the vertices of the triangle 

xyz to the corresponding vertices of its polar triangle with 

respect to $, These equations may be written Fx = Gy = Hz, 

and the coordinates of the pole of the triangle are p, 
1 1 

G’ H' 
Substituting these values in S\ in which it is supposed that the 

coefficients a^ b\ c vanish, we get 2Ff 4 2 Gy 4 2Hh' = 0, or 

0 = 0. The second part of the theorem is proved in like 

manner. 

Ex. 1. If two triangles be self-conjugate with regard to any conic S', a conic can 

be described passing through their sis vertices; and another can be described touch¬ 

ing their six sides (see Ex. 7, Aid. 85G). Let a conic be described through the three 

vertices of one triangle and through two of the other, which we take for x, y, z. 

Then, because it circumscribes the first triangle, O' = 0, or a + b + c = 0 (Ex. 2, 

Art. 371), and, because it goes through two vertices of xyz, we have a = 0, b = 0, 

therefore c ~ 0, or the conic goes through the remaining vertex. The second part 

of the theorem is proved in like manner. 

Ex. 2. The square of the tangent drawn from the centre of a conic to the circle 

circumscribing any self-conjugate triangle is constant, and = a2 + b2 [M. Eaure] 

This is merely the geometrical interpretation of the condition 0 — 0, found (Ex. 4, 

Art. 371), or a2 + (32 — r2 = a1 4- b2. The theorem may be otherwise stated thus: 

‘•Every circle which circumscribes a self-conjugate triangle cuts orthogonally the 

circle which is. the locus of the intersection of tangents mutually at right angles.” 

For the square of the radius of the latter circle is a2 + b2. 

Ex. 3. The centre of the circle inscribed in every self-conjugate triangle with 

respect to an equilateral hyperbola lies on the curve. This appears by making 

l2 — — a2 in the condition 0' = 0 (Ex. 4, Art. 371). 

Ex. 4. If the rectangle under the segments of one of the perpendiculars of the 

triangle formed by three tangents to a conic be constant and equal to M, the locus 

of the intersection of perpendiculars is the circle a:2 + y2 — a2 + b2 + M. For 0 = 0 

(Ex. 1, Art. 371) is the condition that a triangle self-conjugate with regard to the 

circle can be circumscribed about S, But when a triangle is self-conjugate with 
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regard to a circle, the intersection of perpendiculars is the centre of the circle and 

M is the square of the radius (Ex. 3, Art. 278). The locus of the intersection of rect¬ 

angular tangents is got from this example by making M — 0. 

Ex. 5. If the rectangle under the segments of one of the perpendiculars of a 

triangle inscribed in S be constant, and = M, the locus of intersection of perpen¬ 

diculars is the conic concentric and similar with S, S = M («W*) [Dr-Hart]. 

This follows in the same way from D* = 0. 

Ex. 6. Find the locus of the intersection of perpendiculars of a triangle inscribed 

in one conic and circumscribed about another [Mr. Burnside]. Take for origin the 

centre of the latter conic, and equate the values of M found from Ex. 4 and 5; then 

if a', b' be the axes of the conic S in which the triangle is inscribed, the equation of 

■cC2b'2 
the locus is x2 + jr — a2 — b2 = ^he locus is therefore a conic, whose axes 

are parallel to those of S, and which is a circle when S is a circle. 

Ex. 7. The centre ©f the circle circumscribing every triangle, self-conjugate with 

regard to a parabola, lies on the directrix. This and the next example follow from 

0 = 0 (Ex. 5, Art. 871). 

Ex. 8. The intersection of perpendiculars of any triangle circumscribing a para¬ 

bola lies on the directrix. 

Ex. 9. Given the radius of the circle inscribed in a self-conjugate triangle, the 

locus of centre is a parabola of equal parameter with the given one. 

376. If two conics be taken arbitrarily it is in general not 

possible to inscribe a triangle in one which shall be circum¬ 

scribed about the other; but an infinity of such triangles can 

be drawn if the coefficients of the conics be connected by a 

certain relation, which we proceed to determine. Let us suppose 

that such a triangle can be described, and let us take it for 

triangle of reference; then the equations of the two conics 

must be reducible to the form 

S = x* yl + zl — 2yz — 2zx - 2xy — 0, 

S' = 2fyz + 2gzx + 2 hxy — 0. 

Forming then the invariants we have 

A = -4, © = 4 {f+g + h), & = - {f+g + hf, A' = 2fgh; 

values which are evidently connected by the relation ©2 = 4A0'.* 

* This condition was first given by Prof. Cayley (Philosophical Magazine, vol. vr. 

p. 99) who derived it from the theory of elliptic functions. He also proved, in the 

same way, that if the square root of Ic3A + k2Q + JcQ' 4- A', when expanded in powers 

of 7c, be A + B/c + C/c2 + tfcc , then the conditions that it should be possible to have 

a polygon of n sides inscribed in U and circumscribing V, are for n — 3, 5, 7, &c. 

respectively 
<7=0, 1 c, D C, D, E 

1 D,E = 0. D, E, F 

E, F, G = 0, &c. 
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This is an equation of the kind (Art. 371) which is unaffected 

by any change of axes; therefore, no matter what the form in 

which the equations of the conics have been originally given, 

this relation between their coefficients must exist, if they are 

capable of being transformed to the forms here given. Con¬ 

versely, it is easy to show, as in Ex. 1, Art. 375, that when the 

relation holds 0' = 4A©', then if we take any triangle circum¬ 

scribing S, and two of whose vertices rest on S', the third must 

do so likewise. 

Ex. 1. Find the condition that two circles may be such that a triangle can be 

inscribed in one and circumscribed about the other. Let D2 — r2 — v'2 — G, then the 

condition is (see Ex. 3, Art. 371) 

(G - r2)2 + 4r2 (G - r*2) = 0, or (G + r2)2 = fr2?-*2 y 

whence D2 — v'2 + 2rr', Euler’s well known expression for the distance between the 

centre of the circumscribing circle and that of one of the circles which touch the 

three sides. 

Ex. 2. Find the Incus of the centre of a- circle of given radius, circumscribing a 

triangle circumscribing a conic, or inscribed in an inscribed triangle. The loci are 

curves of the fourth degree, except that of the centre of the circumscribing circle 

in the case of the parabola, which is a circle whose centre is the focus, as is other¬ 

wise evident. 

Ex. 3. Find the condition that a triangle may be inscribed in S' whose sides 

touch respectively S + IS', S + inS\ S + nS". Let 

S = x2 + y2 + z2 — 2 (1 + If) yz — 21 (1 + mg) zx — 2(1 + nh) xyy 

S' — 2 fyz + 2gzx + 2hxy; 

then it is evident that S + IS' is touched by x, &c. "We have then 

A = — (2 + If + mg + nh)2 — 2lmnjgh, 

0 = 2 (f + g + h) (2 + Jf+ mg + nh) + 2fgh (pm + nl + lm)r 

G'=- (f+ g + h)2 - 2 (T+m + n) fgh, A' = 2fgh. 

Whence, obviously, 

{0 — A' (nin + nl + lm))2 = 4 (A + ImnS') (0' + A' (/ + m + 

which is the required condition. 

377. To find the condition that the line \x -f fiy -f- vz sJiould 

pass through one of the four points common to S and S'. This 

is, in other words, to find the tangential equation of these four 

points. Now we get the tangential equation of any conic of 

D, E E, E, F 

E, F = 0, E, F, G 

F, G, II = 0, &e. 

and for n = 4, 6, 8, &c. are 

D = 0 
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the system 8 4 JcS' by writing a 4 ka, &c. for a, &c0 in the 

tangential equation of S, or 

2 = (be -fl) X2 4 (ca - <f) g* 4 (ah - F) v2 

4 2 (#A — af) gv 4 2 (A/— hg) vX 4 2 (fg — ch) Xg = 0. 

We get thus 2 4 A <4 4 7^2' = 0, where 

<4 = (be 4 b'e — 2ff') X2 4 (ca 4 da — 2gg) /a2 

4 (ah' 4 ah — 2hh') v2 4 2 (qA'4gh — q/' — a'/) gv 

+ 2 (*/' -*■*/- - %) + 2 (.# -yf'g - ch' - ch)\fi. 

The tangential equation of the envelope of this system is there¬ 

fore (Art. 298) <4" = 422'. But since S + kS', and the corre¬ 

sponding tangential equation, belong to a system of conics 

passing through four fixed points, the envelope of the system is 

nothing but these four points, and the equation 4>2 — 422' is the 

required condition that the line Xx 4 gy 4 vz should pass through 

one of the four points. The matter may be also stated thus: 

Through four points there can in general be described two 

conics to touch a given line (Art. 345, Ex. 4); but if the given 

line pass through one of the four points, both conics coincide 

in one whose point of contact is that point. Eow 42 = 422' is 

the condition that the two conics of the system 84 kS\ which 

can be drawn to touch Xx 4 gy 4 vzr shall coincide. 

It will be observed that <4 = 0 is the condition obtained 

(Art. 335)y that the line Xx 4 gy 4 vz shall be cut harmonically 

by the two conics. 

378. To find the equation oft e four common tangents to two 

conics. This is the reciprocal of the problem of the last Article, 

and is treated in the same way. Let 2 and 2' be the tangential 

equations of two conics, then (Art. 298) 2 4 A 2' represents tan¬ 

gentially a conic touched by the four tangents common to the 

two given conics. Forming then, by Art. 285, the trilinear 

equation corresponding to 2 4 AS' = 0, we get 

A >8 4 AF 4 FA 8' = 0, 
where 

Y = (BCAB'C-2 FF') xl 4 (CA' 4 C'A -2G G') yl 
+ (AB' + A'B-2HH') z2 

4 2(GHA G'H- AF- AF) yz 4 2 (HF'+ H'F- BG'- B'G) zx 
4 2 (FG' 4 F'G- CH' - C'H) xy, 
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the letters A, B, &c. haring the same meaning as in Art. 151. 

But AS-\- JcF + &2A'/S" denotes a system of conics whose en¬ 

velope is F2 = 4AA'/SjS" ; and the envelope of the system evi¬ 

dently is the four common tangents. 

The equation F2 = 4AA'$#', by its form denotes a locus 

touching S and S', the curve F passing through the points of 

contact. Hence, the eight points of contact of two conics with 

their common tangents, lie on another conic F. Reciprocally, the 

eight tangents at the points of intersection of two conics envelope 

another conic <1>. 

It will be observed that F = 0 is the equation found, Art. 334, 

of the locus of points, whence tangents to the two conics form 

a harmonic pencil.* 

If S' reduces to a pair of right lines, F represents the pair 

of tangents to S from their intersection. 

Ex. Find the equation of the common tangents to the pair of conics 

ax2 + by + cz2 = 0, a'x2 + b'y2 + c'z2 = 0. 

Here A —be, B — ca,■ C = ab, whence 

F = aa' {be' + b'c) x2 + bb' {ca + c'a) y2 + cc' {ah' + a'b) zs, 

and the required equation is 

{aa' {b'c + b'c) x2 + bb' {ca' + c'a) y2 + cc' {ah' + a'b) z2}2 

= Aabca'b'c' {ax2 + by2 + cz2) {a'x2 + b'y2 + c'z2), 

which is easily resolved into the four factors 

x 4{aa' {be')} ± y j{bb' (ca')} + z J{cc/ {ab')j = O'. 

378a. If S and S' touch, F touches each at their point of 

contact. This follows immediately from the fact that F passes 

through the points of contact of common tangents to S and S'. 
Similarly if S and S' touch in two distinct points, F also has 

double contact with them in these points. This may be verified 

by forming the F of cz2 + 2hxy, cV -f 2h'xy which is found to 

be of the same form, viz. 2cchh'z1 + 2hh' (ah' + c'k) xy. 

From what has been just observed, that when S and S' 

have double contact, F is of the form IS +• mS\ we can obtain 

a system of conditions that tw'o conics may have double contact. 

For write the general value of F, given Art. 334, 

ax2 + by* + cZ2 2ivfz -f 2gzx + 2hxy, 

* I believe I was the first to direct attention to- the importance of this conic in 

the theory of two conics. 
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then evidently if they have double contact every determinant 

vanishes of the system 

a, t>, e i f i 9 i h 
a v, A /', /, li 

= o. b, c, f , g, h 

That when S and S' have double contact, $, F and S' are 

connected by a linear relation, may be otherwise seen, as 

follows: When S and S' have double contact there is a value 

of k for which kS+S' represents two coincident right lines. 

Now the reciprocal of a conic representing two. coincident right 

lines vanishes identically. Hence we have 

&22 4M>+2' = 0 

identically. But the value of k, for which this is the case, is 

the double root of the equation 

FA + FQ + k& t A'=0. 

Eliminating k between the former equation and the two dif¬ 

ferentials of the latter we have 2, 2', satisfying the identical 

relation 
2, 2' 

3A, 20, 0' 

0, 20', 3 A' 

When two conics have double contact their reciprocals have 

double contact also; and it may be seen without difficulty that 

the relation just written between 2, 2', implies the following 

between $, S', F 

S, F , S' 

3A, 2A0', © 

©', 2A/0, 3A' 

379. The former part of this Chapter has sufficiently shown 

what is meant by invariants, and the last Article will serve 

to illustrate the meaning of the word covariant. Invariants 

and covariants agree in this, that the geometric meaning of 

both is independent of the axes to which the questions are 

referred; but invariants are functions of the coefficients only, 

while covariants contain the variables as well. If we are given 

a curve, or system of curves, and have learned to derive from 

their general equations the equation of some locus, U = 0, 

= 0. 

= 0. 
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whose relation to the given curves is independent of the axes 

to which the equations are referred, U is said to be a covariant 

of the given system. Now if we desire to have the equation 

of this locus referred to any new axes, we shall evidently arrive 

at the same result, whether we transform to the new axes the 

equation U— 0, or whether we transform to the new axes the 

equations of the given curves themselves, and from the trans¬ 

formed equations derive the equation of the locus by the same 

rule that TJ was originally formed. Thus, if we transform the 

equations of two conics to a new triangle of reference, by 

writing instead of a?, ?/, z, 

lx 4- my + nz) lx 4 my 4 riz, T'x 4 m"y 4 n"z; 

and if we make the same substitution in the equation F2=4A A'SS\ 

we can foresee that the result of this last substitution can only 

differ by a constant multiplier from the equation F2 = 4AA'SS', 

formed with the new coefficients of S and S', For either form 

represents the four common tangents. On this property is 

founded the analytical definition of covariants. u A derived 

function formed by any rule from one or more given functions 

is said to be a covariant, if when the variables in all are trans¬ 

formed by the same linear substitutions, the result obtained by 

transforming the derived differs only by a constant multiplier 

from that obtained by transforming the original equations and 

then forming the corresponding derived.” 

380. There is another case in which it is possible to predict 

the result of a transformation by linear substitution. If we have 

learned how to form the condition that the line \x + yy + vz 

should touch a curve, or more generally that it should hold to 

a curve, or system of curves, any relation independent of the 

axes to which the equations are referred, then it is evident that 

when the equations are transformed to any new coordinates, 

the corresponding condition can be formed by the same rule 

from the transformed equations. But it might also have been 

obtained by direct transformation from the condition first ob¬ 

tained. Suppose that by transformation \x 4 yy 4 vz becomes 

\ [lx 4 my 4 nz) 4 y [Tx 4 vriy 4 n'z) 4 v [l"x 4 m"y + n"z), 

and that we write this A'x 4- yy 4 v z) we have 

V = IX 4 V y 4 Z'V, y = m\ 4 m'y 4 m"v, v — n\ 4 n'y 4 n"v. 
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Solving these equations, we get equations of the form 

x=zx'+zy+zv, v^nx^n^^nw 

If then we put these values into the condition as first obtained 

in terms of X, /*, v, we get the condition in terms of X', //, v\ 

which can only differ by a constant multiplier from the condition 

as obtained by the other method. Functions of the class here 

considered are called contravariants. Contravariants are like 

covariants in this: that any contra variant equation, as for 

example, the tangential equation of a conic [be — /2) X2 + &c. = 0 

can be transformed by linear substitution into the equation of 

like form (b'c — fn) X'2 + &c. = 0, formed with the coefficients 

of the transformed trilinear equation of the conic. But they 

differ in that X, /z, v are not transformed by the same rule as 

a?, y, z; that is, by writing for X, IX -f m/x + nv, &c., but by the 

different rule explained above. 

The condition 4> = 0 found, Art. 377, is evidently a contra- 

variant of the system of conics $, S'. 

381. It will be found that the equation of any conic co¬ 

variant with S and S' can be expressed in terms of S' and F; 

while its tangential equation can be expressed in terms of 2, 2', <t>. 

Ex. 1. To express in terms of S, S', F the equation of the polar conic of S with 

respect to S'. From the nature of covariants and invariants, any relation found con¬ 

necting these quantities, when the equations are referred to any axes, must remain 

true when the equations are transformed. We may therefore refer S and S' to their 

common self-conjugate triangle and write S ~ ax2 4- by2 + cz2, S' = x2 -4- y2 + a2. It 

will be found then that F = a (b + c) x2 + b (c + a) y2 + c {a + b) z2. Now since the 

condition that a line should touch S is bc\2 + cay? + abv2 — 0, the locus of the poles 

with respect to S' of the tangents to S is hex2 + cay2 + abz2 = 0, But this may be 

Written (be + ca + ab) (x2 + y2 4- z2) — F. The locus is therefore (Ex. 1, Art. 371) 

OS' — F. In like manner the polar conic of S' with regard to S is O’S = F. 

Ex. 2. To express in terms of S, S', F the conic enveloped by a line cut har¬ 

monically by S and S'. The tangential equation of this conic 4> = 0 is 

{b 4- c) X2 4- (c 4- a) /u? + (a + b) v2 — 0. 

Hence its trilinear equation is 

(c 4- a) (a + b) x2 + (a + b) (5 + c) y2 4- (c 4- a) (b + c*) z2 = 0, 

or (be + ca 4- ab) (x2 + y2 4- z2) + (a + b + c) (cix2 + by2 + cz2) — F = 0, 

or 6 S' 4- O'S - F = 0. 

Ex. 3. To find the condition that F should break up into two right lines. It is 

abc (b + c) (c + a) (a + b) = 0, or abc {(« + & + c) (be + ca + ab) — abc) = 0, 

or AA' (00' - AA') = 0. 

which is the required formula. 00' = AA' is also the condition that $ should break 

up into factors. This condition will be found to be satisfied in the case of two circles 
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which cut at right angles, in which ease any line through either centre is cut har¬ 

monically by the circles, and the locus of points whence tangents form a harmonic 

pencil also reduces to two right lines. The locus and enYelope will reduce similarly 

if D°- = 2 (r2 + r'2). 

Ex. 4. To reduce the equations of two conics to the forms 

x- + y- + z2 — 0, ax2 + by2 4- cz2 = 0. 

The constants a, b, c are determined at once (Ex. 1, Art. 371) as the roots of 

Ak3 - Qk2 + Q'k - A' = 0. 

And if we then solve the equations 

x2 + y2 + z2 — S, ax2 + by2 + cz2 = S', a {b +c) x2 + b (c -h a) y2 + c (a + b) z2 = IT 

we find x2, y2, z2 in terms of the known functions S, S', F. Strictly speaking, we 

e»ught to commence by dividing the two given equations by the cube root of A, since 

we want to reduce them to a form in which the discriminant of S shall be 1. But it 

will be seen that it will come to the same thing if leaving S and S' unchanged, we 

calculate F from the given coefficients and divide the result by A. 

Ex. 5. Reduce to the above form 

Sx2 — 6xy + 9y2 — 2x 4- 4y = 0, 5a;2 — AAxy 4- 8y2 — 6a; — 2 = 0. 

It is convenient to begin by forming the coefficients of the tangential equations 

A, B, &c. These are - 4, - 1, 18; - 3, 3, - 2; - 16, - 19, - 9 j 21, 24, - 14. 

We have then 
A = — 9, 0=-54, 0' = -99, A'= -54, 

whence a, b, c are 1, 2, 3. We next calculate F which is 

— 9 (23a;2 — 50xy + 44y2 — 18a; 4- 12y — 4). 
W riting then 

X2 4- Y2 4- Z2 — 3a;2 — Qxy + 9y2 — 2x 4- Ay, 

X- + 2F2 + 3Z2= 5a;2 — 14a;y 4- 8y2 - 6x - 2, 

5X2 + 8F2 + 9Z2 = 23ar* - bOxy + 4Ay2 - 18a; + 12y - 4. 

We get from 6S + S'- F, X2 = (3y+l)2, 

from F — 3S — 2S', Y2 = (2a; — y)2, 

from 2 S + 3 S' — F, Z2 = — (x + y + l)2. 

Ex. 6. To find the equation of the four tangents to S at its intersections with S'. 

Ans. (QS - AS')2 = 4AS (0'S - F). 

Ex. 7. A triangle is circumscribed to a given conic; two of its vertices move on 

fixed right lines \x + /j.y + vz, \'x + fx’y + v'z; to find the locus of the third. It was 

proved (Ex. 2, Art. 272) that when the conic is z2 — xy, and the lines ax — y, bx — y, 

the locus is (a + b)2 (z2 — xy) = (a — b)2 z2. Now the right-hand side is the square of 

the polar with regard to S of the intersection of the lines, which in general would be 

P — {ax + hy + gz) (,uv' — g'v) + (lix + by + fz) (v\’ — v'X) + {gx +fy + cz) i\fx — X'/j.) = 0, 

and a + b = 0 is the condition that the lines should be conjugate with respect to S, 

which in general (Art. 373) is 0 = 0, where 

0 = AAV + BgfY + Cvv' + F {fMv' + g'v) + G (vX' + v'X) 4- H (Xg + X'/ul) = 0. 

The particular equation, found Art. 272, must therefore be replaced in general by 

02Z74- AP2 = 0. 

Ex. 8. To find the envelope of the base of a triangle inscribed in S and two of 

whose sides touch S’. 

Take the sides of the triangle in any position for lines of reference, and let 

S = 2 {fyz + gzx + hxy), 

S' — x2 4- y2 4- z2 — 2yz — 2zx — 2xy — 2hkxy, 

where x and y are the lines touched by S'. Then it is obvious that kS 4 S' will be 
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touched by the third side z, and we shall show by the invariants that this is a fixed 

conic. We have 

A = 2fgh, Q = -(f+g + h)2 - 2fghJc, 0' - 2 (/+ g + h) (2 4- hk), A' = - (2 + hlc)2, 

whence 0'2 — 40A' = 4AA7r, and the equation kS + S' = 0 may be written in the form 

(0'2 — 40A') S + 4AA'S' = 0, 

which therefore denotes a fixed conic touched by the third side of the triangle. It 

is obvious that when 0'2 = 40A' the third side will always touch A'. 

Ex. 9. To find the locus of the vertex of a triangle whose three sides touch a 

conic U and two of whose vertices move on another conic V. We have slightly 

altered the notation, for the convenience of being able to denote by U’ and V the 

results of substituting in U and V the coordinates of the vertex x'y’z'. The method 

we pursue is to form the equation of the pair of tangents to U through x'y’z’; then 

to form the equation of the lines joining the points where this pair of lines meets V; 
and, lastly, to form the condition that one of these lines (which must be the base 

of the triangle in question) touches V. Now if P be the polar of x'y’z', the pair of 

tangents is UUf — P2. In order to find the chords of intersection with V of the pair 

of tangents, we form the condition that UU' - P2 + XV may represent a pair of lines. 

This discriminant will be found to give us the following quadratic for determining X, 

X2A" + XF* + A U' V = 0. In order to find the condition that one of these chords should 

touch U, we must, by Art. 372, form the discriminant of gU + (UU' — P2 + XF), and 

then form the condition that this considered as a function of g should have equal 

roots. The discriminant is 

g2A + g (2Z7'A + X0) + {Z7'2A + X (QU* + AV) + X20’}, 

and the condition for equal roots gives 

X (4A0' - 02) + 4A2V = 0. 

Substituting this value for X in X2A'+ XF' + AU’V', we get the equation of the 

required locus 
ir,A3A'F-4A (4A0' — 02) F+ U (4A0' - 02)2 = 0, 

which, as it ought to do, reduces to V when 4A0* = 02.* 

Ex. 10. Find the locus of the vertex of a triangle, two of whose sides touch U, 

and the third side aU + bV, while the two base angles move on V. It is found by 

the same method as the last, that the locus is one or other of the conics, touching 

the four common tangents of U and V, 

AA'X2F + XgF + g2U- 0, 

where X : g is given by the quadratic 

a (ab — (3a) X2 + a (4Aa + 2Qb) \g — b2g2 = 0, 

where a = 4AA', (3 = 02 — 4A0\ 

Ex. 11. To find the locus of the free vertex of a polygon, all whose sides touch U, 

and all whose vertices but one move on V. This is reduced to the last; for the line 

joining two vertices of the polygon adjacent to that whose locus is sought, touches 

a conic of the form aU + bV. It will be found if X', g ; X", g"; X'", g"' be the 

values for polygons of n — 1, n, and n + 1 sides respectively, that X’" = g'g"2, 
g" = A'X'X" (ag" — A'(3X"). In the case of the triangle we have X' — a, g' — A'(3; 
in the case of the quadrilateral X" = (32, g" — a (4 A a + 2/30), and from these we can 

* The reader will find (Quarterly Journal of Mathematics, vol. I. p. 344) a dis¬ 

cussion by Prof. Cayley of the problem to find the locus of vertex of a triangle circum¬ 

scribing a conic S, and whose base angles move on given curves. "When the curves 

are both conics, the locus is of the eighth degree, and touches S at the points where 

it is met by the polars with regard to S of the intersections of the two conics. 
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find, step by step, the values for every other polygon. (See Philosophical Magazine, 

vol. xiii. p. 337). 

Ex. 12. The triangle formed by the polars of middle points of sides of a given 

triangle with regard to any inscribed conic has a constant area [M. Faure]. 

Ex. 13. Find the condition that if the points in which a conic meets the sides of 

the triangle of reference be joined to the opposite vertices, the joining lines shall form 

two sets of three each meeting in a point. Ans. abc — 2fgh — af2 — hg2 — ch2 = 0. 

382. The theory of covariants and invariants enables us 

readily to recognize the equivalents in trilinear coordinates of 

certain well-known formulae in Cartesian. Since the general 

expression for a line passing through one of the imaginary 

circular points at infinity is x±y*J{— 1) 4 c, the condition that 

\x 4- fiy + v should pass through one of these points is X2 4- /12= 0. 

In other words,. this is the tangential equation of these points. 

If then 2 = 0 be the tangential equation of a conic, we may 

form the discriminant of 2 4-& (X2 4 ytt'2)* Now it follows from 

Arts. 285, 286, that the discriminant in general of 2 4- &2' is 

A2 4- &A0' 4- A;2 A'0 4 k3 A'2. 

But the discriminant of 2 4 k (X2 4- /i»8) is easily found to be 

A2 + &A [a A-b) -f W [ah — h2). 

If, then, in any system of coordinates we form the invariants 

of any conic and the pair of circular points, ©' = 0 is the con¬ 

dition that the curve should be an equilateral hyperbola, and 

0 = 0 that it should be a parabola. The condition 

(a 4- hf = 4 (ab — A2), or (a — by + 4lil = 0, 

must be satisfied if the conic pass through either circular point - 

and it cannot be satisfied by real values except the conic pass 

through both, when a = b, h — 0. 

Now the condition X2 + ix = 0* implies (Art. 34) that the 

length of the perpendicular let fall from any point on any line 

passing through one of the circular points is always infinite. 

The equivalent condition in trilinear coordinates is therefore 

got by equating to nothing the denominator in the expression 

* This condition also implies (Art. 25) that every line drawn through one of these 

two points is perpendicular to itself. This accounts for some apparently irrelevant 

factors which appear in the equations of certain loci. Thus, if we look for the equa¬ 

tion of the foot of the perpendicular on any tangent from a focus a[3, {x - a)2 + {y - /3)3 

will appear as a factor in the locus. For the perpendicular from the focus on either 

tangent through it coincides with the tangent itself. This tangent therefore is part 

of the locus. 
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for the length of a perpendicular (Art. 61). The general tan¬ 

gential equation of the circular points is therefore 

A2 + yu,2 -f vl — 2/jLV cos A — 2v\ cos B — 2\fx cos G = 0. 

Forming then the 0 and 0' of the system found by combining 

this with any conic, we find that the condition for an equilateral 

hyperbola 0' = 0, is 

a + b + c — 2/ cos A — 2g cos B — 2 Ji cos G = 0 * 

while the condition for a parabola 0 = 0, is 

A sin2 A + B sin21? + G sin2 G + 2F sin B sin G 

+ 2 G sin G sin A -f 2H sin A sin B = 0. 

The condition that the curve should pass through either circular 

point is 0'2 = 40, which can in various ways be resolved into a 

sum of squares. 

383. If we are given a conic and a pair of points, the 

covariant F of the system denotes the locus of a point such 

that the pair of tangents through it to the conic are harmoni¬ 

cally conjugate with the lines to the given pair of points. 

When the pair of points is the pair of circular points at in¬ 

finity, F denotes the locus of the intersection of tangents at 

right angles. Now, referring to the value of F, given Art. 378, 

h is easy to see that when the second conic reduces to A2-f yf \ 

that is, when A' = B' = 1, and all the other coefficients of the 

tangential of the second conic vanish, F is 

G {x2 + y2) — 2 Gx — 2Fy + A -1- B = 0, 

which is, therefore, the general Cartesian equation of the locus 

of intersection of rectangular tangents. (See Art. 294, Ex.). 

When the curve is a parabola (7=0, and the equation of the 

directrix is therefore 2 (Gx + Fy) = A + B. 

The corresponding trilinear equation found in the same way is 

(JS + CT2FcosA)^+((7+^ + 2(7cos^)3/2 + (^ + 5+2ircosC)s2 

+ 2 (A cos A — F — G cos G — II cos B) yz 

+ 2 (B cos B — G —IIcos A - F cos C) zx 

+ 2 (G cos G — H- F cos B — G cos A) xy = 0, 



OF SYSTEMS OF CONICS. 353 

It may be shown, as in Art. 128, that this represents a circle, 

by throwing it into the form 

z • * • T) • /hi\ (B-\ C+2F cosA C 4" A -f- 2 Gr cosJ5 
[x sinA+y smij+0 sin C ) [  —- A-x -j-smB ^ 

[yzXmA-{ zxsmBixysm C), 
A+B+^H cos (7 \ 

+-•—n-z) = 
sin (J J 

sin A 

0 
sin A sinl? sin C 

where 0 = 0 is the condition (Art. 382) that the curve should 

be a parabola. When 0 = 0, this equation gives the equation of 

the directrix. 

384. In general, 2-f &2' denotes a conic touching the four 

tangents common to 2 and 2'; and when h is determined so 

that 2 -j- &2' represents a pair of points, those points are two 

opposite vertices of the quadrilateral formed by the common 

tangents. In the case where 2' denotes the circular points at 

infinity, when 2 + &2' represents a pair of points, these points 

are the foci (Art. 258a). If, then, it be required to find the foci 

of a conic, given by a numerical equation in Cartesian coordi¬ 

nates, we first determine h from the quadratic 

(ob — K2) B2 -f A (a + b) k -f A2 = 0. 

Then, substituting either value of h in 2 + h (X2 + y2), it breaks 

up into factors (\x yy + vz) (\x' + yy" + vz"); and the foci 
f t n tt 

are ~~. One value of h gives the two real foci, 
z 1 z z z 

and the other two imaginary foci. The same process is appli¬ 

cable to trilinear coordinates. 

In general, 2 + h (X2 -f y2) represents tangentially a conic 

confocal with the given one. Forming, by Art. 285, the corre¬ 

sponding Cartesian equation, we find that the general equation 

of a conic confocal with the given one is 

AS+k{C[x2 + y2)->-2Gx-2Fy + A+B}+B* = 0. 

From this we can deduce that the equation of common 

tangents is 

{C (x* + f)-2Gx-2Fy + A + B]2 = 4A& 

By resolving this into a pair of factors 

{(* - aY +(y- PY\ {(* - <*7 + (;/ - /37J, 
we can also get a, (3 j a', /3' the coordinates of the foci. 

zz. 
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Ex. 1. Find the foci of 2a?2 — 2xy + 2y2 — 2a? — 8y + 11. The quadratic here is 

37c2 + 4&A + A2 = 0, whose roots are Jc = — A, 7c = — -JA. But A = — 9. Using the 

value 7c — 3, 

6A2 + 21/x2 + 3v2 4- 18/xi/ 4- 12i/\ + 30Ay. + 3 (A2 4- fx2) = 3 (A. 4- 2/x + v) (3X 4-4/x + w), 

showing that the foci are 1, 2; 3, 4. The value 9 gives the imaginary foci 

2 + j(_ 1), 3 + J(- 1). 

Ex. 2. Find the coordinates of the focus of a parabola given by a Cartesian 

equation. The quadratic here reduces to a simple equation, and we find that 

(a 4- b) {AX2 4- By2 + 2Fyv + 2Gv\ 4- 2H\y} — A (A2 4- y2) 

is resolvable into factors. But these evidently must be 

(ia + b) (2G\ + 2Flu) and 
(a 4- b) A — A (cl 4- b) B — A 

2 (a 4- b) G~ A + 2 (a 4- b) F ** + Vi 

The first factor gives the infinitely distant focus, and shows that the axis of the curve 

is parallel to Fx — Gy. The second factor shows that the coordinates of the focus 

are the coefficients of A. and /u in that factor. 

Ex. 3. Find the coordinates of the focus of a parabola given by the trilinear 

equation. The equation which represents the pair of foci is 

©'£ - A (A2 4- fx2 4- v2 — 2/xv cos A — 2iA cos B — 2Xy cos C). 

But the coordinates of the infinitely distant focus are known, from Art. 293, since it 

is the pole of the line at infinity. Hence those of the finite focus are 

_e'A A_ _ __WB-_ A_ 

A sin A 4- II sin B + G sin C ’ U sin A 4- B sin B 4- F sin C ’ 

_Q’C- A_ 
G sin A 4- F sin B 4- C sin C * 

385. The condition (Art. 61) that two lines should be 

mutually perpendicular, 

XX/ -j- fx/i’ + vv — ([av -f [jlv) cos A — 4- v'\) cos B 

— (Xfjb 4- X'jjl) cos (7=0, 

is easily seen to be the same as the condition (Art. 293) that 

the lines should be conjugate with respect to 

A2 4- lA 4- v2 — 2/jlv cos A - 2vX cos B — 2Xjm cos (7=0. 

The relation, then, between two mutually perpendicular lines is 

a particular case of the relation between two lines conjugate 

wdth regard to a fixed conic. Thus, the theorem that the three 

perpendiculars of a triangle meet in a point is a particular 

case of the theorem that the lines meet in a point which join 

the corresponding vertices of two triangles conjugate with re¬ 

spect to a fixed conic, &c. It is proved (Geometry of Three 

Dimensions, Chap. IX.) that, in spherical geometry, the two 

imaginary circular points at infinity are replaced by a fixed 
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imaginary conic; that all circles on a sphere are to be considered 
as conics having double contact with a fixed conic, the centre 
of the circle being the pole of the chord of contact; that two 
lines are perpendicular if each pass through the pole of the 
other with respect to that conic, &c. The theorems then, which, 
in the Chapter on Projection, were extended by substituting, 
for the two imaginary points at infinity, two points situated 
anywhere, may be still further extended by substituting for 
these two points a conic section. Only these extensions are 
theorems suggested, not proved. Thus the theorem that the 
intersection of perpendiculars of a triangle inscribed in an 
equilateral hyperbola is on the curve, suggested the property 
of conics connected by the relation 0 = 0, proved at the end 
of Art. 375. 

It has been proved (Art.306) that to several theorems concern¬ 
ing systems of circles, correspond theorems concerning systems 
of conics having double contact with a fixed conic. We give 
now some analytical investigations concerning the latter class 
of systems. 

386. To form the condition that the line \x 4- /xy + vz may 
touch S + (Xx i±y + v'z)'2. We are to substitute in 2, a -f A,'2, 
b + y2) &c. for a, b) &c. The result may be written 

2 -f {a (yV — y'vf + &c.} = 0, 

where the quantity within the brackets is intended to denote 
the result of substituting in S yv' — yv, vX — /A, \y - A'y for 
x, y, z. This result may be otherwise written. For it was 
proved (Art. 294) that 

(ax2 + &c.) (ax'2 + &c.) — (axx 4- &c.)2 = A (yz — y'z)2 + &c. 

And it follows, by parity of reasoning, and can be proved in 
like manner, that 

(AX2 + &c.) (AX2 + &c.) - (A\X+ &e.)2 = A {a (yV- fx'v)2-f- &c.}, 

where AAX + &c. is the condition that the lines Ax -J- yy + yz, 
Xx + y!y + Vz may be conjugate ; or 

AAA'-f jCvV + F(yvA yv) + G (vA'-f v'X) + H(\y + Xy) ; 

If then we denote AA/2 + &c. by S', and AAA' + &c. by n 
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and if we substitute for a fiv — yfvf 4- &c. the value just found, 

the condition previously obtained may be written 

(A + 2')2-n2 = 0. 
If we recollect (Art. 321) that X, p,, v may be considered as 

the coordinates of a point on the reciprocal conic, the latter 

form may be regarded as an analytical proof of the theorem 

that the reciprocal of two conics which have double contact is a 

pair of conics also having double contact. This condition may 

also be put into a form more convenient for some applications, if 

instead of defining the lines Xx 4 yy 4 vz, &c. by the coefficients 

X, /^, r, &c., we do so by the coordinates of their poles with re¬ 

spect to $, and if we form the condition that the line Pr may touch 

8+ P"*, where P' is the polar of xy'z\ or axxf 4 &c. Now the 

polar of xyz' will evidently touch 8 when x'y'z' is on the curve; 

and in fact if in 2 we substitute for X, ya, v; 8n $2, S3 the coeffi¬ 

cients of Xj y, z in the equation of the polar, we get A/S". And 

again two lines will be conjugate with respect to /S', when their 

poles are conjugate; and in fact if we substitute as before for 

X, fj,,v in n we get ABy where P denotes the result of substituting 

the coordinates of either of the points xyz\ ocry'z\ in the 

equation of the polar of the other. The condition that Pr should 

touch S 4 P"2 then becomes (1 4 8") 8' = B\ 

387. To find the condition that the two conics 

8 4 (X'x 4- fiy 4 Vz)\ 8 4 (fi"x 4 fi'y 4 v'z'f, 

should touch each other. They will evidently touch if one of 

the common chords ifi'x + fiy 4 vz) ± ifii'x + firy 4 v"z) touch 

either conic. Substituting, then, in the condition of the last 

Article X' ± X" for X, &c., we get 

(A + 2') (2'±20 4 2") = (2'± IT)2, 

which reduced may be written in the more symmetrical form 

(A 4 2') (A + 2") = (A ± n)2. 

The condition that 8 + P'2 and 8 + P"2 may touch is found 

from this as in the last Article, and is 

(1 4 8') (1 4- 8") = (1 ± B)\ 

Ex. 1. To draw a conic having double contact with S and touching three given 

conics S + P'2, S + P''2, S + P”'2, also having double contact with S. Let xyz be the 

coordinates of the pole of the chord of contact with S of the sought conic S + P2, 

then we have 

(1 + S) (1 + S’) = (1 + P')2 j (1 + S) (1 + S") = (1 + P")2; (1 + S) (1 + S'") = (1 + P'")2 
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where the reader will observe that S', S", S'" are known constants, hut S, P’, Ac. 

involve the coordinates of the sought point xyz. If then we write 1 + S - k2, etc., 

we get 
kk' = 1 +P', kk" - 1 + P”, kk"' = 1 + P'". 

It is to be observed that P’, P”, P”' might each have been written with a double 

sign, and in taking the square roots a double sign may, of course, be given to 

k’, k", k'". It will be found that these varieties of sign indicate that the problem 

admits of thirty-two solutions. The equations last written give 

k (k' - k") =P'~ P" j k (k" - k'”) = P" - P”' ■ 

whence eliminating k, we get 

P' (k" - k'") + P" (k"' -k') + P"’ (k' - k") = 0, 

the equation of a line on which must lie the pole with regard to S of the chord 

of contact of the sought conic. This equation is evidently satisfied by the point 

P' - P" = P"'. But this point is evidently one of the radical centres (see Art. 306) 

of the conics S + P'2, S + P"2, S + P'"2. 

P' P" P"’ 
The equation is also satisfied by the point = -y, — jjt, . In order to see the 

geometric interpretation of this we remark that it may be deduced from Art. 386 

that the tangential equations of S + P'2, S + P"2 are respectively 

(1 + S') 2 = A (Xx'+ gy' + vzj, (1 + S") Z = A (Xx" + gy" + vz")2. 

Bence Xx' + + m' + Xj!" + + ■«" 

represent points of intersection of common tangents to S + P'2, S + P"2, that is to 

x x 
say, the coordinates of these points are ±p, Ac., and the polars of these points, 

jpr pit pr prr put 

with respect to S, are tt + rjr • It follows that jj = 777 = 7777 denote the pole, with 
rC r£ rC rC rC 

respect to S, of an axis of similitude (Art. 306) of the three given conics. And the 

theorem we have obtained is,—the pole of the sought chord of contact lies on one 

of the lines joining one oj the four radical centres to the pole, with regard to S, of 

one of the four axes of similitude. This is the extension of the theorem at the end 

of Art. 118. 

To complete the solution, we seek for the coordinates of the point of contact of 

S + P2 with S + P'2. Now the coordinates of the point of contact, which is a centre 

x x k 
of similitude of the two conics, being ^ , Ac., we must substitute x + x' for 

x, Ac. in the equations kk' = 1 + P', Ac., and we get 

kk? - 1 +P' + ^ S'; kk" = 1 +P" + j,Rx kk'" = 1 + P'" + ^ R', 

where R, R' are the results of substituting x”y"z", x'”y'”z'” respectively in the polar 

of x'y'z'. We have then 

k [k' - k") = P'- P" + |> (S' -R)-, k (k’ - k'") = P'~ P'" +1> (S' - R'), 

whence eliminating k, we have 

p- {*. _ | - (tr - §)} + P" f -%-(*- £)} + P'" {*- - r - f - f)}, 
the equation of a line on which the sought point of contact must lie; and which 

evidently joins a radical centre to the point where P', P", P'" are respectively pro- 
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portional to k' - k” - ^, k"’ - or to 1, k’k" - R, k'k'" - R'. But if we 
ti) K, 

form the equations of the polars, with respect to S + P'2, of the three centres of 

similitude as above, we get 

{k'k" -R)P' = P", {k'k’" - R’) P' = P’”, &c., 

showing that the line we want to construct is got by joining one of the four radical 

centres to the pole, wfith respect to S + P'2, of one of the four axes of similitude. 

This may also be derived geometrically as in Art. 121, from the theorems proved, 

Art. 306. The sixteen lines which can be so drawn meet S + P'2 in the thirty-two 

points of contact of the different conics which can be drawn to fulfil the conditions 

of the problem.* 

* The solution here given is the same in substance (though somewhat simplified 

in the details) as that given by Prof. Cayley, Crelle, vol. xxxix. 

Prof. Casey (Proceedings of the Royal Irish Academy, 1866) has arrived at another 

solution from considerations of spherical geometry. He shows by the method used, 

Art. 121 [a), that the same relation which connects the common tangents of four circles 

touched by the same fifth connects also the sines of the halves of the common tan¬ 

gents of four such circles on a sphere; and hence, as in Art. 121 (b), that if the 

equations of three circles on a sphere (see Geometry of Three Dimensions, chap, ix.) 

be S — L2 = 0, S — M2 = 0, S — N2 = 0, that of a group of circles touching all three 

will be of the form 

4{\ (S4 - L)} + ffx (Si - M)j + (S4 - V)} = 0. 

This evidently gives a solution of the problem in the text, which I have arrived 

at directly by the following process. Let the conic S be x2 + y2 + z1, and let 

I = lx + my + nz, M — I’x + my 4- n’z; then the condition that S — L2, S — M2 

should touch is (Art. 387) (1 — S') (1 — S") = (1 — R)2, where S' = l2 + m2 + n2, 
S”=l'2+m'2+n'2, R=ll'+mm'+nn'. I write now (12) to denote ^(1—N')(l—S") — (1 — R). 

Let us now, according to the rule of multiplication of determinants, form a deter¬ 

minant from the two matrices containing five columns and six rows each. 

1, 0, o, 0, 0 0, 0, 0, 0, 1, 

1, l, m, n, 4(1-S') -1, t, m, n, 4(1 - S’), 

1, l', m’, < 4(i - s") v -1, r, m', 4(i - S"), 

h l", m", n", 4(1 — S'") 
X 

-1, i", m", 4(i - s'"), 

1, r, m’", 4(i - s4) -1, V", m'", n'", 4(1 - S4), 

1, h, m4, nii 4(i — s5) -1, ^4, ®»4, ni? 4(i — s5). 

The resulting determinant which must vanish, since there are more rows than 

columns, is 

0, 1, 1, 1, 1, 1 

4(1 -n 0, (12), (13), (14), (15) 

J(1 - S"), (12), 0, (23), (24), (25) 

J(1 - S'"), (13), (23), 0, (34), (35) 

4(1 - 8a), (14), (24), (34), 0, (45) 

fl - S5), (15), (25), (35), (45), 0 = 0, 

an identical relation connecting the invariants of five conics all having double contact 

with the same conic S. Suppose now that the conic (5) touches the other four, 
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Ex. 2. The four conics having double contact with a given one S, which can be 

drawn through three fixed points, are all touched by four other conics also having double 

contact with S* Let 

S = x1 + y- + z2 — 2yz cos A — 2zx cos B — 2xy cos C> 

then the four conics are S = (x + y + z)2, which are all touched by 

S = [x cos (B — C) + y cos (C — A) + z cos (J. - B)}*, 

and by the three others got by changing the sign of A, B, or C, in this equation. 

Ex. 3. The four conics which touch x, y, z, and have double contact with S are 

all touched by four other conics having double contact with S. Let M= % (J. + B + C\ 

then the four conics are 

S — {x sin (M — A) + y sin [M — B) + z sin (M — C)}2,. 

together with those obtained by changing the sign of A, B, or C in the above; and 

one of the touching conics is 

„ fx sin hB sin\C y sin \ C sin bA z sin bA sin AH)2 
S = 4-T ; 7 ^ ' + --° , ^ ~ - + 

1 sin \A sin \B sin\C 

the others being got by changing the sign of x, and at the same time increasing B 

and C by 180°, &c. 

Ex. 4. Find the condition that three conics U, V, W shall all have double contact 

with the same conic. The condition, as may be easily seen, is got by eliminating 

fx, v between 
AX3 - QX2^ + ©v2 - Ay = 0, 

and the two corresponding equations which express that juF — vW, vW —\Ubreak 

up into right lines. 

then (15), &c. vanish; and we learn that the invariants of four conics all having 

double contact with S and touched by the same fifth are connected by the relation 

or 

0, (12), (13), (14) 

(12>, 0, (23), (24). 

(13) , (23), 0, (34) 

(14) , (24), (34), 0 = 0, 

Jt(12) (34)} ± 4{(13) (24)} ± 4.{(14) (23)} = 0. 

We may deduce from this equation as follows the equation of the conic touching 

three others. If the discriminant of a conic vanish, S = 1, and then the condition of 

contact with any other reduces to B = 1. If, then, a. (3, y be the coordinates of any 

point satisfying the relation S — L-= 0, or x- + y2 + z2 — (lx + my + nz)2 = 0, then 

x2 + v2JrZ2_ ( ax + py + yz}2 _ 
X+’J+Z WsNJ-fy)/-0 

evidently denotes a conic whose discriminant vanishes and which touches S — L-. 

If, then, we are given three conics S — L2, S — 3I2r S — N2, take any point a, (3, y 

on the conic which touches all three and take for a fourth conic that whose equa¬ 

tion has just been written, then the functions (14), (24), (34) are respectively 
M 

m ’ 
and we see that any point on the conic touching 

all three satisfies the relation 

•l[(23) U(S) - £)] + J[(S1) W(B) - J/}] ± J[(12) (J(S) - A'}] = 0. 

* This is an extension of Feuerbach’s theorem (p. 127), and itself admits of 

further extension. See Quarterly Journal of JJathematlcs, vol. vi. p. 67. 
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388. The theory of invariants and covariants of a system 

of three conics cannot be fully explained without assuming some 

knowledge of the theory of curves of the third degree. 

Given three conics U, V, Wy the locus of a point whose polars 

with respect to the three meet in a point is a curve of the third 

degree, which we call the Jacobian of the three conics. For we 

have to eliminate a?, y, z between the equations of the three 

polars 

Up + Upj + Up = 0, Vp + V$ + Vp = 0, Wp + Wp + Wp=0, 

and we obtain the determinant 

V(KWS- f3tfs)+ u,(vsw,-vlw3)+ (v,wt- r2w,)=o. 

It is evident that when the polars of any point with respect to 

U, F, W meet in a point, the polar with respect to all conics of 

the system l U + m F+ n W will pass through the same point. 

If the polars with respect to all these conics of a point A on 

the Jacobian pass through a point B, then the line AB is cut 

harmonically by all the conics; and therefore the polar of B 

will also pass through A. The point B is, therefore, also on 

the Jacobian, and is said to correspond to A. The line AB 

is evidently cut by all the conics in an involution whose foci 

are the points A, B. Since the foci are the points in which two 

corresponding points of the involution coincide, it follows that 

if any conic of the system touch the line AB, it can only be 

in one of the points A,B\ or that if any break up into two 

right lines intersecting on AB, the points of intersection must 

be either A or B, unless indeed the line AB be itself one of 

the two lines. It can be proved directly, that if lU+mV-\-nW 

represent two lines, their intersection lies on the Jacobian. 

For (Art. 292) it satisfies the three equations 

l Ux + m Vj + n TFj = 0, l Up- m Vp n W= 0, l Up m Vp nW3 = 0 ; 

whence, eliminating ?, w?, w, we get the same locus as before. 

The line AB joining two corresponding points on the Jacobian 

meets that curve in a third point; and it follows from what 

has been said that AB is itself one of the pair of lines passing 

through that point, and included in the system l U-f m V + n W. 
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The general equation of the Jacobian is 

(ag'h")x*+(bk'f") yz + [cf'g") z* 

- {(«%")+ {ahr)}^y-{{ca'h")+{afg'')}xiS-((a6'/')+ {bg'K')}y‘x 

-ww)++ w)Vy 
— {{ah'o') + 2 (fg'h")} seye = 0, 

where (ag'K") &c. are abbreviations for determinants. 

Ex. 1. Through four points to draw a conic to touch a given conic W. Let the 

four points be the intersection of two conics U, V; and it is evident that the problem 

admits of six solutions. For if we substitute a + ka', &c. for a in the condition 

(Art. 372) that U and W should touch each other, k, as is easily seen, enters into 

the result in the sixth degiee. The Jacobian of Z7, V, W intersects W in the six 

points of contact sought. For the polar of the point of contact with regard to W 

being also its polar with regard to a conic of the form \ U + fxV passes through the 

intersection of the polars with regard to U and V. 

Ex. 2. If three conics have a common self-conjugate triangle, their Jacobian 

is three right lines. For it is verified at once that the Jacobian of ax2 + by2 + cz2, 

a’x2 + b'y2 + c'z2, a"x2 + b"y2 -I- c"z2 is xyz ~ 0, 

Ex. 3. If three conics have two points common, their Jacobian consists of a line 

and a conic through the two points. It is evident geometrically that any point on 

the line joining the two points fulfils the conditions of the problem, and the theorem 

can easily be verified analytically. In particular the Jacobian of a system of three 

circles is the circle cutting the' three at right angles. 

Ex. 4. The Jacobian also breaks up into a line and conic if one of the quantities 

S be a perfect square L2. For then L is a factor in the locus. Hence we can describe 

four conics touching a given conic S at two given points (S, L) and also touching S" 

the intersection- of the locus with S" determining the points of contact. 

When the three conics are a conic, a circle, and the square-of the line at infinity, 

the Jacobian passes through the feet of the normals which can be drawn to the conio 

through the centre of the circle. 

388(a). We return now to tbe theory of two conics which 

it was not possible to complete until we had explained the 

nature of Jacobians. We have seen that a system of two conics 

Sj S' has four invariants A, 0, ©', A', and a covariant conic- F, 

but there is besides a cubic covariant. In fact, the covariant 

conic F has a common self-conjugate triangle with S' 

(Art. 381, Ex. 1), therefore (Art. 388, Ex. 2) if we form J the 

Jacobian of S, S', F we obtain a cubic co variant, which, in fact, 

represents the sides of the common self-conjugate triangle of 8 

und S', It appears from (Art. 378a) that J vanishes identic 

cally if S and S' have double contact. We have given (Art. 381, 

Ex. 4) another method of obtaining the equation of the sides 

A A A. 
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of the common self-conjugate triangle, and if we compare the 

results of the two methods, we get the identical equation 

Jl = F3-F2 {©S' + Q'S) + F (A'©£2 + A©' S'*) 

q-F SS' {©©'- 3 A A') - A'2 AS3- A*A'S'3 

+ A' (2 A©' - ©2) S2S' 4 A (2 A'© - ©,2) SS'2- 

Thus we see that a system of two conics has, besides the four 

invariants, four covariant forms S, S', F, </, these being con¬ 

nected by the relation just written. In like manner, there are 

four contravariant forms 2, 2', <b, T, where the last expresses 

tangentially the three vertices of the self-conjugate triangle, its 

square being connected by a relation, corresponding to that just 

written, between 2, 2', and the invariants. 

Ex. 1. Write down the 12 forms for the conics x2 + y2 + z2, ax2 + by2 + cz2. 

Ans. A = 1, 0 = a + b + c, Q' = be + ca + ab, A’ — abc, 

S = x2 + y2 + z2, S’ — ax2 + by2 + cz2, IP = a (jb + c) x2 + b (c+a) y2 + c (a+b) z2, 

J = (b — c) (c — a) (a — b) xyz, 

Z = X2 + fj.2 + v2, Z’ — bc\2 4- cay.2 + abv2, = [b + c) X2 + (c + a) y2 + (a + b) v2, 

T = (b — c) (c — a) (a — b) Xyv. 

Ex. 2. Find an expression for the area of the common conjugate triangle of two 

conics. The square of the area is found to be 

M2 sin2A sin2A sin2C 
e20'2 + 18AA'ee' - 27A2A'2 - 4AB'2 - 4A'02 

p'2 9 

where M is the area of the triangle of reference, and T' the result of substituting in T, 

sin A, sin B, sin C, the coordinates of the line at infinity. That the expression must 

contain in the numerator the condition of contact, and in the denominator Jv, is 

evident from the consideration that this area must vanish if the conics touch, and 

becomes infinite if any vertex of the triangle be at infinity. 

388 (b). We have already explained what is meant by 

covariants ■which express relations satisfied by x, y, z, the 

coordinates of a point lying on a locus having some permanent 

relation with the original curve or curves, and by contravariants 

which express relations satisfied by A, /-t, v the tangential 

coordinates of a line, whose section by the original curve or 

curves has some property unaffected by transformation of 

coordinates. There are besides forms called mixed concomitants 

which contain both x, y, z and also A, /i: v} and these we proceed 
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to enumerate for the system of two conics S, S'. These 

mixed concomitants of a system of two curves may also be 

regarded as covariants of the system of three, consisting of 

S, S' and the right line Xx + [iy 4- vz. For instance, we may 

form the Jacobian of that system, or the locus of the point 

whose polars, with respect to S and S\ intersect on Xx 4- ny -f vz? 

thus obtaining the mixed concomitant N or 

which for the canonical form is 

X (b — c) yz + fi (c — a) zx 4- v [a — b) xy. 

There is evidently a corresponding reciprocal form N' obtained 

in the same way from 2, 2', which for the canonical form is 

ay v [b — c)x + bvX [c - a) y 4- cXyu (a - b) z. 

& 

A* j 

& 

v 

& 1 5 ^2 5 

O' O' O' 
^1} ^2 J ^3 

This expresses the equation of the line joining the poles of 

Xx 4- fiy 4- vz with respect to S and S'. Again, for any line 

Xx 4- py 4- vz3 we may take its pole with regard to S and 

again the polar of that point with regard to S' and so 

obtain a companion line if. This for the canonical form is 

aXx 4- buy 4- cvz. AVe obtain a different companion line K' by 

taking the pole with regard to S' and then the polar with 

regard to S3 thus finding bcXx 4- cany 4- abvz. Gordan has 

shewn (Clebsch, Geometric, p. 291) that there are in all eight 

mixed concomitants of a system of two conics in terms of which, 

and of the forms previously enumerated, all other concomitants 

can be expressed. In addition to the four already mentioned we 

may take the Jacobian of AT, S and \x + fiy-\-vz3 or for the 

canonical form 

fiv [b — c) x 4- vX (c — a) y 4- Xjj, [a — b) z ; 

and, in like manner, the Jacobian of If', S\ and Xx 4- ny 4- or 

yam2 {b — c) x 4- vXb* [c — a)y 4- Xjac2 (a — b) z. 

These with the two reciprocal forms 

Xayz (b — c) 4- yGjZX ic ~ a) 4- vcxy (<a — b), 

and Xbc ip — c) yz + /aca (c - a) zx 4- vab [a — b) xy 

make up the entire system. 

AYe return now to the theory of three conics. 

388(c). To find the condition that a line Xx 4- fiy 4- vz should 

oe cut in involution by three conics. It appears from Art. 335 
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and from the Note, Art. 342, that the required condition is tb$ 

vanishing of the determinant 

cX2 —2gvX 4-aF, eg - 2fvg 4- bv2, cXg — fvX —gvg +hv2 

c'X2 —2g'vX +a'v2, eg1 — 2f'vg + b'v2, c'X/x — /VX —g'vg -\-Tiv2 

c'V-2/VX+aV, c'V- 2/V/a 4- ftV, c"Xn-fvX-fvg +h'V 

When this is expanded it becomes divisible by v3, and may be 

written 

X3 {bc'f") + g3 (ca'/') + v3 (ab'h") + X2g {2 (ch'f") - (fo'/')} 

+ XV }2 (ft/yo - (5c'r)} 4- g*\ {2 (cg'h") - [ca'f)\ 

+ A (2 ("//') - (o«T')} + v2X {2 (bg'h") - (aFT)} 

+ J'V {2 («A'/') - (a&y'j} + Xgv {(ab'c") - 4 (,fg'Ji")) = 0. 

This may also be written in the determinant form 

a 2/ , 2^ , 2& 

a', 5', c', 2/’, 2^, 2h’ 

a", b", c", 2/', 2/, 2Ji" 

X , ^ 

v , g , X 

From the form of this condition, it is immediately inferred that 

any line cut in involution by three conics Z7, F, W is cut in 

involution by any three conics of the system l U4- m V4- n W. 

The locus of a point whence tangents to three conics form a 

system in involution is got by writing x, y, z for X, g, v in the 

preceding, and the reciprocal coefficients B, &c. instead of 

a, b, &c. 

389. If we form the discriminant of IU+ m F-f n TF, we may 

write the result V"A 4- Vm6u 4- 72/z0113 4- ImnQ128 4- &c., and the co¬ 

efficients of the several powers of /, ra, n will be invariants of 

the system of conics. All these belong to the class of invariants 

already considered, except the coefficient of Imn, in which each 

term abc of the discriminant of U is replaced by 

ab'c" 4- ab"e' -f a'b"c 4- a'bc" 4- a'bc 4- a'b'c^ &c. 

Another remarkable invariant of the system of conics, first 

obtained by a different method by Prof. Sylvester, is found by 

the help of the principle (Higher Algebra, Art. 139), that when we 

have a covariant and a contravariant of the same degree, we 
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can get an invariant by substituting differential symbols in 

either, and operating on the other. By the help of the Jacobian 

and the contravariant of the last article we get the invariant T\ 

[ab'c"f 4- 4 (ab'f") (ac'f") 4- 4 [beg”) [bag”) 4- 4 [call”) (<cb'h”) 

+ 8 [gfg”) (bfY) + 8 [af'h") {cfh") 4- 8 {cg'h") [bg'h") 

- 8 {ag'h") {be'/") - 8 [bh'f") {ca'g") - 8 (cf'g") [ab'h") 

+ ±{ab'c'')(fg'h”)-8{fg'h")\ 

389a. Some of the properties of a system of three conics 

can be studied with advantage by expressing each in terms of 

four lines x, y, z, w : thus 

U— ax14* by2 4- cz2 4- dw\ V — ax1 + b'y14- c'z2 4- d'w\ 

W= a"xz 4- b'Y 4- c'V 4- d"w\ 

It is always possible, in an infinity of ways, to choose x, y, £, w, 

so that the equations can be brought to the above form; for 

each of the equations just written contains explicitly three in¬ 

dependent constants; and each of the lines a:, ?/, z, w contains 

implicitly two independent constants. The form, therefore, just 

written puts seventeen constants at our disposal, while U] V,, W, 

contain only three times five, or fifteen, independent constants. 

The equations of four lines are always connected by a relation 

of the form w = \x 4- ^y 4- vz, and we may suppose that the 

constants X, &c, have been included in x, &c., so that this rela¬ 

tion may be written in the symmetrical form x + y 4- 2 4- w = 0. 

Let it be required now to find the condition that V‘ F, W 

may have a common point. Solving for x\ y\ z\ id1 between 

the equations Z7=0, F=0, TF=Q, and denoting by A, B, (7, D 

the four determinants [bc'd''\ (dcci"), (dab"), {ba'c”), we get 

x\ y\ z\ w2 proportional to A, Bf C} D; and substituting in 

x+y + z + w = 0j we obtain the required condition 

VW+J(B) + V(C) + V(D) = o, 
or (A* 4- B2+ C2+D2- 2AB- 2BG -2CA-2AD- 2BD - 2 CD)2 

— MABCD. 

The left-hand side of this equation is the square of the 

invariant T already found.; the right-hand side ABCD is an 

invariant which we shall call ill, whose vanishing expresses the 

condition that it may be possible to determine ?, m) n, so that 
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IUm V+ n W shall be a perfect square. This invariant may 

be directly found from the principle that when the equation 

of a conic is a perfect square its reciprocal vanishes identically. 

The reciprocal of IS + mS'+ nS" is evidently (Art. 377) 

Z22 -f m22' + ?i22" + mn<&23 + wZ<l>31 + Zm<l>12, 

and if we equate separately eaffi coefficient to zero and then 

linearly eliminate the six quantities Z2, m2, &c., we get the result 

A , B , o, F, G , H 

A', B', O', F\ <?, IF 

A", B", 0", F", G", H" 

^23? bw, c23l F ± 23? ^23) 

^31? Bn, Gsl, F X 31? On, 
^12? Bt* C», F 

12? Fn 

where A12) &c. denote the coefficients in <h12, &c., Art. 377. 

This determinant is of the fourth degree in the coefficients of each 

conic, those of the first conic, for example, entering in the second 

degree into the first row, and in the first into the fifth and 

sixth, and so for the others. It follows that four conics of the 

system S+IU+ mV+nW can be determined so as to be per¬ 

fect squares (see Ex. 3, Art. 373), for if we equate to nothing 

the invariant M found for 8+1Z7, F, Wj we have an equation 

of the fourth degree for determining Z. 

3895. Considering two conics, if we form the discriminant 

of the reciprocal system ZS + wS' we get no new invariant, 

the discriminant in fact being 

Z3A2 + PmAQ + Zm2A/0/ + m3 A/2. 

But if we form the discriminant of ZS + the coefficient 

of lmn) answering to 0J23 of Art. 389, or 

Al{B.fis + BzC,-2F,Fz) + &c. 

is an invariant of the second degree in the coefficients of each 

conic, not expressible in term of the invariants A, ©112, &c. 

Mr. Burnside has shewn that the invariant T of Art. 389, 

which is of the same order in the coefficients, is expressible in 
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terms of this new invariant and of those of Art. 389. In fact, 

let two of the conics have the canonical form, and write them 

x2 + y1 + ^ = 0, lx2 4 my2 4 nz2 = 0, 

ax1 4 by1 -f cz2 4 2fyz 4 2gzx 4 2hxy — 0. 

If then we form the resultant of the three, that is, the condition 

that they shall have a common point, the first two equations 

are satisfied by 

x2 = m — n — a:, y1 = n — l — /3, z2 = 1 — m = 7. 

Substituting these values in the third and clearing of radicals, 

we have 

{a2a24 b'2/32+ c2y2— 2bc/3y — 2cay<x- 2ciba(3 -f 4 (A/37 4 57a 4 Oa/3)}2 

= 64a/37 (Fghoi + Ghf/3 4 Hfgy). 

The left-hand side of the equation is what we have before 

called T2. Writing then for a, /3, 7 their values m — w, n — Z, 

Z - ??2, we can reduce T to 

[l [b -}- c) 4 m (c + a) 4 n [a -f Z>)}2 — 4 [a 4 b 4- c) (amn 4 bnl 4 elm) 

— 4 [AX2 4 Bm2 4 Cn2) -4(44^4 C) (mn 4 nl 4 lm) 

4 8 [Al [m 4 n) 4 Bm (n 4 l) 4 Cn [l 4 m)} 

all the separate groups in which expression will be found to be 

fundamental invariants of the system, except AT2 4 Bm2 4 Cfo2, 

which is 0.21102S3 — 0 where 0 is the invariant of this Article. 

Thus we get 

^123 “ 4 (^122^133 + ^211^233 + ^31A22) + 120‘ 

If we consider the discriminant of IS+ mS' 4 nS" as a 

ternary cubic in Z, ???, n, and by the theory of cubic curves form 

its S and T invariants, Mr. Burnside has calculated the S to 

be T2 — 48J/, and the T to be 8T(72ili— T2). Thus we have 

T2- 48JLZ, and T(J2M- T2) expressed in terms of the ten 

fundamental invariants which occur in the discriminant of 

IS+ mS' 4 nS". And though Ji, T, 0 are not linearly ex¬ 

pressible in terms of these ten, yet we have just shown how 

to form two equations implicitly connecting M and T with these 

ten ; and of course we could, if we please, eliminate either M or 

T from these equations, and thus get an equation connecting 

either, singly with the fundamental invariants. 
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389c. Any three conics may in general be considered as 

the polar conics of three points with regard to the same cubic; 

or, in other words, their equations may all be reduced to the 

form 
a [x1 - %yz) + /3 [y1 — 2zx) + 7 (z* — 2xy) = 9. 

If we use for the equations of the conics the forms given in 

Art. 389a, the equation of the cubic whence they are derived 

will be 
x3 y3 z3 
A + B + C + 

and it appears that if the invariant M vanish (in which case 

either A) B, G or D vanishes), an exception occurs, and the 

conics cannot all be derived from the same cubic. In the 

general case, the equation of the cubic may be obtained by 

forming the Hessian of the Jacobian of the three conics, and 

subtracting the Jacobian itself multiplied by twice T. 
If we operate with the conics on the cubic eontravariant, 

or with their reciprocals on the Jacobian, we obtain linear 

contravariants and covariants which geometrically represent the 

points of which the given conics are polar conics, and the polar 

lines of these points with respect to the cubic. 
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CHAPTER XIX. 

THE METHOD OF INFINITESIMALS. 

390. Referring tlie reader to other works where it is 

shown how the differential calculus enables us readily to draw 

tangents to curves, and to determine the magnitude of their 

areas and arcs, we wish here to give him some idea of the 

manner in which these problems were investigated by geometers 

before the invention of that method. The geometric methods 

are not merely interesting in a historical point of view; they 

afford solutions of some questions more concise and simple than 

those furnished by analysis, and they have even recently led to 

a beautiful theorem (Art. 399) which had not been anticipated 

by those who have applied the integral calculus to the recti¬ 

fication of conic sections. 

If a polygon be inscribed in any curve, it is evident that the 

more the number of the sides of the polygon is increased, the 

more nearly will the area and perimeter of the polygon approach 

to equality with the area and perimeter of the curve, and the more 

nearly will any side of the polygon approach to coincidence with 

the tangent at the point where it meets the curve. Now, if the 

sides of the polygon be multiplied ad infinitum, the polygon will 

coincide with the curve, and the tangent at any point will coincide 

with the line joining two indefinitely near points on the curve. 

In like manner, we see that the more the number of the sides of 

a circumscribing polygon is increased, the more nearly will its 

area and perimeter approach to equality with the area and peri¬ 

meter of the curve,, and the more nearly will the intersection of 

two of its adjacent sides approach to the point of contact of either. 

Hence, in investigating the area or perimeter of any curve, we 

may substitute for the curve an inscribed or circumscribing 

polygon of an indefinite number of sides j we may consider any 

tangent of the curve as the line joining two indefinitely near 

points on the curve, and any point on the curve as the inter¬ 

section of two indefinitely near tangents. 

BBB, 
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391. Ex. 1. To find the direction of the tangent at any point 

of a circle. 

In any isosceles triangle A OB, either base angle OB A is less 

than a right angle by half the vertical angle$ but as the points 

A and B approach to coincidence, the 

vertical angle may be supposed less 

than any assignable angle, therefore 

the angle OBA which the tangent 

makes with the radius is ultimately a 

equal to a right angle. We shall 

frequently have occasion to use the 

principle here proved, viz. that two 

indefinitely near lines of equal length 

are at right angles to the line joining their extremities. 

Ex. 2. The circumferences of two circles are to each other as 

their radii. 

If polygons of the same number of sides be inscribed in the 

circles, it is evident, by similar triangles, that the bases ab, AB, 
are to each other as the radii of the circles, and, therefore, that 

the whole perimeters of the polygons are to each other in the 

same ratio; and since this will be true, no matter how the 

number of sides of the polygon be increased, the circumferences 

are to each other in the same ratio. 

Ex. 3. The area of any circle is equal to the radius multiplied 

by the semi-circumference. 

For the area of any triangle OAB is equal to half its base 

multiplied by the perpendicular on it from the centre; hence the 

area of any inscribed regular polygon is equal to half the sum of 

its sides multiplied by the perpendicular on any side from the 

centre ; but the more the number of sides is increased, the more 

nearly will the perimeter of the polygon approach to equality 

with that of the circle, and the more nearly will the perpen¬ 

dicular on any side approach to equality with the radius, and the 

difference between them can be made less than any assignable 

quantity; hence ultimately the area of the circle is equal to the 

radius multiplied by the semi-circumference; or = ttA. 

392. Ex. 1. To determine the direction of the tangent at any 

point on an ellipse. 
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Let P and P' be two indefinitely near points on the curve, 

then FP+ PF' = FP' + FFf; or, 

taking FR = FP, FR'=FF, we 

have P'R — PR'; but in the tri¬ 

angles PRP', PR'F, we have also 

the base PP' common, and (by 

Ex. 1, Art. 391) the angles PRP' 
PR'F right; hence the angle 

PFR = P'PR'. Now TPF is ultimately equal to PP’F, since 

their difference PFP' may be supposed less than any given 

angle; hence TPF= T'PF\ or the focal radii make equal angles 

with the tangent. 

Ex. 2. To determine the direction of the tangent at any point 

on a hyperbola. 

We have 

F'P' - F'P= FP' - FP, 

or, as before, 

FR = P'R'. 

Hence the angle 

PP'R = PP'R', 
or, the tangent is the internal bisector of the angle FPF. 

Ex. 3. To determine the direction of the tangent at any voint 

of a parabola. 

We have FP=PN, and FF = FN'; hence FR = FS, or 

the angle 'P'P= FFP. The tangent, there¬ 

fore, bisects the angle FPN. 

393. Ex. 1. To find the area of the para¬ 

bolic sector FVP. 

Since PS = PP, and PAT=PP, we have the 

triangle FPR half the parallelogram PSNN'. 

Now if we take a number of points P'F', &c. 

between V and P, it is evident that the closer 

we take them, the more nearly will the sum of 

all the parallelograms PSN'N,, &e. approach 

to equality with the areaPPTW, and the sum of all the tri¬ 

angles PPP, &c. to the sector VFP ; hence ultimately the sector 

PFV is half the area DVPN, and therefore one-third of the 
quadrilateral DFPN. 
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Ex. 2. To find the area of the segment of a parabola cut of 

by any right line. 

Draw the diameter bisecting it, then the parallelogram PR' 

is equal to PM\ since they are the com¬ 

plements of parallelograms about the dia¬ 

gonal ; but since TM is bisected at F', 

the parallelogram PN' is half PR'; if, 

therefore, we take a number of points 

P, P', P", &c., it follows that the sum of 

all the parallelograms PM' is double the 

sum of all the parallelograms PN\ and 

therefore ultimately that the space V'PM 

is double V'PN• hence the area of the 

parabolic segment V'PM is to that of the parallelogram V'NPM 

in the ratio 2 : 3. 

394. Ex. 1. The area of an ellipse is equal to the area of a 

circle whose radius is a geometric mean between the semi-axes of 

the ellipse. 

For if the ellipse and the circle on the transverse axis be 

divided by any number of lines 

parallel to the axis minor, then 

since mb : md:: mb': m'd':: b: a, 
the quadrilateral mbb'm is to 

mdd'm in the same ratio, and the 

sum of all the one set of quad- X 

rilaterals, that is, the polygon 

Bbb'b"A inscribed in the ellipse 

is to the corresponding polygon 

Ddd'd"A inscribed in the circle, 

in the same ratio. Now this will 

be true whatever be the number of the sides of the polygon; if 

we suppose them, therefore, increased indefinitely, we learn that 

the area of the ellipse is to the area of the circle as b to a; but 

the area of the circle being = 7ra2, the area of the ellipse = irab. 

Cor. It can be proved, in like manner, that if any two figures 

be such that the ordinate of one is in a constant ratio to the 

corresponding ordinate of the other, the areas of the figures arc 

in the same ratio. 
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Ex. 2. Every diameter of a conic bisects the area enclosed by 

the curve. 

For if we suppose a number of ordinates drawn to this dia¬ 

meter, since the diameter bisects them all, it also bisects the 

trapezium formed by joining the extremities of any two adjacent 

ordinates, and by supposing the number of these trapezia in¬ 

creased without limit, we see that the diameter bisects the area. 

395. Ex. 1. The area of the sector of a hyperbola made by 

joining any two points of it to the centre, is equal to the area of the 

segment made by drawing parallels from them to the asymptotes. 

For since the triangle PKG = QLC, the area PQG = PQKL. 

Ex. 2. Any two seqments POLK\ RSNM. are equal, if 

PE: QL :: RM: SN. 

For 

PK: QL :: CL : CIC, 

but (Art. 197) 

GL = MT\ CK=NT; 
we have, therefore, 

PM: SN:: MT : NT, 
and therefore QR is parallel to PS. We can now easily prove 

that the sectors PGQ, PCS are equal, since the diameter bisect¬ 

ing PS, QR will bisect both the hyperbolic area PQPS, and 
also the triangles PCS, QCR. 

If we suppose the points Q, R to coincide, we see that we 

can bisect any area PENS by drawing an ordinate QL: a geo¬ 

metric mean between the ordinates at its extremities. 

Again, if a number of ordinates be taken, forming a continued 

geometric progression, the area between any two is constant. 

396. The tangent to the interior of two similar, similarly 

placed, and concentric conics cuts off a constant area from the 

exterior conic. 

For we proved (Art. 236, Ex. 4) that this tangent is always 

bisected at the point of contact; now if we draw any two tangents, 

the angle A QAr will be equal to BQB' 

and the nearer we suppose the point Q 

to P, the more nearly will the sides 

AQ,A'Q approach to equality with the 

sides BQj B'Q; if, therefore, the two 
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tangents be taken indefinitely near, the triangle A QA' will be 

equal to BQB\ and the space AVB will be equal to A'VB'; 

since, therefore, this space remains constant as we pass from any 

tangent to the consecutive tangent, it will be constant whatever 

tangent we draw. 

Coe. It can be proved, in like manner, that if a tangent 

to one curve always cuts off a constant area from another, it will 

be bisected at the point of contact; and, conversely, that if it 

be always bisected it cuts off a constant area. 

Hence we can draw through a given point a line to cut off 

from a given conic the minimum area. If it were required to 

cut off a given area, it would be only necessary to draw a tangent 

through the point to some similar and concentric conic, and the 

greater the given area, the greater will be the distance between 

the two conics. The area will, therefore, evidently be least when 

this last conic passes through the given point; and since the tan¬ 

gent at the point must be bisected, the line through a given 

point which cuts off the minimum area is bisected at that point. 

In like manner, the chord drawn through a given point 

which cuts off the minimum or maximum area from any curve 

is bisected at that point. In like manner can be proved the 

following two theorems, due to the late Professor MacCullagh. 

Ex. 1. If a tangent AB to one curve cutoff a constant arc from 

another, it is divided at the point of contact, so that AP: PB in¬ 

versely as the tangents to the outer curve at A and B. 

Ex. 2. If the tangent AB he of a constant length, and if the 

perpendicular let fall on AB from the intersection of the tangents 

at A and B meet AB in Jf, then AP will = MB. 

397. To find the radius of curvature at any point on an ellipse. 

The centre of the circle circumscribing any triangle is the 

intersection of perpendiculars erected at the middle points of the 

sides of that triangle; it follows, therefore, that the centre of the 

circle passing through three consecutive points on the curve is 

the intersection of two consecutive normals to the curve. 

Now, given any two triangles FPF\ FP'Fand PJV, P'N\ 

the two bisectors of their vertical angles, it is easily proved by 

elementary geometry, that twice the angle PNP'= PFP'+ PF'P\ 

{See figure, Art. 392, Ex. 1). 
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Now, since the arc of any circle is proportional to the angle 

it subtends at the centre (Euc. VI. 33), and also to the radius 

(.Art. 391), if wTe consider PP' as the arc of a circle, whose centre 
PP' 

is N) the angle PNP' is measured by . In like manner, 

pp 
taking FR = FPy PFP' is measured by and we have 

2PP 
~FN 

PR P'R' 
+ 

FP ' F'P' ’ 

but PR = P'R' = PP/ sinPP'P; 

therefore, denoting this angle by 6, PNhj P, PP, P'P, by p, p'r 

we have 2 11 

= } +p'‘ 

Hence it may be inferred, that the focal chord of curvature is double 

the harmonic mean between the focal radii. Substituting for 

sin#, 2& for p -f p\ and IP for pp', we obtain the known value 

P3 
R = \ . 

ab 

The radius of curvature of the hyperbola or parabola can be 

investigated by an exactly similar process. In the case of the 

parabola we have p infinite, and the formula becomes 

2 _ 1 

R sin 6 p* 

I owe to Mr. Towmsend the following investigation, by a 

different method, of the length of the focal chord of curvature: 

Draw any parallel QR to the tangent at P, and describe a 

circle through PQR meeting the focal r ^ 

chord PL of the conic at C. Then, by 

the circle PS.SC= QS.SR, and by q 

the conic (Ex. 2, Art. 193) 

PS.SL : QS.SR :: PL : MN\ 

therefore, whatever be the circle, 

SC: SL::MN:PL; 

but for the circle of curvature the 

points S and P coincide, therefore PC : PL :: MN: PL j or, the 
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focal chord of curvature is equal to the focal chord of the conic 

drawn parallel to the tangent at the point (p. 219, Ex. 4). 

398. The radius of curvature of a central conic may other¬ 

wise be found thus: 

Let Q be an indefinitely near point on the curve, QR a 

parallel to the tangent, meeting the 

normal in S; now, if a circle be de¬ 

scribed passing through P, Q, and 

touching PT at P, since QS is a per¬ 

pendicular let fall from Q on the 

diameter of this circle, we have 

PQ*=PS multiplied by the diameter; 

PQl 
or the radius of curvature Now, since QR is always 

drawn parallel to the tangent, and since PQ must ultimately 

coincide with the tangent, we have PQ ultimately equal to 

QR; but, by the property of the ellipse (if we denote CP and 

its conjugate by a , P), 

lri : eP :: QR2 : PR. RP' (= 2a'. PR), 

2b'2. PR 
therefore QR1 

a 

b'2 PR 
Hence the radius of curvature = — . . Now, no matter how 

a Pb 
small PR. PS are taken, we have, by similar triangles, their 

. PR CP a' . V2 
ratio -rTci — -vvFh — — • xlence radius or curvature = — . 

Pb Cl p p 

It is not difficult to prove that at the intersection of two con- 

focal conics the centre of curvature of either is the pole with respect 

to the other of the tangent to the former at the intersection. 

398 (a). If we consider the circle circumscribing the triangle 

formed by two tangents to a curve and their chord,, it is evident 

geometrically, that its diameter is the line joining the inter¬ 

section of tangents to the intersection of the corresponding 

normals. Hence, in the limit, the diameter of the circle 

circumscribing the triangle formed by two consecutive tangents 

and their chord is the radius of curvature; that is to say, the 

radius of the circle here considered is half the radius of curvature 

(Compare Art. 262, Ex. 4). 
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399. If two tangents be drawn to an ellipse from any point oj 

a confoeal ellipse, the excess of the sum of these two tangents over 

the arc intercepted between them is constant * 

For, take an indefinitely near point T', and let fall the per¬ 

pendiculars TR, T'S, then (see fig.) 

PT=PR = PP' + P'R 

(for P'R may be considered as the continuation of the line PP') 

in like manner 

Q'T' = QQ + QS, 

Again, since, by Art. 189, the angle 

TT'R — T'TSf we have TS = T'R; 

and therefore 

PT+ TQ' = PT' + T'Qf. 

Hence (TT+ TQ) - [P'T'+ T'Q') = PPQQ=PQ-FQf. 

Coe. The same theorem will be true of any two curves which 

possess the property that two tangents TP, TQ to the inner one 

always make equal angles with the tangent TT' to the outer. 

400. If two tangents be drawn to an ellipse from any point 

of a confoeal hyperbola, the difference of the arcs PK) QK is equal 

to the difference of the tangents TP, TQ.f 

For it appears, precisely as 

before, that the excess of 

T'P'—P'Kover TP-PK=T'R, 

and that the excess of T Q'— Q K 

over TQ-QK is T'S, which is 

equal to T'R, since (Art. 189) TT' 

bisects the angle R T'S. The dif¬ 

ference, therefore, between the 

excess of TP over PR1 and that 

of TQ over QK is constant; but 

in the particular case where T 

* This beautiful theorem was discovered by Bishop G-raves. See his Translation of 

Chasles's Jlemoirs on Cones and Spherical Conics,- p. 77. 

f This extension of the preceding theorem was- discovered by Mr. Mac Cullagh, 

Dublin Exam. Papers, 1841, p. 41; 1842, pp. 68,. 83. M, Chasles afterwards inde¬ 

pendently noticed the same extension of Bishop Graves’s theorem. Comptes Pend us, 

October, 1843, tom. xvii, p. S38. 

c c c. 
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coincides with K, both these excesses and consequently their dif¬ 

ference vanish; in every case, therefore, TP — PK— TQ— QK. 

Coe. Fagnani's theorem, u That an elliptic quadrant can be 

so divided, that the difference of its parts may be equal to the 

difference of the semi-axes,” follows immediately from this 

Article, since we have only to draw tangents at the extremities 

of the axes, and through their intersection to draw a hyperbola 

confocal with the given ellipse. The coordinates of the points 

where it meets the ellipse are found to be 

a3 

a + h’ 

b 
a + b 

401. If a polygon circumscribe a conic, and if all the vertices 

but one move on confocal conics, the locus of the remaining vertex 

will be a confocal conic. 

In the first place, we assert that if the vertex T of an angle 

PTQ circumscribing a conic, move on a confocal conic (see fig., 

Art. 399); and if we denote by «, 6, the diameters parallel to 

TP, TQ; and by a, /3, the angles TPT\ TQ' T\ made by each of 

the sides of the angle with its consecutive position, then aa = b/3. 

For (Art. 399) TR=T'S; but TP= TP.or,T'S= T'Q'.fi, and 

(Art. 149) TP and TQ are proportional to the diameters to 

which they are parallel. 

Conversely, if aa = 5/3, T moves on a confocal conic. For 

by reversing the steps of the proof we prove that TR = T'S; 
hence that TT' makes equal angles with TP, TQ, and therefore 

coincides with the tangent to the confocal conic through T; and 

therefore that T' lies on that conic. 

If, then, the diameters parallel to the sides of the polygon be 

a) b, c, &c., that parallel to the last side being d) we have aa = 6/3, 

because the first vertex moves on a confocal conic; in like 

manner b/3 = cy, and so on until we find aa = d8, which shows 

that the last vertex moves on a confocal conic.* 

* This proof is taken from a paper by Dr. Hart; Cambridge, and Dublin Mathe¬ 

matical Journal, vol. iv. 193. 



NOTES. 

Pascal’s Theorem, Art. 267. 

M. Steiner was the first who (in G ergo Tine's Annales) directed the attention of 

geometers to the complete figure obtained by joining in every possible way sis points 

on a conic. M. Steiner’s theorems were corrected and extended by AT. Pliicker 

(Crelles Journal, vol. v. p. 274), and the subject has been more recently investigated 

by Messrs. Cayley and Kirkman, the latter of whom, in particular, has added several 

new theorems to those already known (see Cambridge and Dublin Mathematical 

Journal, vol. v. p. 185). We shall in this note give a slight sketch of the more 

important of these, and of the methods of obtaining them. The greater part are 

derived by joining the simplest principles of the theory of combinations with the 

following elementary theorems and their reciprocals : “ If two triangles be such that 

the lines joining corresponding vertices meet in a point (ithe centre of homology of the 

two triangles), the intersections of corresponding sides will lie in one right line (their 

axis).” “If the intersections of opposite sides of three triangles be for each pair the 

same three points in a right line, the centres of homology of the first and second, 

second and third, third and first, will lie in a right line.” 

Now let the six points on a conic be a, b, c, d, e, f which we shall call the 

points F. These may be connected by fifteen right lines, ab, ac, &c., which we shall 

call the lines C. Each of the lines C (for example) ab is intersected by the fourteen 

others; by four of them in the point a, by four in the point b, and consequently by 

six in points distinct from the points P (for example the points [ab, cd), &c.). These 

we shall call the points p. There are forty-five such points; for as there are six on 

each of the lines C, to find the number of points p, we must multiply the 

number of lines C by 6, and divide by 2, since two lines C pass through every point p. 

If we take the sides of the hexagon in the order abcdefi, Pascal’s theorem is, that 

the three p points, (ab, de), (cd, fa), (be, ef), lie in one right line, which we may call 

either the Pascal abcdefi or else we may denote as the Pascal , a form 

which we sometimes prefer, as showing more readily the three points through which 

the Pascal passes. Through each point p four Pascals can be drawn. Thus through 

(ab, de) can be drawn abcdefi, abfdec, abcedfi, abfedc. We then find the total number 

of Pascals by multiplying the number of points p by 4, and dividing by 3, since 

there are three points p on each Pascal. We thus obtain the number of Pascal’s 

lines = 60. We might have derived the same directly by considering the number of 

different ways of arranging the letters abcdefi. 

Consider now the three triangles whose sides are 

ab, cd, ef, (1) 

de, fa, be, (2) 

ef, be, ad, (3) 
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The intersections of corresponding sides of 1 and 2 lie on the same Pascal, therefore 
the lines joining corresponding vertices meet -in a point, -but these are the three 
Pascals, 

tab . de . cf\ fed .fa . be") (ef. be ,ad\ 
1 cd.fa.be)' \ef.bc.ad)' \ab.de.cj)' 

This is Steiner’s theorem (Art. 268) ■ we shall call this the g point, 

fab.de. cf\ 
cd.fa. be 
\ef. be .ad- 

The notation shows plainly that on each Pascal’s line there is only one g point; for 

given the Pascal ^ j the 9 P°hit on it is found by writing under each term 

the two letters not already found in that vertical line. Since then three Pascals 
intersect in every point g, the number of points g — 20. If we take the triangles 
2, 8; and 1, 8 ; the lines joining corresponding vertices are the same in all cases 
therefore, by the reciprocal of the second preliminary theorem, the three axes of the 

{ab. cd.ef\ 
de fa .bc\ , and Steiner 
cf. be .ad) 

has stated that the two g points just written are harmonic conjugates with regard 
to the conic, so that the 20 g points may be distributed into ten pairs.* The Pascals 
which pass through these two g points correspond to hexagons taken in the order 
respectively, abefed, afedeb, adebef ; abedef afebed, adefeb; three alternate vertices 
holding in all the same position. 

Let us now consider the triangles, 

ab 

ab . ce . df 
de .bf. ac 

ab . ce . df 
cf. bd. ae 

}. 

}> 

cd 

cd. bf. ae 
af. ce. bd 

cd. bf. ae 

be.ac. dj\ 

}> 

ef 
ef. bd. ac 
be . ae. df 

ef. bd. ac 
ad .ce .bj 

}> 

}• 

(1) 

(4) 

(5) . 

cd. bf. ae l ef. ac. bdj 

r ef. ac . bd/ 5 ab . df. ce) 

The intersections of corresponding sides of 1 and 4 are three points which lie on 
the same Pascal; therefore the lines joining -corresponding vertices meet in a point. 
But these are the three Pascals, 

ab .ce .df 
cd. bf. ae 

ab. ce. df) 
We may denote the point of meeting as the h point, cd. bf. ae 

ef. ac. bd) 

The notation differs from that of the g points in that only one of the vertical 
columns contains the six letters without omission or repetition. On every Pascal 
there are three h points, viz. there are on 

ab .cd.ef 
de. af. be 

ab .cd. ef\ ab .cd. ef\ ab .cd. ef^ 
de.af.be>de.af.be de.af.be 
cf.bd.ae) ac.be.df) bf.ee. ad 

where the bar denotes the complete vertical column. We obtain then Mr. Kirkman’s 
extension of Steiner’s theorem -.—The Pascals intersect three by three, not only in 
Steiner's twenty points g, but also in sixty other points h. The demonstration of 
Art. 268 applies alike to Mr. Kirkman’s and to Steiner’s theorem. 

In like manner if we consider the triangles 1 and 5, the lines joining corresponding 
vertices are the same as for 1 and 4; therefore the corresponding sides intersect on 

* For a proof of this see Staudt (Crelle, lxii. 142). 
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a right line, as they manifestly do on a Pascal. In the same manner the corre¬ 

sponding sides of 4 and 5 must intersect on a right line, but these intersections are 

the three h points, 

ab.ce.df) ae.cd.bf) ac.bd.ef) 

de . bf. acY, bd. af. ce >• , df. ae. be 

cf.ae.bdJ ac .be. df) ce .bf. cid) 

Moreover, the axis of 4 and 5 must pass through the intersection of the axes of 

ab .cd. ef') 

1, 4, and 1, 5, namely, through the g point, de . af. be J 

cf .be. ad- 

In this notation the g point is found by combining the complete vertical columns 

of the three h points. Hence we have the theorem, “ There are twenty lines G, each 

of which passes through one g and three li points.” The existence of these lines 

-was observed independently by Prof. Cayley and myself. The proof here given is 

Prof. Cayley’s. 

It can be proved similarly that “ The twenty lines G pass four by four through 

fifteen points i.” The four lines G whose g points in the preceding notation have 

-a common vertical column will pass through the same point. 

Again, let us take three Pascals meeting in a point h. For instance, 

ab.ee. df ] 

de . bf. ac. 

I de, , bf. ac \ cf. ae.bd) 

r cf- .ae.bdj ’ ab . df. ce J 

We may, by taking on each of these a point p, form a triangle whose vertices are 

{df ac), {bf ae), {bd, ce) and whose sides are, therefore, 

ac .bf. de) bf. ce . acl "j bd .ac. ef) 

df. ae.cb) ’ ae.bd.cfJ ’ ce . df. ab J 

Again, we may take on each a point h, by writing under each of the above 

Pascals af .cd. be, and so form a triangle whose sides are 

ac . bf. de 1 cf. ae .bd) df. ab.eel 

V be .cd. af J ’ be . cd. af j 

But the intersections of corresponding sides of these triangles, which must therefore 

be on a right line, are the three g points, 

be .cd. af) be.cd.af) be .cd. af) be.cd .af\ 

ac. bf. de Y , cf. ae .bd)- , df. ab . ceY , cf .ab .de (. 

df. ae.bcJ ad . bf. ce ' ac. ef. bd ) ad .ef. be) 

I have added a fourth g point, which the symmetry of the notation shows must 

lie on the same right line ; these being all the g points into the notation of which 

be .cd. af can enter. Now there can be formed, as may readily be seen, fifteen different 

products oE the form be.cd.af-, we have then Steiner’s theorem, The g points lie 

four by four on ffteen right lines I. Hesse has noticed that there is a certain reci¬ 

procity between the theorems we have obtained. There are 60 Kirkman points h, 

and 60 Pascal lines E corresponding each to each in a definite order to be explained 

presently. There are 20 Steiner points g, through each of which passes three Pascals 

E and one line G; and there are 20 lines G, on each of which lie three Kirkman 

points h and one Steiner g. And as the twenty lines G pass four by four through 

fifteen points i, so the twenty points g lie four by four on fifteen lines I. The 

following investigation gives a new proof of some of the preceding theorems and 

also shews what h point corresponds to the Pascal got by taking the vertices in 

the order abedef. Consider the two inscribed triangles ace, bdf -, their sides touch 

a conic (see Ex. 4, Art. 355); therefore we may apply Brianchon’s theorem to the 

hexagon whose sides are ce, df, ae, bf, ac, bd. Taking them in this order, the dia ■ 
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ce. hf. ad 

gonals of the hexagon are the three Pascals intersecting in the h point, df. ac. be 

ae. bd .cf 

And since, if retaining the alternate sides ce, ae, ac, we permntate cyclically the other 

three, then by the reciprocal of Steiner’s theorem, the three resulting Brianchon 

points he on a right line, it is thus proved that three h points lie in a right line G. 

From the same circumscribing hexagon it can be inferred that the lines joining the 

point a to {be, df} and d to [ac, ef] intersect on the Pascal abedef and that there are 

six such intersections on every Pascal. 

More recently Prof. Cayley has deduced the properties of this figure by consider¬ 

ing it as the projection of the lines of intersection of six planes. See Quarterly 

Journal, vol. IX. p. 348. 

Still more recently the whole figure has been discussed and several new properties 

obtained by Veronese (Nuovi Teoremi sulV Hexa.gr ammum Mysticum in the Memoirs 

of the Reale Accademia dei Lincei, 1877). He states with some extension the 

geometrical principles which we have employed in the investigation, as follows: 

I. Consider three lines passing through a point, and three points in each line: these 

points form 27 triangles which may be divided into 36 sets of three triangles in 

perspective in pairs, the axes of homology passing three by three through 36 points 

which lie four by four on 27 right lines. II. If 4 triangles axbycx, a2b2c2, &c. are in 

perspective, the first with the second, the second with the third, the third with the 

fourth, and the fourth with the first, the vertices marked with the same letters 

corresponding to each other, and if the four centres of homology lie in a right line, the 

four axes will pass through a point. III. If we have four quadrangles a^b^cf^ &c. 

related in like manner, the four points of the last theorem answering to the triangles 

bed, eda, dab, abc lie on a right line. Considering the case when all four quadrangles 

have the same centre of homology, we obtain the corollary: If on four lines passing 

through a point we take 3 homologous quadrangles alblcldl, a2b2c2d2, a3b3c3d3; then we 

have four sets of three homologous triangles, axbycy, &c. the axes of homology of each 

three passing through a point and the four points lying on a right fine. IV. If we 

have two triangles in perspective afxcv a2b2c2, and if we take the intersections of 

bxc2, b2cx; Cja2, c2ax • ayb2, a2by, we form a new triangle in perspective with the other 

two, the three centres of homology lying on a right line. It would be too long to 

enumerate all the theorems which Veronese derives from these principles. Suffice it to 

say that a leading feature of his investigation is the breaking up of the system of 

Pascals into six groups, each of ten Pascals, the ten corresponding Kirkman points 

lying three by three on these lines which also pass in threes through these points. It 

may be added that Veronese states the correspondence between a Pascal line and a 

Kirkman point as follows: Take out of the 15 lines C the six sides of any hexagon, 

there remain 9 lines C\ out of these can be formed three hexagons whose Pascals 

meet in the Kirkman point corresponding to the Pascal of the hexagon with which we 

started. 

After the publication of Veronese’s paper Cremona obtained very elegant demon¬ 

strations of his theorems by studying the subject from quite a different point of view. 

From the theory of cubical surfaces we know (Geometry oj Three Dimensions, 

Art. 536), that if such a surface have a nodal point, there lie on the surface six right 

lines passing through the node, which also lie on a cone of the second order, and 

fifteen other lines, one in the plane of each pair of the foregoing; by projecting this 

figure Cremona obtains the whole theory of the hexagon. 

It may be well to add some formulae useful in the analytic discussion of the 

hexagon inscribed in the conic LM — R2. Let the values of the parameter g 

(Art. 270) for the six vertices be a, b, c, d, e, f and let us denote by {ab) the 

quantity abL — {a + b) R + M, which, equated to zero, represents the chord joining 
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two vertices. Then it is easy to see that (ah) (cd) — (acT) (he) is LM — R- multiplied 

by the factor (a — c) (b — d), and hence that if we compare, as in Art. 268, the forms 

(ah) (cd) — (ad) (be), (af) (de) - (ad) (ef) we get the equation of the Pascal abedef in 

the form 

(a-c) (b-d) (ef) - (a - e) (f- d) (be). 

The same equation might also have been obtained in the forms, which can easily be 

verified as being equivalent, 

(a - e) (b -f) (cd) = (c - e) (b - d) (af), 

(c - a) (b -f) (de) = (c - e) (d -/) (ah). 

The three other Pascals which pass through (be) (ef) are 

(a-c) (b-d) (ef) = (a -f) (e - d) (be), 

(a-b)(c-d) (ef) = (a - e) (f- d) (be), 

(a-b) (c-d) (ef) = (a - f) (e - d) (be), 

these being respectively the Pascals abedfe, acbdef acbdfe. 

Consider the three Pascals 

(a-c) (b-d) (ef) - (a - e) (f - d) (be) = (b-f) (c - e) (ad) j 

these evidently intersect in a point, viz. a Steiner y-point; but the three 

(a-c) (b-d) (ef) = (a - e) (f- d) (be) = (b - e) (c-f) (ad) 

intersect in a Kirkman A-point. 

Mr. Cathcart has otherwise obtained the equation of the Pascal line in a deter* 

minant form. It was shewn (Art. 331) that the relation between corresponding points 

of two homo graphic systems is of the form 

Aaa’ + Ba+ Cad A P - 0. 

Hence, eliminating A, R, C, I), we see that the relation between four points and 

other four of two homographic systems is 

aa a, a 

= 0* 

pf, p, f, i 

yy', y> yr> 1 
88', 8, 8', 1 

and the double points of the system are got by putting 8' = 8, and solving the quad-' 

ratio for 8. But we saw Art. 289, Ex. 10, that the Pascal line LMN passes through 

K, K’ the double points of the two homographic systems determined by ACE, DFB 

the alternate vertices of the hexagon. And since, if 8 be the parameter of the point 

Z, we have M, R, L respectively proportional to <52, 8, 1, it follows that the equation 

of the Pascal abedef is 

.3/, R, R, L 

ad, a, d, 1 

be, b, e, 1 

of c, f 1 = 0. 

Systems of Tangential Coordinates, Art. 311. 

Through this volume we have ordinarily understood by the tangential coordinates 

of a line la + m(3 + ny, the constants l, m, n in the equation of the line (Art. 70); 

and by the tangential equation of a curve the relation necessary between these 

constants in order that the line should touch the curve. "We have preferred this 

method because it is the most closely connected with the main subject of tin's volume, 

and because all other systems of tangential coordinates may be reduced to it. We 

* On this determinant see Cayley, Phil. Trans., 1858, p. 436, 
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wish now to notice one or two points in this theory which we have omitted to 

mention, and then briefly to explain some other systems of tangential coordinates. 

We have given (Ex. 6, Art. 132) the tangential equation of a circle whose centre is 

a’fi'y' and radius r, viz. 

(la' + mft' + ny')2 = r2 (l2 + m* + ri2 — 2mn cos A — 2nl cos B — llm cos C) j 

let us examine what the right-hand side of this equation, if equated to nothing, 

would represent. It may easily be seen that it satisfies the condition of resolvability 

into factors, and therefore represents two points. And what these points are may 

be seen by recollecting that this quantity was obtained (Art. 61) by writing at full 

length la + m/3 + ny, and taking the sum of the squares of the coefficients of x 

and y, l cos a + m cos /3 4- n cos y, l sin a + m sin /3 + n sin y. Now if a2 + b2 = 0, the 

line ax + by + c is parallel to one or other of the lines x + y J( — 1) = 0f the two 

points therefore are the two imaginary points at infinity on any circle. And this 

appears also from the tangential equation of a circle which we have just given: 

for if we call the two factors w, a/, and the centre a, that equation is of the form 

a2 = r2a>a/, showing that w, u> are the points of contact of tangents from a. In 

like manner if we form the tangential equation of a conic whose foci are given, by 

expressing the condition that the product of the perpendiculars from these points 

on any tangent is constant, we obtain the equation in the form 

(la + mf3' + ny') (la" + m/3" + ny") = b2(ou)', 

showing that the conic is touched by the lines joining the two foci to the points 

to, w' (Art. 258a). 

It appears from Art. 61 that the result of substituting the tangential coordinates 

of any line in the equation of a point is proportional to the perpendicular from that 

point on the line j hence the tangential equations a/3 = kydr ay = kf32 when inter¬ 

preted give the theorems proved by reciprocation Art. 311. If we substitute the 

coordinates of any line in the equation of a circle given above, the result is easily 

seen to be proportional to the square of the chord intercepted on the line by the 

circle. Hence if 2, 2' represent two circles, we learn by interpreting the equation 

2 = that the envelope of a line on which two given circles intercept chords 

having to each other a constant ratio is a conic touching the tangents common to 

the two circles. 

Lastly, it is to be remarked that a system of two points cannot be adequately 

represented by a trilinear, nor a system of two hues by a tangential equation. If 

we are given a tangential equation denoting two points, and form, as in Art. 285, 

the corresponding trilinear equation, it will be found that we get the square of the 

equation of the line joining the points, but all trace of the points themselves has dis¬ 

appeared. Similarly if we have the equation of a pair of lines intersecting in a point 

a!P'yr, the corresponding tangential equation will be found to be (la' 4- mf3' + wy')2=0. 

In fact, a line analytically fulfils the conditions of a tangent if it meets a curve in 

two coincident points; and when a conic reduces to a pair of lines, any line through 

their intersection must be regarded as a tangent to the system. 

The method of tangential coordinates may be presented- in a form which does 

not presuppose any acquaintance with the trilinear or Cartesian systems. Just as 

in trilinear coordinates the position of a point is determined by the mutual ratios 

of the perpendiculars let fall from it on three fixed lines, so (Art. 311) the position 

of a line may be determined by the mutual ratios of the perpendiculars let fall on 

it from three fixed points. If the perpendiculars let fall on a line from two points 

A, B be fx, then it is proved, as in Art. 7, that the perpendicular on it from the 

_, IX. + mu. 
I is ,'m~ ; and consequently that point which cuts the line AB in the ratio of m 

if the line pass through that point we have TX. + myt 0, which therefore may be 
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regarded as the equation of that point. Thus \ + p — 0 is the equation of the middle 

point of AB, X — p — 0 that of a point at infinity on AB. In like manner (see 

Art. 7, Ex. 6) it is proved that IX + rap + nv = 0 is the equation of a point 0, which 

may be constructed (see fig. p. 61) either by cutting BC in the ratio n : m and AD 

in the ratio m + n : l; or by cutting AC :: l : n and BE :: l + n : m, or by cutting 

AB :: m : l and CF:: l + m : n. Since the ratio of the triangles AOB : AO C is the 

same as that of BD : BC, we may write the equation of the point 0 in the form 

BOC.X + COA.p + AOB . i/= 0. 

Or, again, substituting for each triangle BOC its value p'p" sin 0 (see Art. 311) 

X sin 0 u sin 0' v sin 0" A 
-+^—7— + = 0. 

P P P 
Thus, for example, the coordinates of the line at infinity are X = p = v, since all 

finite points may be regarded as equidistant from it; the point IX + mp + nv wrill 

be at infinity when l + m + n = 0 ; and generally a curve will be touched by the 

hue at infinity if the sum of the coefficients in its equation = 0. So again the 

eouations of the intersections of bisectors of sides, of bisectors of angles, and 

<jn the perpendiculars, of the triangle of reference are respectively X + p + v = 0, 

X sin A + p sin B + v sin C = 0, X tan A + p tan B + v tan (7=0. It is unnecessary to 

give further illustrations of the application of these coordinates because they differ 

only by constant multipliers from those we nave used already. The length of the 

perpendicular from any point on la -f m(3 + ny is (Art. 61) 

la' + mfi' + ny' 

J(l2 + m2 + n2 — 2mn cos A — 2nl cos B — 21m cos C)* 

the denominator being the same for every point. If then p,p',p” be the perpen¬ 

diculars let fall from each vertex of the triangle on the opposite side, the perpen¬ 

diculars X, p, v from these vertices on any line are respectively proportional to 

Ip, mp', np"; and we see at once how to transform such tangential equations as were 

used in the preceding pages, viz. homogeneous equations in l, m, n, into equations 

expressed in terms of the perpendiculars X, p, v. It is evident from the actual values 

that X, p, v are connected by the relation 

X2 V\ 
p2 p'2 ^ p"2 p'p' 

v“ 2uv . 2vX ^ 2 X,u 
COS A-77- cos B — 

p p pp- 
cos C — I. 

It was shown (Art. 311) how to deduce from the trilinear equation of any curve the 

tangential equation of its reciprocal. 

The system of three point tangential 

coordinates just explained includes under 

it two other methods at first sight very 

different. Let one of the points of re¬ 

ference C be at infinity, then both v 
and p" become infinite, but their ratio 

remains finite and = sin COE, where 

DOE is any line drawn through the 

point O. The equation then of a 

point already given becomes in this 

case 

sin 0 sin 0' P 
p sin COE p' sin COE 

-sin0"=O. 

When 0 is given every thing in this equation is constant except the two variables 

sin' CcTfD pin ^OOE ’ ^nce siu COE = sin ODA, these two variables are re¬ 

spectively AD, BE. In other words, if we take as coordinates AD, BE the 

D D I). 
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intercepts made by a variable line on two fixed parallel lines, then any equation 

a\ + by. + c — 0, denotes a point; and this equation may be considered as the form 

assumed by the homogeneous equation a\ + by. + cv = 0 when the point v = 0 is 

at infinity. The following example illustrates the use of coordinates of this kind 

We know from the theory of conic sections that the general equation of the second 

degree can be reduced to the form a/3 = k2, where a, /3 are certain linear functions 

of the coordinates. This is an analytical fact wholly independent of the inter¬ 

pretation we give the equations. It follows then that the general equation of curves 

of the second class in this system can be reduced to the same form a/3 = k2, but this 

denotes a curve on which the points a, (3 lie and which has for tangents at these 

points the parallel lines joining a, (3 to the infinitely distant point k. We have then 

the well known theorem that any variable tangent to a conic intercepts on two fixed 

parallel tangents portions whose rectangle is constant. 

Again, let two of the points of reference be at infinity, then, as in the last case 

the equation of a line becomes 

X sin 0 

- P 
+ sin 0'. sin BOD + sin 0". sin COE, 

or, as may be easily seen, 

sin 0 . a, 1 
--H sm 0 

1 
AD+Shl6"jEZl0- 

When the point 0 is given, the only 

things variable in this equation are 
AID, AE, and we see that if we take 

as coordinates the reciprocals of the 

intercepts made by a variable line on 

the axes, then any linear equation 

between these coordinates denotes a 

point, and an equation of the degree denotes a curve or the n'Ll class. 

It is evident that tangential equations of this kind are identical with that form 

of the tangential equations used in the text where the coordinates are the coefficients 

l, m, in the Cartesian equation lx-V my — 1, or the mutual ratios of the coefficients 

n the Cartesian equation lx + my + n = 0. 

Expression of the Coordinates of a Point on a Conio by a single 
Parameter. 

We have seen (Art. 270) that the coordinates of a point on a conic can be 

expressed as quadratic functions of a parameter. We show now, conversely, that 

if the coordinates of a point can be so expressed, the point must lie on a conic. Let 

us write down the most general expressions of the kind, viz. 

x — a\2 + 2h\y + bn2, y — a'X2 + 2h'Xy. + b'y2, z — a"X2 + 2h"Xy + b”y.2. 

Then, solving these equations for X2, 2X/a, /a2, we have (Higher Algebra, Art. 29) 

AX2 = Ax + A'y + A”z, 2AXy. = Hx + H'y + H"z, Ay2 = Bx + B'y + B"z, 

where A is the determinant formed with a, h, b, &c., and A, H, B, &c. are the minora 

of that determinant. The point then, evidently, lies on the locus 

(Hx + H'y + H"z)2 — 4 (Ax + A'y + A"z) (Bx + B'y + B"z). 

If we look for the intersection with this conic of any line ax + (3y + yz, we have 

only to substitute in the equation of this line the parameter expressions for x, y, z, 

and we find that the parameters of the intersection are determined by the quadratic 

(aa. + a'(3 + a”y) X2 + 2 (ha + h'(3 -\r h"y) X/a + (ba + b'f3 + b"y) /u2 = 0. 
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The line will be a tangent if this equation be a perfect square, in which case we 

must have „ , 
{aa + a'(3 + a"y) {ba 4- br(3 + b"y) = {ha + h (3 4- h y)2, 

which may be regarded as the equation of the reciprocal conic. If this condition is 

satisfied, we may assume 
aa 4 a'(3 + a”y = X1, ha + h’(3 4- h"y = Im, ha + b'(3 + b' y = m2, 

whence 
Aa = Al2 + Sim + Bm2, A/3 = A’P + H'lm + B'm2, Ay = A"!2 4 S"lm 4 B"m2; 

that is to say, the reciprocal coordinates may be similarly expressed as quadratic 

functions of a parameter, the constants being the minors of the determinant formed 

with the original constants. 
The equation of the conic might otherwise have been obtained thus: The equation 

of the line joining two points is (Art. 132a) got by equating to zero the determinant 

formed with x, y, z ; x', y', z'; x", y", z", If the two points are on the curve, we may 

substitute for their coordinates their parameter expressions; and when the two points 

are consecutive, we see, by making an obvious reduction of the determinant, that the 

equation of the tangent corresponding to any point X, y is 

a; , y , 2 

a>\ + hy, a'X + h’y, a"X + h"y 

hX + bfi, h'X + V'fi, h"X + b"y 

Expanding this and regarding it as the equation of a variable line containing the 

parameter X : y, its envelope, by the ordinary method, gives the same equation as 

before. 
The equation of the line joining two points will be found, when expanded, to be 

of the form A XX' + Y {Xy 4 X'y) + Zfifx = 0, and we can otherwise exhibit it in 

this form, for the coordinates of either point satisfy the equations x — aX2+2AX/u+Zm2, &c., 

and we have also fx/x'^-Xy. {X’/x" + X"fx) + X'X'>2 = 0 ; hence, eliminating X2, Xy, y2, 

we have 
y’y", -(XV' + XV), X'X" 

a , 2 h , b 

2 h’ , b' 

2h" , b" 

= 0. 

x. 

y, a 

a = 0. 
If the parameters of any number of points on a conic be given by an algebraic 

equation, the invariants and covariants of that binary quantic will admit of geometric 

interpretation (see Burnside, Higher Algebra, Art. 190). A quadratic has no invariant 

but its discriminant, and when we consider two points there is no special case, 

except when the points coincide. In the case of two quadratics their harmonic 

invariant expresses the condition that the two corresponding lines should be conjugate 

and their Jacobian gives the points where the curve is met by the intersection of these 

lines. If we consider three points whose parameters are given by a binary cubic, the 

covariants of that cubic may be interpreted as follows : Let the three points be a, b, c, 

and let the triangle formed by the tangents at these points be ABC; these two 

triangles being homologous, then the Hessian of the binary cubic determines the 

parameters of the two points where the axis of homology of these triangles meets 

the conic; and the cubic covariant determines the parameters of the three points 

where the lines Aa, Bb, Cc meet the conic. In like manner, if there be four points 

the sextic covariant of the quartic determining their parameters, gives the parameters 

of the points where the conic is met by the sides of the triangle whose vertices are 

the points ab, cd •, ac, bd; ad, be. 

On the Peoblem to describe a Conic under Five Conditions. 

We saw (Art. 133) that five conditions determine a conic; we can, therefore, in 

general describe a oonic being given m points and n tangents where m + n = 5, We 
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shall not think it worth while to treat separately the cases where any of these are at 

an infinite distance, for which the constructions forthe general case only require to 

be suitably modified. Thus to be given a -parallel to an asymptote is equivalent to one 

condition, for we are then given a point of the curve, namely, the point at infinity on 

the given parallel. If, for example, we were required to describe a conic, given four 

points and a parallel to an asymptote, the only change to be made in the construction 

(Art. -269) is to suppose the point E at infinity, and the lines BE, QE therefore drawn 

parallel to a given line. 
To be given an asymptote is equivalent to two conditions, for we are then given 

a tangent and its point of contact, namely, the point at infinity on the given 

asymptote. To be given that the curve is a parabola is equivalent to one condition, 

for we are then given a tangent, namely, the line at infinity. To be given that the 

curve is a circle is equivalent to two conditions, for we are then given two points of 

the curve at infinity. To be given a focus is equivalent to two conditions, for we are 

then given two tangents to the curve (Art. 258a), or we may see otherwise that the focus 

and any three conditions wall determine the curve; for by taking the focus as origin, 

and reciprocating, the problem becomes, to describe a circle, three conditions being 

given; and the solution of this, obtained by elementary geometry, may be again 

reciprocated for the conic. The reader is recommended to construct by this method 

the directrix of one of the four conics which can be described when the focus and 

three points are given. Again, to be given the pole, with regard to the conic, of any 

given right line, is equivalent to two conditions; for three more will determine the curve. 

For (see figure, Art. 146) if we know that P is the polar of R'R", and that T is a 

point on the curve, T', the fourth harmonic, must also be a point on the curve; or 

if OT be a tangent, OT' must also be a tangent; if then, in addition to a line -and its 

pole, we are given three points or tangents, we can find three more, and thus determine 

the curve. Hence, to be given the centre (the pole of the line at infinity) is equivalent 

to two conditions. It may be seen likewise that to be given a point on the polar of a 

given point is equivalent to one condition. For example, when we are given that the 

curve is an equilateral hyperbola, this is the same as saying that the two points 

at infinity on any circle lie each on the polar of the other with respect to the curve. 

To be given a self-conjugate triangle is equivalent to three conditions; and when 

•a self-conjugate triangle with regard to a parabola is given three tangents are 

given. 

Given five points.—We have shown, Art. 269, how by tire ruler alone we may deter¬ 

mine as many other points of the curve as we please. We may also find the polar 

of any given point with regard to the curve; for by the help of the same Article we 

can perform the construction of Ex. 2, Art. 146. Hence too we can find the pole 

of any line, and therefore also the centre. 

Five tangents.—We may either reciprocate the construction of Art. 269, or reduce 
this question to the last by Ex. 4, Art. 268. 

Four points and a tangent.—We have already given one method of solving this 

question, Art. 345. As the problem admits of two solutions, of course we cannot 

expect a construction by the ruler only. We may therefore apply Carnot’s theorem 
(Art. 313), 

Ac. Ac'. Ba. Ba! . Cb. Cb' - Ab. Ab'. Be. Be'. Ca. Ca. 

Let the four points a, o', b, b' be given, and let AB be a tangent, the points c, c' will 

coincide, and the equation just given determines the ratio Ac2 : Be2, everything else in 

the equation being known. This question may also be reduced, if we please, to those 

which follow; for given four points, there are (Art. 282) three points whose polars are 

given; having also then a tangent, we can find three other tangents immediately, 
and thus have four points and four tangents. 

Four tangents and a point.—This is either reduced to the last by reciprocation, or 



NOTES. 389 

Toy the method just described; for given four tangents, there are three points whose 

polars are given (Art. 146). 

Three points and two tangents.—It is a particular case of Art. 344, that the pair of 

points where any line meets a conic, and where it meets two of its tangents, belong to 

a system in involution of which the point where the line meets the chord of contact is 

one of the foci. If, therefore, the line joining two of the fixed points a, h, be cut by 

the two tangents in the points A, B, the chord of contact of those tangents passes 

through one or other of the fixed points F, F', the foci of the system (a, b, A, B), (see 

Ex. Art. 286). In like manner the chord of contact must pass through one or other 

of two fixed points G, G’ on the line joining the given points a, c. The chord must 

therefore be one or other of the four lines, FG, FG', F'G, FG'; the problem, there¬ 

fore, has four solutions. 

Two points and three tangents.—The triangle formed by the three chords of contact 

lias its vertices resting one on each of the three given tangents ; and by the last case 

the sides pass each through a fixed point on the line joining the two given points ; 

therefore this triangle can be constructed. 

To be given two points or two tangents of a conic is a particular case of being 

-given that the conic lias doable contact with a given conic. For the problem to 

describe a conic having double contact with a given one, and touching three lines, or 

else passing through three points, see Art. 328, Ex. 10. Having double contact with 

two, and passing through a given point, or touching a given line, see Art. 287. Having 

double contact with a given one, and touching three other such conics, see Art. 

387, Ex. 1. 

On systems of Conics satisfying Four Conditions. 

If we are only given four conditions, a system of different conics can be described 

satisfying them all. The properties of systems of curves, satisfying one condition 

less than is sufficient to determine the curve, have been studied by De Jonquieres, 

Chasles, Zeuthen, and Cayley. References to the original memoirs will be found 

in Prof. Cayley’s memoir {Phil. Trans., 1867, p. 75). Here it will be enough briefly 

to state a few results following from the application of M. Chasles’ method of 

characteristics. Let g be the number of conics satisfying four conditions, which 

pass through a given point, and v the number which touch a given line, then g, v 

are said to be the two characteristics of the system. Thus the characteristics of 

a system of conics passing through four points are 1, 2, since, if we are given an 

additional point, only one conic will satisfy the five conditions we shall then have; 

but if we are given an additional tangent two conics can be determined. In like 

manner for three points and a tangent, two points and two tangents, a point and 

three tangents, four tangents, the characteristics are respectively (2, 4), (4, 4), (4, 2), 

(2, 1). We can determine a priori the order and class of many loci connected with 

the system by the help of the principle that a curve will be of the order, if it meet 

an arbitrary line in n real or imaginary points, and null be of the rri11 class if through 

an arbitrary point there can be drawn to it n real or imaginary tangents. Thus the 

locus of the pole of a given line with respect to a system whose characteristics are 

u, v, will be a curve of the order v. For, examine in how many points the locus can 

meet the given line itself. When it does, the pole of the line is on the fine, or 

the line is a tangent to a conic of the system. By hypothesis this can only happen 

in v cases, therefore v is the degree of the locus. This result agrees with what has 

been already found in particular cases, as to the order of locus of centre of a 

conic through four points, touching four lines, &c. In like manner let us investigate 

the order of the locus of the foci of conics of the system. To do this let us generalize 

the question, by the help of the conception of foci explained Art. 258a, and we shall 

see that the problem is a particular case of the following: Given two points A, B 

to find the order of the locus of the intersection of either tangent drawn from A to 
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a conic of the system ■with one of the tangents drawn from B. Let us examine in 

how many points the locus can meet the line AB • and we see at once that if a point 

of the locus he on AB, this line must be a tangent to the conic. Consider then any 

conie touching AB in a point T, then the tangent AT meets the tangent BT in the 

point T, which is therefore on the locus; and likewise the tangent AT meets the 

second tangent from B in the point B, and the tangent BT meets the second tangent 

from A in the point A. Hence every conic which touches AB gives three points 

of the locus on AB. The order of the locus is theiefore 3v, and A and B are each 

multiple points of the order v. Thus the locus of foci of conics touching four lines 

is a cubic passing through the two circular points at infinity. If one of the con¬ 

ditions be that all the conics should touch the line AB, then it will be seen that 

any transversal through A is met by the locus in v points distinct from A, and that 

A itself also counts for v; hence the locus is in this case only of the order 2v ; which 

is therefore the order of the locus of foci of parabolas satisfying three conditions. 

An important principle in these investigations is that if two points A, A' on a 

right line so correspond that to any position of the point A correspond m positions of 

A', and to any position of A' correspond n positions of A, then in m + n cases A 
and A' will coincide. This is proved as in Arts. 336. 340. Let the line on which 

A, A' lie be taken for axis of x; then the abscissae x, x' of these two points are con¬ 

nected by a certain relation, which by hypothesis is of the mth degree in x' and 

the vP1 in x, and will become therefore an equation of the (m + w)ttl degree if we 

make x = x'. 

To illustrate the application of this principle, let us examine the order of the locus 

of points whose polar with respect to a fixed conic is the same as that with respect 

to some conic of the system ; and let us enquire how many points of the locus can lie 

<on a given line. Consider two points A, A' on the line, such that the polar of A 
with respect to the fixed conic coincides with the polar of A' with respect to a conic 

of the system, and the problem is to know in how many cases A and A' can coincide. 

Now first if A be fixed, its polar with respect to the fixed conic is fixed; the locus 

of poles of this last line with respect to conics of the system, is, by the first theorem, of 

the order v, and therefore determines by its intersections with the given line v positions 

of A'. Secondly, examine how many positions of A correspond to any fixed position of 

A'. By the reciprocal of the first theorem, the polars of A' with respect to conics of 

the system, envelope a curve whose class is fi, to which therefore /jl tangents can be 

drawn through the pole of the given line AA' with respect to the fixed conic. It 

follows then, that /1 positions of A correspond to any position of A'. Hence, in /x + v 
cases the two coincide, and this will be the order of the required locus. 

Hence we can at once determine how many conics of the system can touch a fixed 

conic : for the point of contact is one which has the same polar with respect to the 

fixed conic and to a conic of the system ; it is therefore one of the intersections of the 

fixed conic with the locus last found; and there may evidently be 2 (jx + v) such 

intersections. We have thus the number of conics which touch a fixed conic, and 

satisfy any of the systems of conditions, four points, three points and a tangent, two 

points and two tangents, &c., the numbers being respectively 6, 12, 16, 12, 6. From 

these numbers again we find the characteristics of the system of conics which touch a 

fixed conic and also satisfy three other conditions, three points, two points and a 

tangent, &c.; these characteristics being respectively (6, 12), (12, 16), (16, 12), (12, 6). 

We find hence in the same manner the number of conics of the respective systems 

which will touch a second fixed conic, to be 36, 56, 56, 36. And thus again we have 

the characteristics of systems of conics touching two fixed conics, and also satisfying 

the conditions two points, a point and a tangent, two tangents; viz. (36, 56), (56, 56), 

(56, 36). In like manner we have the number of conics of these respective systems 

which will touch a third fixed conic, viz. 184, 224, 184. The characteristics then 

cf the systems three conics and a point, three conics and a line are (184, 224), 



NOTES. 391 

(224, 184). And the numbers of these to touch a fourth fixed conic, are in each case 

816, so that finally we ascertain that the number of conics which can be described to 

touch five fixed conics is 3264. For further details I refer to the memoirs already 

cited, and only mention in conclusion that 2y — /jl conics of any system reduce to 

a pair of lines, and 2p. — v to a pair of points. 

Miscellaneous Notes. 

(1). Art. 293, p. 267. In connection with the determinant form here given 

it may be stated that the condition that the intersection of two lines Xx + py + vzT 

X*x + p'y + vz should lie on the conic, is the vanishing of the determinant 

a, h , g, X, \f 

b »/, /*' 
g ,f , c , v, vr 

X, g, v, 
\t t t 

(2) Art. 228, Ex. 10, p. 217. Add, Either factor combined with lp+mp'+np”+pp,n=0' 

gives a result of the form Xp + gpr + vp" — 0, where X + P- + v — 0, which represents 

a curve of the third degree. 

(3). Art. 372, p. 337. The discrimination of the cases of four real and four 

imaginary points has been made by Kemmer (Giessen, 1878). His result is that if 

D - ®2©'2 + 18AA'©©' - 27A2A'2 - 4A©^ - 4A'©3,. 

L = 2 (©'2 - 3A'©) £ - (©©' - 9AA') 4> + 2 (®2 - 3A©') 

M = $ {Z2 - (<1>2 - 4££') D], 

N=D {A'2£3 - AA©^£2 4- (©'2 - 2A'©) £2£' 

+ A'©£<f>2 + (®2 - 2A©') ££'2 - AA'$3 

+ A©'4>2£' - A©$2'2 + A2£'3 - (©©' - 3 AA^ 

we must have D and M positive, L and N negative, in order to have four real points 

of intersection. 

I add a selection from some miscellaneous notes which had been sent me at 

various times by Messrs. Burnside, Walker, and Cathcart, to be-used when a new 

edition was called for, but which I did not remember to insert in their proper places. 

(4) B. Art. 231, Ex. 10. If the normals at four points meet in a point, their 

eccentric angles are connected by the relation a + (3 + y + <5 = (2m +1) tr. Hence (se© 

Art. 244, Ex. 1) the circle through the feet of three of the normals from any point 

passes through the point on the conic opposite to the fourth point 

(5) B. If 1, 2, 3, 4 be the feet of four normals from a point, and denote the 

semi-diameter parallel to the chord 12, then r212 + r23t = a2 + b\ 

(6) B. Art. 169, Ex. 3. To any rectangular axes, tan<£> = 2 ^ > where F 

has the same meaning as in Art. 383. If the coordinates be trilinear, the right-hand 

side is multiplied by 31, which is the value of x sin A + y sin B + s sin C. 

2TI J(— £) 
(7) B. H the tangents be drawn from the pole of ax+ fiy + yz, tan cp = 0/v _ ? 

where £, 0, 0' have the same meaning as in Art. 382, Q is the quantity representing 

tangentially the circular points at infinity, viz. 

a2 + ^2 + y2 _ 2/3y cos A - 2 ya cos B - 2 a/3 cos C; 
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and II = 0 is the condition that ax + /3y + yz, and the line at infinity should b 

conjugate, or 

II = Aa sin A + Bf3 sin B + Cy sin C + F (J3 sin C + y sin B) + G (y sin A + a sin C) 

+ S (a sin B + /3 sin A). 

As a particular case, the angle between the asymptotes, for which Q = 0, £ = 0 = fie 

is tan <p — 
_ 2 9) 

0' 

(8) B. The length of the chord intercepted on any line is given by the two, 

following equations, p being the parallel semi-diameter: 

l2 _ 0£ l2 _ -SB2 

p2 ' 0S — IT2 p*~M2A2Q‘ 

Compare Art. 231, Ex. 15. 

(9) B. If II = Aaa' + B[3/3' + Cyy' + F {(3yr + f3’y) + G (ya + y'a) + 7f (aj6' + a’(3), 

the Jacobian of II, S, Q is a parabola touching ax + (3’y + y'z — 0, the normals where 

this line meets the conic, and the two axes. 

(10) B. The area of a triangle circumscribing a conic is 

(11) . The squares of the semi-axes of the conic are given by the quadratic 

A403 + B?M2A00' + M*A* = 0. 

( A )* 

(12). The equation of a conic circumscribing a triangle, of which a, b, c are the 

sides and b', b", b'" the semi-diameters parallel to them, is 

a b 

v*yz + Wzx 
(13) W. The area of the triangle formed by the polars with respect to an ellipse of 

a-b2 (PGR)2 
points P, Q, R, is \roP) (POR) ’ where is the area of the trianSle 

formed by P, Q, and the centre. 

(14) W. If P, Q, R be the middle points of the sides of a circumscribing triangle, 

and a, (3, y the eccentric angles of the point of contact, (QOR) = \ab tan g (J3 — y). 

From this expression can easily be deduced Faure’s theorem (Art. 381, Ex. 12). 

(15) C. The relation (Art. 388a) is a particular case of the following connecting 

the covariants of three conics : 

4AA'A"£7FFF + - AUF2 - A'VF2 - A"WF2 = l2, 

where 7=0 denotes the locus of the point whence tangents to the three conics are in 

involution (see Art. 388c). 

(16) C. Art. 383, p. 352. The expression in the trilinear equation of the director 

circle there given, may be written 

®'S - {L2 + M2 + N2 - 2MN cos A - 2NL cos B - 2LM cos C}, 

L = ax + hy + gz, M — hx + by + fzf N = gx +fy + cz. where 
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Angle, 
between two lines whose Cartesian 

equations are given, 21, 22. 
ditto, for trilinear equations,- 60. 
between two lines given by a single 

equation, 69. 
between two tangents to a: conic, 166, 

189, 212, 213, 269, 391. 
between two conjugate diameters, 169. 
between asymptotes, 164, 392. 
between focal radius vector and tan¬ 

gent, 180. 
subtended at focus by tangent from 

any point, 183, 206. 
subtended at limit points of system of 

circles, 291. 
theorems respecting angles subtended 

at focus proved by reciprocation, 284, 
by spherical geometry, 331. 

theorems concerning angles how pro¬ 
jected, 321, 323. 

Anharmonic ratio, 295. 
fundamental theorem proved, 55. 
what, when one point at infinity, 295. 
of four lines whose equations are 

given,. 56, 305. 
property of four points on a conic, 

240, 252, 288, 318. 
of four tangents, 252, 288. 
of three tangents to a parabola, 299. 
these propei'ties developed, 297. 
properties derived from projection of 

angles, 321, 323. 
of four points on a conic when equal 

to that of four others on same 
conic, 252. 

on a different conic, 252, 303. 
of four points equal that of their 

polars, 271. 
of four diameters equal that of their 

conjugates, 302. 
of segments of tangent to one of three 

conics having double contact, by 
other two, 31-9. 

Apollonius, 328; 
Arc, 

hue cutting off constant arc from 
curve where met by its envelope, 374. 

theorems concerning arcs of conics, 377. 
Area, 

of a polygon in terms of coordinates 
of its vertices, 31, 130. 

of a triangle, the equations of whose 
sides are given, 32, 130. 

of triangle inscribed in or circum¬ 
scribing a conic, 212, 220, 391. 

Area, 
of triangle formed bv three normals, 

220. 
constant,- of triangle formed by join¬ 

ing ends of conjugate diameters, 
159, 169. 

Constant, between any tangent and 
asymptotes, 192. 

Of polar triangles of middle points of 
sides of fixed triangle with regard 
to inscribed conic, 351, 392. 

of triangles equal, formed by drawing 
from end of each of two diameters 
a parallel to the other, 173. 

found by infinitesimals, 371. 
constant, cut from a conic by tangent 

to similar conic, 373. 
line cutting off from a curve constant 

area bisected by its envelope, 374. 
of common conjugate triangle of two 

conics, 362. 
Asymptotes, 

defined as tangents through centre 
whose points of contact are at in¬ 
finity, 155. 

are self-conjugate, 167. 
are diagonals of a parallelogram whose 

sides are conjugate diameters, 190. 
general equation of, 272, 340. 
and pair of conjugate diameters form 

harmonic pencil, 296. 
portion of tangent between, bisected 

by curve, 191. 
equal intercepts on any chord between 

curve and, 191, 3-12. 
constant length intercepted on by 

chords joining two fixed points to 
variable, 192, 294, 298. 

parallel to, how cut by same chords, 
298. 
by two tangents and their chord, 
298. 
biseeted between any point and its 

polar, 295. 
parallels to, through any point on 

curve include constant area, 192, 
294, 298. 

how divide any semi-diameter, 298. 
Axes, 

of conic, equation of, 156. 
lengths, how found, 158, 392. 
constructed geometrically, 161. 
how found when two conjugate dia¬ 

meters are given, 173, 176, 
of reciprocal curve, 291. 
axis of parabola, 196. 

E E E. 
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of similitude, 108, 224, 282, 
radical, 99, 127. 

Bisectors of angles between lines given by 
a single equation, 71. 

of sides or angles of a triangle meet 
in a point, 5, 34, 54. 

Bobillier on equations of conic inscribed in 
or circumscribing a triangle, 12.0. 

Boole on invariant functions of coefficients 
of a conic, 150. 

Briancbon’s theorem,. 244, 280, 381. 
Burnside, theorems or proofs by, 80, 220, 

221, 242, 246, 257, 272, 342, 391. 

Carnot, theorem of transversals, 289, 318, 
388. 

Cartesian, equations, a case of trilinear, 64. 
Casey, theorems by, 113, 127, 135, 358. 
Cathcart, theorems by, 129, 132, 391, 
Cayley, theorems and proofs by, 134, 342, 

350, 358,. 3/9, 381, 389. 
Centre, 

of mean position of given points-,. 50. 
of homology, 59. 
radical, 99, 282. 
of similitude, 105, 224, 282. 
chords joining ends of radii through 

c.s. meet on radical axis, 107,224, 250. 
of conic, coordinates of, 143, 153. 
pole of line at infinity, 155, 296. 
how found, given five points, 247. 
of system in involution, 308. 
of curvature, 230, 376. 

Chasles, theorems by, 295,300,304,377,389. 
Chord of conic, perpendicular to line join¬ 

ing focus to its pole, 183, 321. 
which touches confocal conic, propor¬ 

tional to square of parallel semi¬ 
diameter, 212, 221, 391. 

Chords of intersection of two conics, equa¬ 
tion of, 334. 

Circle, equation of, 14, 75, 87. 
tangential equation of, 120, 124, 128, 

288, 385. 
trilinear equation of, 128. 
passes through two fixed imaginary 

points at infinity, 238, 325. 
circumscribing a triangle, its centre 

and equation, 4, 86, 118, 130, 288. 
inscribed in a triangle, 122, 288. 
having triangle of reference for self¬ 

conjugate triangle, 254. 
through middle points of sides (see 

Feuerbach), 86, 122. 
which cuts two at constant angles, 

touches two fixed circles, 103. 
touching three others, 110, 114, 135, 

291. 
cutting three at right angles, 102, 130, 

361. 
or at a constant angle, 132. 
cutting three at same angle have 

common radical axis, 109, 132. 
circumscribing triangle formed by 

three tangents to a parabola, passes 
through focus, 207,214,1274, 285, 320, 

Circle circumscribing triangle formed by 
two tangents and chord, 241, 376. 

circumscribing triangle inscribed in & 
conic, 220, 333. 

circumscribing, or in«cribed, in a self- 
conjugate triangle, 341. 

circumscribing triangles formed by 
four lines meet in a point, 246. 

when five lines are given, the five 
such points lie on a circle, 247. 

tangents, area, and arc found by in¬ 
finitesimals, 370. 

Circumscribing triangles, six vertices of 
two he on a conic, 320, 381. 

Class of a curve, 147. 
Common tangents to two circles, 104, 106, 

263, 
to two conics, 344. 
their eight points of contact lie on a 

conic, 345. 
Condition that, 

three points should be on a right 
line, 24. 

three lines meet in a point, 32-, 34. 
four convergent fines should form 

harmonic pencil, 56-. 
two fines should be perpendicular, 

21, 59, 354. 
a right fine should pass through a 

fixed point, 50. 
equation of second degree should re¬ 

present right lines, 72, 149, 153, 
155, 266.. 
a circle, 75, 121, 352. 
a parabola, 141, 274, 352. 

an equilateral hyperbola, 169, 352. 
equation of any degree represent right 

fines, 74. 
two circles should be concentric, 77. 
four points should fie on a circle, 86. 
intercept by circle on a fine should 

subtend a right angle at a given 
point, 90. 

two circles should cut at right angles, 
102, 348. 

that four circles should have common 
orthogonal circle, 131. 

a fine should touch a conic, 81, 152, 
267, 340. 

two conics should be similar, 224. 
two conics should touch, 336, 356. 
a point should be inside a conic, 261. 
two fines should be conjugate with 

respect to a conic, 267. 
two pairs of points should be harmonic 

conjugates, 305. 
four points on a conic should fie on a 

circle, 229. 
a fine be cut harmonically by two 

conics, 306. 
in involution by three conics, 363. 

three pairs of fines touch same conic, 
270. 

three pairs of points form system in 
involution, 310. 

a triangle may be inscribed in one 
conic and circumscribed to another, 
342. 
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Condition that, 
that two lines should intersect on a 

conic, 891. 
a triangle self-conjugate to one may 

be inscribed or circumscribed to 
another, 840. 

three conics have double contact with 
same conic, 359. 
have a common point, 365. 
may include a perfect square in their 

syzygy, 866. 
lines joining to vertices of triangle 

points where conic meets sides 
should form two sets of three, 351. 

Cone, sections of, 326. 
Confocal conics, 186. 

cut at right angles, 181, 291, 322. 
may be considered as inscribed in 

same quadrilateral, 239. 
most general equation of, 353. 
tangents from point on (1) to (2) 

equally inclined to tangent of (1), 
182. 

pole with regard to (2) of tangent to 
(1) lies on a normal of (1), 2U9. 

used in finding axes of reciprocal 
curve, 291. 

in finding centre of curvature, 376. 
properties proved by reciprocation, 291. 
length of arc intercepted between 

tangent from, 377. 
Conjugate diameters, 146. 

their lengths, how related, 159, 168. 
triangle included by, has constant 

area, 159, 169. 
form harmonic pencil with asymp¬ 

totes, 296. 
at given angle, how constructed, 171. 
construction for 218. 

Conjugate hyperbolas, 165. 
Conjugate lines, conditions for, 267. 
Conjugate triangles, homologous, 91, 92. 
Continuity, principle of, 325. 
Covariants, 817. 
Criterion, whether three equations repre¬ 

sent fines meeting in a point, 34. 
whether a point be within or without 

a conic, 261. 
whether two conics meet in two real 

and two imaginary points, 337. 
Curvature, radius of, expressions for its 

length, and construction for, 228,375. 
circle of, equation of, 234. 
centre of, coordinates of, 230, 

De Jonquieres 388. 
Determinant notation, 129. 
Diagonals of quadrilateral, 

middle points fie in a fine, 26, 62, 216. 
circles described on, as diameters, have 

common radical axis, 277. 
Diameter, polar of point at infinity on its 

conjugate, 296. 
Director circle, 269, 352. 

when foui’ tangents are given, have 
common radical axis, 277. 

Directrix, 179. 
of parabola, equation of, 269, 352. 

Directrix of parabola is locus of rectangular 
tangents, 205, 269, 852. 

passes through intersection of per¬ 
pendiculars of circumscribing tri¬ 
angle, 212, 247, 275, 290, 342. 

Discriminant defined, 266. 
method of forming, 72, 149, 153, 155. 

Distance between two points, 3, 10, 183. 
Distance of two points from centre of 

circle proportional to distance of 
each from polar of other, 93. 

when a rational function of coordi¬ 
nates, 179. 

of four points in a plane, how con¬ 
nected, 184. 

Double contact, 228, 234, 346. 
equation of conic having d. c. with 

two others, 262. 
tangent to one cut harmonically by 

other, and chord of contact, 312, 319. 
properties of two conics having d. c. 

with a third, 242, 282. 
of three having d. c. with a fourth, 

243, 263, 281. 
tangential equation of, 355. 
condition two should touch, 356. 
problem to describe one such conic 

touching three others, 356, 358. 
Duality, principle of, 276. 

Eccentric angle, 217. die., 243. 
in terms of corresponding focal angle, 

220. 
of four points on a circle, how con¬ 

nected, 229. 
Eccentricity, of conic given by general 

equation, 164. 
depends on angle between asymp¬ 

totes, 164. 
Ellipse, origin of name. 186, 328. 

mechanical description of, 178, 218. 
area of, 872. 

Envelope of 
fine whose equation involves indeter- 

minates in second degree, 257, die. 
line on which sum of perpendiculars 

from several fixed points is con¬ 
stant, 95. 

given product or sum or difference of 
squares of perpendiculars from two 
fixed points, 259. 

base of triangle given vertical angle 
and sum of sides, 260. 

whose sides pass through fixed points 
and vertices move on fixed fines, 
259. 

and inscribed in given conic, 250, 280, 
319. 

which subtends constant angle at fixed 
point, two sides being given in 
position, 284. 

polar of fixed point with regard to a 
conic of which four conditions are 
given, 271, 280. 

polar of centre of circle touching two 
given, 291. 

chord of conic subtending constant 
angle at fixed point, 255. 
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Envelope of 
perpendicular at extremity of radius 

vector to circle, 205. 
asymptote of hyperbolas having same 

fccus and directrix, 285. 
given three points and other asymp¬ 

tote, 272. 
line joining corresponding points of 

two homographic systems 
on different lines, 302. 
on a conic, 253, 303. 

free side of inscribed polygon, all the 
rest passing through fixed points, 
250,301. 

base of triangle inscribed in one conic, 
two of whose sides touch another, 
349. 

leg of given anharmonic pencil under 
different conditions, 324. 

ellipse given two conj ugate diameters 
and sum of t,heir squares, 260. 

Equation, its meaning when coordinates 
of a given point are substituted in 
it; for a right line, circle, or conic, 
29, 84, 128, 241. 

ditto for tangential equation 384. 
pair of bisectors of angles between 

two lines, 71. 
of radical axis of two circles, 98, 128. 
common tangents to two circles, 104, 

106, 263. 
.circle through three points, 86, 130. 
cutting three circles orthogonally, 

102, 130. 
touching fpree circles, 114, 135, 359. 
inscribed in. or circumscribing a tri¬ 

angle, 118, 126, 288. 
having triangle of reference self¬ 

conjugate, 254. 
tangential of circle, 129, 384. 
tangent to circle or conic, 80, 147, 264. 
polar to circle or conic, 82, 147, 265. 
pair of tangents to conic from any 

point. 85, 149, 269. 
where conic meets given line, 272. 

asymptotes to a conic, 272, 340. 
chords of intersection of two conics, 
334. 
circle osculating conic, 234. 
conic through five points, 233. 
touching five lines, 274. 
having double contact with two given 

ones, 262. 
having double contact with a given one 

and touching three others, 356. 
through three points, or touching three 

lines, and having given centre, 267. 
and having given focus, 288. 

reciprocal of a given conic, 292, 348, 
356. 

directrix or director circle, 269, 352. 
lines joining point to intersection of 

two curves, 270, 307. 
four tangents to one conic where it 

meets another, 349. 
curve parallel to a conic, 337. 
cvolute to a conic, 231, 338. 
Jacobian of three conics, 360. 

Equilateral hyperbola, 168. 
general condition for, 352. 
given three points, a fourth is given, 

215, 290, 321. 
circle circumscribing self-conjugate 

triangle passes through centre 215, 
342. 

Euler, expression for distance between 
centres of inscribed and circum¬ 
scribing circles, 343. 

Evolutes of conics, 231, 338. 
Fagnani’s theorem on arcs of conics, 378. 
Faure, theorems by, 341, 351, 392. 
Feuerbach, relation connecting four points 

on a circle, 87, 217. 
theorem on circles touching four line3, 

127, 313, 359. 
Fixed point, the following lines pass 

through a 
coefficients in whose equation are con¬ 

nected by relation of first degree, 50. 
base of triangle,, given vertical angle 

and sum of reciprocals of sides, 48. 
whose sides pass through fixed 

points, and vertices move on three 
converging lines, 48. 

line sum of whose distances from fixed 
points is constant, 49. 

polar of fixed point with respect to 
circle, two points given, 100. 
with respect to conic, four points 

given, 153, 27.1, 281. 
chord of intersection with fixed centre 

of circle through two points, 100. 
of two fixed lines with conic through 

four points, one lying on each line, 
302. 

chord of contact given two points and 
two lines, 262. 

chord subtending right angle at fixed 
point on conic, 175, 270. 

when product is constant of tangents of 
parts into which normal divides 
subtended angle, 175. 

given bisector of angle it subtends at 
fixed point on curve, 323. 

perpendicular on its polar, from point 
on fixed perpendicular to axis, 184. 

Focus, see Contents, pp. 177—190, 209—212. 
infinitely small circle having double 

contact with conic, 241. 
intersection of tangents from two fixed 

imaginary points at infinity, 239. 
equivalent to two conditions, 386. 
coordinates of, given three tangents, 

274. 
when conic is given by general equa¬ 
tion, 239, 353. 

focus and directrix, 179, 241. 
theorems concerning angles subtended 

at, 284, 331. 
focal properties investigated by pro¬ 

jection, 320. 
focal radii vectores from any point have 

equal difference of reciprocals, 212. 
line joining intersections of focal nor¬ 

mals and tangents passes through 
other focus, 211. 
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Focus, 
locus of, given three tangents to a 

parabola, 207, 214, 274, 285, 320. 
given four tangents, 275, 277. 
given four points, 217, 283. 
given three tangents and a point, see 

Ex. 3, p. 288. 
of section of right cone, how found, 331. 
of systems in involution, 309. 

Gaultier of Tours, 99. 
Gergonne, on circle touching three others, 

110. 
Gordan, on number of concomitants, 363. 
Graves, theorems by, 333, 377. 

Hamilton, proof of Feuerbach’s theorem, 
31.3. 

Harmonic, section, 56. 
what when one point at infinity, 295. 
properties of quadrilateral, 57, 317. 
property of poles and polars, 85, 148, 

295, 297, 318. 
pencil formed by two tangents and 

two co-polar lines, 148, 296. 
by asymptotes and two conjugate 

diameters, 296. 
by diagonals of inscribed and circum¬ 

scribing quadrilateral, 242. 
by chords of contact and common 

chords of two conics having double 
contact with a third, 242. 

properties derived from projection of 
right angles, 321. 

condition for harmonic pencil, 305. 
condition that line should be cut har¬ 

monically by two conics, 306. 
locus of points whence tangents to two 

conics form a harmonic pencil, 306. 
Hart, theorems and proofs by, 124, 126, 

127, 263, 378. 
Harvey, theorem on four circles, 132. 
Heame, mode of finding locus of centre, 

given four conditions, 267. 
Hermes, on equation of conic circum¬ 

scribing a triangle, 120. 
Hesse, 381. 
Hexagon (see Brianchon and Pascal), 

property of angles of circumscribing, 
270, 289. 

Homogeneous, equations in two variables, 
meaning of, 67. 

trilinear equations, how made, 64. 
Homographic systems, 57, 63. 

criterion for, and method of forming, 
304. 

locus of intersection of corresponding 
lines, 271. 

envelope of line joining corresponding 
points, 302, 303. 

Homologous triangles, 59. 
Hyperbola, origin of name, 186, 328. 

area of, 373. 

Imaginary, lines and points, 69, 77. 
circular points at infinity, tangential 

equation of, 352. 
every line through either perpen¬ 

dicular to itself, 351. 

Infinity, line at, equation of, 64. 
touches parabola, 235, 290, 329. 
centre, pole of, 155, 296. 

Inscription in conic of triangle or polygon 
whose sides pass through fixed 
points, 250, 273, 281, 307. 

Intercept on chord between curve and 
asymptotes equal, 191, 312. 

on asymptotes constant by lines join¬ 
ing two variable points to one fixed, 
192, 294, 298. 

on axis of parabola by two lines, equal 
to projection of distance between 
their poles, 201, 294. 

Intercept on parallel tangents by variable 
tangent, 172, 287, 299, 385. 

Invariants, 159. 335. 
Inversion of curves, 114. 
Involution, 307. 

Jacobian of three conics, 360, &c. 
Joachimsthal, 

relation between eccentric angles of 
four points on a circle, 229. 

method of finding points where line 
meets curve, 264. 

Kemmer, 391. 
Kirkman’s theorems on hexagons, 380. 

Latus rectum, 185. 
Limit points of system of circles, 101, 291. 
Locus of 

vertex of triangle given base and a 
relation between lengths of sides, 
39, 47, 178. 

and a relation between angles, 39, 47, 
88, 107. 

and intercept by sides on fixed line, 300. 
and ratio of parts into which sides 

divide a fixed parallel to base, 41. 
vertex of given triangle, whose base 

angle moves along fixed lines, 208. 
vertex of triangle of which one base 

angle is fixed and the other moves 
along a given locus, 51, 96. 

whose sides pass through fixed points 
and base angles move along fixed 
linea, 41, 42. 2-18, 280, 299. 

generalizations of the last problem, 300. 
of vertex of triangle which circum¬ 

scribes a given conic and whose 
base angles move on fixed lines, 
250, 319, 349. 

generalizations of this problem, 350. 
common vertex of several triangles 

given bases and sum of areas, 40. 
vertex of right cone, out of which 

given conic can be cut, 331. 
point cutting in given ratio parallel 

chords of a circle, 162. 
intercept between two fixed lines, on 

various conditions, 39, 40, 47. 
variable tangent to conic between 

two fixed tangents, 277, 323. 
point whence tangents to two circles 

have given ratio or sum, 99, 263. 
taken according to different laws on 

radii vectores through fixed point, 52, 
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Locus of, 
such that Sm?*2 = constant, 88. 
whence square of tangent to circle is 

as product of distances from two 
fixed lines, 240. 

cutting in given anharmonic ratio, 
chords of conic through fixed point, 
320. 

on perpendicular at height from base 
equal a side, given base and sum of 
sides, 59. 

such that triangle formed by joining 
feet of perpendiculars on sides of 
triangle has constant area, 119. 

point on line of given direction meeting 
sides of triangle, so that oc2—oa.ob, 
298. 

on line cut in given anharmonic ratio, 
of which other three describe right 
lines, and line itself touches a conic, 
324. 

chords through which subtend right 
angle at point on conic, 270. 

whence tangents to two conics form 
harmonic pencil, 306. 

whose polars with respect to three 
conics meet in a point, 360. 

middle point of rectangles inscribed in 
triangle, 43. 
of parallel chords of conic, 143. 
of convergent chords of circle, 96. 

intersection of bisector of vertical 
angle with perpendicular to a 
side, given base and sum of sides, 
51. 

of perpendicular on tangent from 
centre, or focus, with focal or central 
radius vector, 209. 

focal radius vector with corresponding 
eccentric vector, 220. 

of perpendiculars to sides at extremity 
of base, given vertical angle and 
another relation, 47. 

of perpendiculars of triangle given base 
and vertical angle, 88. 

of perpendiculars of triangle inscribed 
in one conic and circumscribing 
another, 342. 

eccentric vector with corresponding 
normal, 220. 

corresponding lines of two homogra¬ 
phic pencils, 271. 

polars with respect to fixed conics of 
points which move on right lines, 
271. 

intersection of tangents to a conic 
which cut at right angles, 166, 171, 
269, 352. 
to a parabola which cut at given 

angle, 213, 256, 285. 
at extremities of conjugate dia¬ 

meters, 209. 
whose chord subtends constant angle 

at focus, 281. 
from two points, which cut a given 

line harmonically, 322. 
each or both on one of four given 

tangents, 302, 320. 

Locus of, 
at two fixed points on a conic satisfy¬ 

ing two other conditions, 220, 320. 
various other conditions, 215. 

intersection of normals at extremity 
of focal chord, 211. 

or chord through fixed point, 214, 335. 
foot of perpendicular from focus on 

tangent, 182, 204, 351. 
on normal of parabola, 213. 
on chord of circle subtending right 

angle at given point, 91. 
extremity of focal subtangent, 184. 
centre of circle making given inter¬ 

cepts on given lines, 208. 
centre of inscribed circle given base 

and sum of sides, 208. 
of circle cutting three at equal angles, 

108. 
of circumscribing circle given vertical 

angle, 89. 
of circle touching two given circles, 

291, 320. 
centre of conic (or pole of fixed line) 

given four points, 153, 254, 268, 
271, 281, 302, 320. 

given four tangents, 216, 254, 267, 
277, 281, 321, 339. 

given three tangents and sum of 
squares of axes, 216. 

four conditions, 267, 389. 
pole of fixed line with regard to sys¬ 

tem of confocals, 209, 322. 
pole with respect to one conic of tan¬ 

gent to another, 209, 278. 
focus of parabola given three tan¬ 

gents, 207, 214, 274, 285, 320. 
focus given four tangents, 275, 277. 
given four points, 217, 288, 392. 
given three tangents and a point, 288. 
given four conditions, 389. 
vertices of self-conjugate triangle,com¬ 

mon to fixed conic, and variable of 
which four conditions are given, 
389. 

MacCullagh, theorems by, 210, 220, 333, 
374, 377. 

MacLaurin’s mode of generating conics, 
247, 248, 251, 299. 

Malfatti’s problem, 263. 
Mechanical construction of conics, 178, 

194, 203, 218. 
Middle points of diagonals of quadrilate¬ 

ral in one line, 26, 62. 
Miquel, on circles circumscribing triangles 

formed by five lines, 247. 
Mobius, 217, 278, 295. 
Moore, deduction of Steiner’s theorem from 

Brianchon’s, 247. 
Mulcahy, on angles subtended at focus, 331. 

Newton’s method of generating conics, 300. 
Normal, 173, &c. 335. 
Number of terms in general equation, 74. 

of conditions to determine a conic, 136. 
of intersections of two curves, 225. 
of solutions of problem to describe 

a conic touching five others, 390. 
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Number of concomitants to system of 
conics, 36B. 

O’Brien, 217. 
Orthogonal systems of circles, 102, 131, 

348, 361. 
Osculating circle, 227, 234. 

three pass through given point on 
curve, 229. 

Pappus, 186, 295, 328. 
Parabola (see Contents, pp. 195—207, 

212-214). 
origin of name, 180, 328. 
has tangent at infinity, 235, 290, 329. 
coordinates of focus, 239, 274. 354. 
equation of directrix, 269, 352. 
touching four lines, 274. 

Parallel to conic, equation of, 337. 
Parameter, 185, 197, 202. 

same for reciprocals of equal circles, 
286. 

Pascal’s hexagon, 245, 280, 301, 319, 380. 
expression of coordinates by single, 

217,248,386. 
Perpendicular, equation and length, 26, 60. 

condition for, 59. 
extension of relation, 324, 354. 
from centre and foci on tangent, 169, 

179, 204. 
Pliiok-er, 278-, 380-. 
Polar coordinates and equations, 9, 36, 

87, 95, 160, 162, 184, 207. 
poles and polars, properties of, 92, 148. 
polar, equation of, 82, 147, 265. 
pole of given line, coordinates of, 266. 
polar reciprocals, 276, &c. 
point and polar equivalent to two 

conditions, 388. 
Ponoelet, 101, 278-, 301, 314* 
Projection, 314, 332. 

Quadrilateral, 
middle points of diagonals lie on 

a right line, 26, 62, 216. 
circles having diagonals for diameters 

have common radical axis, 277. 
harmonic properties of, 57, 317, 
inscribed in conics, 148, 319. 
sides and diagonals of inscribed quad¬ 

rilateral cut transversal in involu¬ 
tion, 312. 

diagonals of inscribed and circum¬ 
scribed form harmonic pencil, 242. 

Radical axis and centre, 99, 122, 224, 282, 
Radius of circle circumscribing triangle 

inscribed in conic, 213, 220, 333. 
Radius of curvature, 227. 
Reciprocals, method of, 66, 276, 294, 356. 

Sadleir, theorems by, 184. 
Self-conjugate triangles, 91. 

circle having triangle of reference for, 
254. 

of equilateral hyperbola, 215. 

Self-conjugate triangle 
vertices of two lie on a conic, 322, 341. 
equation of conic referred to, 238,- 253. 
common to two conics, 257, 362. 

determination of, 349, 361. 
Serret on locus of centre given four 

tangents, 216. 
Similitude, centre of, 105, 223, 282. 
Similar conics, 222. 

condition for 224. 
have points common at infinity, 236. 
tangent to one cuts constant area 

from other, 373. 
Steiner, 

theorem on triangle circumscribing 
parabola, 212, 247, 275, 290, 342. 

on points whose osculating circle 
passes through given point, 229. 

theorems on Pascal’s hexagon, 246, 380. 
solution of Malfatti’s problem, 263. 

Subnormal of parabola constant, 202. 
Supplemental chords, 172. 
Systems of circles having common radical 

axis, 100. 
of conics through four points cut a 

transversal in involution, 312. 

Tangent, general definition of, 78. 
to circle, length of, 84. 
to conic constructed geometrically, 154. 
determination of points of contact, 

five tangents given. 247.. 
variable, makes what intercepts- on 

two parallel tangents, 172, 181. 
or on two conjugate diameters, 172. 
of parabola, how divides three fixed 

tangents, 299. 
Tangential equations,- 65, 276, &c., 383, 

&c. 
©f inscribed and circumscribing circles,. 

121, 125, 288. 
of circle in general, 128, 384. 
of conic in general, 152, 260. 
of imaginary circular points, 352. 
of confocal conics, 353, 384. 
of points common to four conics, 344. 
interpretation of, 334. 

Townsend, theorems and proofs- by, 252, 
301, 375. 

Transformation of coordinates, 6, 9, 157,. 
335. 

Transversal, how cuts sides of triangle, 35, 
Carnot’s theorem of, 289, 318, 388. 
met by system of conics in involu¬ 

tion, 312. 
Triangle, circumscribing,, vertices or two 

lie on a conic, 320. 
Triangles made by four lines, properties 

of, 217, 246. 
Trilinear coordinates, 57, 60, 264. 

Veronese, 382. 
7 c 

Walker, 391. 

Zeuthen, 389. 

THE END. 
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Fisheries. With Contributions by the 
Marquis of Exeter, Henry R. Francis, 
M.A., Major John P. Traherne, and G. 
Christopher Davies. Fully Illustrated. 

Vol. I. Salmon, Trout, and Grayling. 
Crown Svo. iol 6d. 

Vol. II. Pike and other Coarse Fish. 
Crown 8vo. 10s. 6d. 

'Flat Racing. The Earl of Suf- 

r . folk and W. G. Craven. 
Racing- steeptechasing. A. Coventry 

. and A. E. T. Watson. 

\_In the press. 

Riding and Driving. Riding (including 
Military Riding and Ladies’ Riding) : R. 
Weir. Driving : Major Dixon, with an 
Introduction by E. L. Anderson 

\In the press. 

*** Other volumes in preparation. 

I 
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Bagehot.— Works by Walter 

£ AGE HOT, M.A. 

Biographical Studies. 8vo. 12s. 

Economic Studies. 8vo. ioj. 6d. 

Literary Studies. 2 vols. 8vo. 
Portrait. 28a 

The Postulates of English Po¬ 
litical Economy. Student’s Edition. 
With a Preface by Alfred Marshall, Pro¬ 
fessor of Political Economy, Cambridge. 
Crown 8vo. 2a 6d. 

Bagwell. — Ireland under the 

Tudors, with a Succinct Account of 
the Earlier History. Compiled from the 
State Papers and other authentic sources. 
By Richard Bagwell, M.A. Vols. I. 
and II. From the first invasion of the 
Northmen to the year 1578. With Maps 
and Index. 2 vols. 8vo. 32A 

Vol. III., completing the work, is in 
preparation. 

Bailey. —Eestus, a Poem. By 
Philip James Bailey. Crown Svo. 
12s. 6d. 

Bain. •— Works by Alexander 

Bain, LL.D. 

Mental and Moral Science ; a 
Compendium of Psychology and Ethics. 
Crown 8vo. ioa 6d. 

The Senses and the Intellect. 
8vo. 15^. 

The Emotions and the Will. 
8vo. 15J. 

Practical Essays. Crown Svo. 
4A 6d. 

Logic, Deductive and Inductive. 
Part I. Deduction, 4s. Part II. In- Iduction, 6s. 6d. 

James Mill ; a Biography. Crown 
j Svo. 55. 

John Stuart Mill; a Criticism, 
with Personal Recollections. Crown 
Svo. 2s. 6d. 

Baker.— Works by Sir Samuel 

W. Baker, M.A. 
Eight Years in Ceylon. Crown 

8vo. Woodcuts. 5a 

The Rifle and the Hound in 
Ceylon. Crown 8vo. Woodcuts. 5a 

3 

Beaconsfield.— Works by the 

Earl of Beaconsfield, K.G. 
Novels and Tales. The Hugh- 

enden Edition. With 2 Portraits and 11 

Crown 8vo. 42A 

Endymion. 
Vignettes. 11 vols. 

Lothair. 
Coningsby. 
Sybil. 
Tancred 
Venetia. 

Novels and 
complete in 
each, sewed 

Selected Speeches. 
duction and Notes, by 

Henrietta Temple. 
Contarini Fleming, &c. 
Alroy, Ixion, &c. 
The Young Duke, &c. 
Vivian Grey. 

Tales. Cheap Edition, 
11 vols. Crown 8vo. is. 

is. 6d. each, cloth. 

With Intro- 
T. E. Kebbel, 

M.A. 2 vols. 8vo. Portrait, 32A 

The Wit and Wisdom of Ben¬ 
jamin Disraeli, Earl of Beacons¬ 

field. Crown Svo. 35-. 6d. 

The Beaconsfield Birthday- 
book. With 2 Portraits and 11 Views of 
Hughenden Manor and its Surroundings. 
i8mo. 2s. 6d. cloth, gilt; 4A 6d. bound. 

Becker.— Works by Professor 

Becker, translatedfrom the German by 
the Rev. F. Metcalf. 

Gallus; or, Roman Scenes in the 
Time of Augustus. Post Svo. Js. 6d. 

Charicles ; or, Illustrations of the 
Private Life of the Ancient Greeks. 
Post Svo. Js. 6d. 

Bent.—The Cyclades ; or, Life 
among the Insular Greeks. By J. Theo¬ 
dore Bent, B.A. Oxon; with Map. 
Crown Svo. I2a 6d. 

I Boultbee.— Works by the Rev. 

T. P Boultbee, LL.D. 
A Commentary on the 39 Arti¬ 

cles of the Church of England. Crown 
Svo. 6s. 

A His tor y of the Church of Eng¬ 
land ; Pre-Reformation Period. 8vo. 
ISA 

i Bourne. — Works by John 
Bourne, C.E. 

A Trea tise on the Steam Engine, 
in its application to Mines, Mills, Steam 
Navigation, Railways, and Agriculture. 
With 37 Plates and 546 Woodcuts. 4to. 
42A 

Ca tech ism of the Steam Engine 
in its various Applications in the Arts, to 
which is now added a chapter on Air and 
Gas Engines, and another devoted to 
Useful Rules, Tables, and Memoranda. 
Illustrated by 212 Woodcuts. Crown Svo. 
Js. 6d. ['Continued on next page. 

A 2 
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Bourne. — Works by John 

Bourne, C.E.—continued. 

Handbook of the Steam Engine; 

a Key to the Author’s Catechism of the 
Steam Engine. With 67 Woodcuts. Fcp. 
8vo. 9s. 

Recent Improvements in the 

Steam Engine. With 124 Woodcuts. 
Fcp. 8vo. 6s. 

Examples of Steam and Gas 
Engines, with 54 Plates and 356 Wood- 
cuts. 4to. 70J-. 

Brabourne.—Eriends and Foes 
from Fairyland. By the Right Hon. 
Lord Brabourne, Author of ‘Higgledy- 
Piggledy,’ ‘Whispers from Fairyland,’ 
&c. With 20 Illustrations by Linley 
Sambourne. Crown 8vo. 6s. 

Bramston & Leroy.—Historic 
Winchester ; England’s First Capital. 
By A. R. Bramston and A. C. Leroy. 

Cr. 8vo. 6s. 

Brande’s Dictionary of Science, 
Literature, and Art. Re-edited by 
the Rev. Sir G. W. Cox, Bart., M.A. 
3 vols. medium 8vo. 63s. 

Brassey. — Works by Lady 

Brassey. 

A Voyage in the 1 Sunbeam,'1 our 
Home on the Ocean for Eleven 

Months. With Map and 65 Wood 
Engravings. Library Edition, 8vo. 2is. 
Cabinet Edition, crown 8vo. Js. 6d. 
School Edition, fcp. 2s. Popular Edition, 

4to. 6d. 

Sunshine and Storm in the East; 
or, Cruises to Cyprus and Constantinople. 
With 2 Maps and 114 Illustrations en¬ 
graved on Wood. Library Edition, 8vo. 
21 s. Cabinet Edition, cr. 8vo. *js. 6d. 

In the Trades, the Tropics, and 
the ‘ Roaring Forties'; or, Fourteen 
Thousand Miles in the Sunbeam in 1883. 
With 292 Illustrations engraved on Wood 
from drawings by R. T. Pritchett, and 
Eight Maps and Charts. Edition de 
Luxe, imperial 8vo. £3. 131. 6d. Library 
Edition, 8vo. 21 s. 

Bray. — Phases of Opinion and 
Experience during a Long Life: 

an Autobiography. By Charles Bray, 
Author of ‘ The Philosophy of Necessity ’ 
&c. Crown 8vo. y. 6d. 

Browne.—An Exposition of the 
39 Articles, Historical and Doctrinal. 
By E. H. Browne, D.D., Bishop of 

Winchester. 8vo. 16s. 

Buckle.— Works by Henry Thomas 

Buckle. 

History of Civilisation in Eng¬ 
land and France, Spain and Scot¬ 
land. 3 vols. crown 8vo. 24^. 

Miscellaneous and Posthumous 
Works. A New and Abridged Edition. 
Edited by Grant Allen. 2 vols. crown 
8vo. 2IS. 

Buckton.— Works by Mrs. C. M. 

Buckton. 

Food and Home Cookery; a Course 
of Instruction in Practical Cookery and j 
Cleaning. With 11 Woodcuts. Crown 
8vo. 2s. 6d. 

Health in the House : Twenty- 
five Lectures on Elementary Physiology. 
With 41 Woodcuts and Diagrams. Crown 
8vo. 2s. 

Our Dwellings : Healthy and Un¬ 
healthy. With 39 Illustrations. Crown 
8vo. 3-f. 6d. 

Bull.— Works by Thomas Bull, 
M.D. 

Hints to Mothers on the Man¬ 
agement of their Health during the 
Period of Pregnancy and in the Lying-in 
Room. Fcp. 8vo. is. 6d. 

The Maternal Management of 

Children in Health and Disease. 

Fcp. 8vo. ij. 6d. 

Burnside and Panton.—The 
Theory of Equations. With an In¬ 
troduction to the Theory of Binary 
Algebraic Forms. By William Snow 

Burnside, M.A. and Arthur William 

Panton, M.A. 8vo. 12s. 6d. 

Cabinet Lawyer, The; a Popular 
Digest of the Laws of England, Civil, 
Criminal, and Constitutional. Fcp. 8vo. 
9 s. 

Carlyle. — Thomas and Jane 

Welsh Carlyle. 

Thomas Carlyle, a History of the 
first Forty Years of his Life, 1795—1835 
By J. A. Froude, M.A. With 2 Por¬ 
traits and 4 Illustrations, 2 vols. 8vo. 32^. 

Thomas Carlyle, a History of his 
Life in London : from 1834 to his death 
in 1881. By James A. Froude, M.A., 
with Portrait. 2 vols. 8vo. 32s. 

Letters and Memorials of Jane 
Welsh Carlyle. Prepared for pub¬ 
lication by Thomas Carlyle, and edited 
by J. A. Froude, M.A. 3 vols. 8vo. 36s. 
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Cates. — A Dictionary of 
General Biography. Fourth Edition, 
with Supplement brought down to the 
end of 1884. ByW. L. R. Cates. 8yo. 
28s. cloth ; 35^. half-bound russia. 

The Supplement, 1881-4, 2s. 6d. 

Chesney.— Waterloo Lectures; 
a Study of the Campaign of 1815. By 
Col. C. C. Chesney, R.E. 8vo. ioj. 6d. 

Cicero.—The Correspondence of 
Cicero : a revised Text, with Notes and 
Prolegomena.—Vol. I., The Letters to 
the end of Cicero’s Exile. By Robert 
Y. Tyrrell, M.A., Fellow of Trinity 
College, Dublin, I2.r. 

Coats.—A Manual of Pathology. 
By Joseph Coats, M.D. Pathologist 
to the Western Infirmary and the Sick 
Children’s Hospital, Glasgow. With 339 
Illustrations engraved on Wood. 8vo. 
31 a 6d. 

Colenso.—The Pentateuch and 
Book of Joshua Critically Ex¬ 
amined. By J. W. Colenso, D.D. 
late Bishop of Natal. Crown 8vo. 6s. 

Conder. — A Handbook to the 
Bible, or Guide to the Study of the Holy 
Scriptures derived from Ancient Monu¬ 
ments and Modern Exploration. By F. 
R. Conder, and Lieut. C. R. Conder, 
R.E. Post Svo. *]s. 6d. 

Conington. — Works by John 
Conington, ALA. 

The PEneid of Virgil. Trans¬ 
lated into English Verse. Crown Svo. gs. 

The Poems of Virgil. Translated 
into English Prose. Crown Svo. gs. 

Conybeare & Howson. — The 
Life and Epistles of St. Pa ul. 
By the Rev. W. J. Conybeare, M.A., 
and the Very Rev. J. S. Howson, D.D. 
Dean of Chester. 

Library Edition, with Maps, Plates, and 
Woodcuts. 2 vols. square crown Svo. 
21 s. 

Student’s Edition, revised and condensed, 
with 46 Illustrations and Maps. 1 vol. 
crown 8vo. 7s. 6d. 

Cooke. — Tablets of Anatomy. 
By Thomas Cooke, F.R.C.S. Eng. 
B.A. B.Sc. M.D. Paris. Fourth Edition, 
being a selection of the Tablets believed 
to be most useful to Students generally. 
Post 4to. 7s. 6d. 

Cox. — The First Century of 
Christianity. By Homersham Cox, 
M.A. Svo. 12s. 

Cox.— Works by the Rev. Sir 
G. W. Cox; Part., M.A. 

A General History of Greece : 
from the Earliest Period to the Death of 
Alexander the Great; with a Sketch of 
the History to the Present Time. With 
11 Maps and Plans. Crown 8vo. 7s. 6d. 

Lives of Greek Statesmen 
Vol. I. Solon— Themistocles. 
Vol. II. Ephialtes—Hermokrates. 
Fcp. 8vo. 2s. 6d. each. 

*** For other Works, see 1 Epochs of 
History,’ p. 24. 

Crawford.—Across the Pampas 
and the Andes. By Robert Craw¬ 
ford, M.A. With Map and 7 Illustra¬ 
tions. Crown 8vo. 7s. 6d. 

Creighton. — History of the 
Papacy During the Reformation. 
By the Rev. M. Creighton, M.A. 
Vols. I. and II. Svo. 321. 

! Crookes. — Select Methods in 
Chemical Analysis (chiefly Inorganic). 
By William Crookes, F. R.S. V.P.C.S. 
With 37 Illustrations. Svo. 24s. 

Crozier. — Civilization and Pro¬ 
gress; being the Outline of a New 
System of Political, Religious, and Social 
Philosophy. By J. Beattie Crozier. 
Svo. 14-5-. 

Crump.—A Short Enquiry into 
the Forma tion of Political Opinion, 
from the Reign of the Great Families to 
the Advent of Democracy. By Arthur 
Crump. Svo. js. 6d. 

Culley .—Handbook of Practical 
Telegraphy. By R. S. Culley, 
M. Inst. C.E. Plates and Woodcuts. 
8vo. 16s. 

Dante.—The Divine Comedy of 
Dante Alighieri. Translated verse for 
verse from the Original into Terza Rima. 
By James Innes Minchin. Cr. 8vo. 15J. 

Davidson.—An Lntroduction to 
the Study of the New Testament, 
Critical, Exegetical, and Theological 
By the Rev. S. Davidson, D.D. LL.D. 
Revised Edition. 2 vols. 8vo. 30J. 

Davidson.—The Logic of Defi¬ 
nition Explained and Applied. By 
William L. Davidson, M.A. Crown 
Svo. 6s. 
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Dead Shot, The, or Sportsman's 
Complete Guide; a Treatise on the 
Use of the Gun, with Lessons in the 
Art of Shooting Game of all kinds, and 
Wild-Fowl, also Pigeon-Shooting, and 
Dog-Breaking. By Marksman. With 
13 Illustrations. Crown 8vo. ion 6d. 

Decaisne & Le Maout. — A 
General System of Botany. Trans¬ 
lated from the French of E. Le Maout, 

M.D., and J. Decaisne, by Lady 
Hooker ; with Additions by Sir J. D. 

Hooker, C.B. F.R.S. Imp. 8vo. with 
5,500 Woodcuts, 31J. 6d. 

Dent.—Above the Snow Line: 
Mountaineering Sketches between 1870 
and 1880. By Clinton Dent, Vice- 
President cf the Alpine Club. With Two 
Engravings by Edward Whymper and an 
Illustration by Percy Macquoid. Crown 
8vo. *js. 6d. 

D’Eon de Beaumont. — The 
Strange Career of the Chevalier 

D' Eon de Beaumont, Minister Pleni¬ 
potentiary from France to Great Britain 
in 1763. By Captain J. Buchan Telfer, 

R.N. F.S.A. F.R.G.S. With 3 Portraits. 
8vo. 12s. 

De Salis .—Savouries a la Mode. 
By Mrs. De Salis. Fcp. 8vo. is. boards. 

De Tocqueville.—Democracy in 
America. By Alexis de Tocque¬ 

ville. Translated by H. Reeve, C.B. 
2 vols. crown 8vo. 16s. 

Dewes.—The Life and Letters 
of St. Paul. By Alfred Dewes, 

M.A. LL.D. D.D. Vicar of St. Augus¬ 
tine’s, Pendlebury. With 4 Maps. 8vo. 
7s. 6d. 

Dickinson. — On Renal and 

Urinary Affections. By W. Howship 

Dickinson, M.D. Cantab. F.R.C.P. &c. 
With 12 Plates and 122 Woodcuts. 3 
vols. 8vo. ^3. 4j. 6d. 

*** The Three Parts may be had seoa- 
rately: Part Diabetes, ion 6d. sewed, 
I2s. cloth. Part II. Albuminuria, 20s. 
sewed, 2\s. cloth. Part III.—Mis¬ 
cellaneous Affections of the Kidneys and 
Urine, 30s. sewed, 3 m 6d. cloth. 

Dixon.—Rural Bird Life ; Essays 
on Ornithology, with Instructions for 
Preserving Objects relating to that 
Science. By Charles Dixon. With 
45 Woodcuts. Crown 8vo. 5s. 

Dowell. — A History of Taxa¬ 
tion and Taxes in England, from 

the Earliest Times to the Present 

Day. By Stephen Dowell, Assistant 
Solicitor of Inland Revenue. 4 vols. 8vo. 
48s. 

Doyle.—The Official Baronage 
of England. By James E. Doyle. 

Showing the Succession, Dignities, and 
Offices of every Peer from 1066 to 1885. 
Vols. I. to III. With 1,600 Portraits, 
Shields of Arms, Badges, and Auto¬ 
graphs. 3 vols. 4to. £$. 5-L Large Paper 
Edition, Imperial 4to. ^15. I5J* 

Dresser.—Japan ; ITS Architec¬ 
ture, Art, and Art Manufactures. 

By Christopher Dresser, Ph.D. F.L.S. 
&c. With 202 Illustrations. Square 
crown 8vo. 3 m 6d. 

Dunster.—How to Make the 
Land Pay; or, Profitable Industries 
connected with the Land, and suitable to 
all Occupations, Large or Small. By 
Henry P. Dunster, M.A. Crown 
8vo. 5^. 

Eastlake.—Hints on Household 
Taste in Furniture, Upholstery, 

See. By C. L. Eastlake, F.R.I.B.A. 
With 100 Illustrations. Square crown 
8vo. 14.A 

Edersheim.— Works by the Rev. 

Alfred Edersheim, D.D. 

The Life and Times of Jesus 
the Messiah. 2 vols. 8vo. 42s. 

Prophecy and History in rela¬ 

tion to the Messiah: the Warburton 
Lectures, delivered at Lincoln’s Inn 
Chapel, 1880-1884. 8vo. 12 s. 

Edwards. — Our Seamarks. By 
E. Price Edwards. With numerous 
Illustrations of Lighthouses, &c. engraved 
on Wood by G. H. Ford. Crown 8vo. 
8s. 6d. 

Ellicott. — Works by c. y. 
Ellicott, D.D., Bishop of Gloucester 
and Bristol. 

A Critical and Grammatical 

Commentary on St. Paul's Epistles. 
8vo. Galatians, 8a 6d. Ephesians, 
8s. 6d. Pastoral Epistles, ion 6d. Philip- 
pians, Colossians, and Philemon, ion 6d. 
Thessalonians, 7s• 6d. I. Corinthians. 

[Nearly ready. 

Historical Lectures on the Life 
of Our Lord Jesus Christ. 8vo. 12A 
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English Worthies. Edited by An- i 
drew Lang, M.A. Fcp. 8vo. price 
2a 6d. each. 

Darwin. By Grant Allen. 

Marlborough. By George Saints- 
bury. 

Shaftesbury. By H. D. Traill. 

The following Volumes are in preparation :— 

Steele. By Austin Dobson. 
Sir T. More. By J, Cotter Morison. 
Wellington. By R. Louis Stevenson. 
Lord Peterborough. By Walter Besant. 
Claverhouse. By Mowbray Morris. 
Latimer. By Canon Creighton. 
Drake. By W. H. Pollock. 
Admiral Blake. By David Hannay. 
Raleigh. By Edmund Gosse. 
Benjonson. By J- A. Symonds. 
Isaak Walton. By Andrew Lang. 
Canning. By Frank H. Hill. 

Epochs of Ancient History. 
Edited by the Rev. SirG. W. Cox, Bart. 
M.A. and C. Sankey, M.A. 10 vols. 
fcp. 8vo. 2s. 6d. each. See p. 24. 

Epochs of Modern History. 
Edited by C. Colbeck, M.A. 17 vols. 
fcp. 8vo. 2s. 6d. each. See p. 24. 

Erichsen*—Works by John Eric 

Erich sen,, F.R.S. 

The Science and Art of Sur¬ 
gery: Being a Treatise on Surgical In¬ 
juries, Diseases, and Operations. Illus¬ 
trated by Engravings on Wood. 2 vols. 
Svo. 42A ; or bound in half-russia, 6oa 

On Concussion of the Spine, Ner¬ 

vous Shocks, and other Obscure Injuries 
of the Nervous System in their Clinical 
and Medico-Legal Aspects. Crown 8vo. 
ioa 6d. 

Evans.—The Bronze Implements, 
Arms, a ad Ornaments of Great 

Britain and Ireland. By John 
Evans, D.C.L. LL.D. F.R.S. With 
540 Illustrations. Svo. 25A 

Ewald. — Works by Professor 

Heinrich Ewald, of Gottingen. 

The Antiquities of Israel. 
Translated from the German by H. S. 
Solly, M.A. 8vo. 12s. 6d. 

The History of Israel. Trans¬ 
lated from the German. Vols. I.-V. 8vo. 
635’. Vol. VI. Christ and his Times, 8vo. 
16s. Vol. VII. The Apostolic Age, 8vo. 
2 is. 

: Fairbairn.— Works by Sir W. 

Fairbairn, Bart, C.E. 
A Treatise on Mills and Mill- 

work, with 18 Plates and 333 Woodcuts. 
1 vol. Svo. 25s. 

Useful Information for Engi¬ 
neers. With many Plates and Wood- 
cuts. 3 vols. crown Svo. 31A 6d. 

Farrar. — Language and Lan¬ 
guages. A Revised Edition of Chapters 
on Language and Families of Speech. By 
F. W Farrar, D.D. Crown Svo. 6a 

Fitzwygram. — Horses and 
Stables. By Maj or-General Sir F. 
Fitzwygram, Bart. With 39 pages of 
Illustrations. Svo. ica 6ci. 

Fox. —The Early History of 
Charles James Fox. By the Right 
Lion. G. O. Trevelyan, M.P. Library 
Edition, Svo. iSa Cabinet Edition, 
cr. 8vo. 6s. 

Francis.—A Book on Angling; 
or, Treatise on the Art of Fishing in every 
branch ; including full Illustrated Lists 
of Salmon Flies. By Francis Francis. 

Post Svo. Portrait and Plates, 151-. 

Freeman.—The Historical Geo¬ 
graphy of Europe. By E. A. Free¬ 

man, D.C.L. With 65 Maps. 2 vols. 
8vo. 31A 6d. 

French. — Nineteen Centuries 
of Drink in England, a History. 
By Richard Valpy French, D.C.L. 
LL.D. F.S.A. ; Author of 4 The History 
of Toasting5 &c. Crown Svo, ioa 6d. 

Froude.— Works by James A. 
Froude, M.A. 

The History of England, from 
the Fall of Wolsey to the Defeat of the 
Spanish Armada. 
Cabinet Edition, 12 vols. cr. Svo. £3. I2a 
Popular Edition, 12 vols. cr. Svo. £2. 2a 

Short Studies on Great Sub¬ 

jects. 4 vols. crown Svo. 24a 

The English in Lreland in the 
Eighteenth Century. 3 vols. crown 
Svo. 1 8a 

Oceana ; or, England and Her 
Colonies. With 9Illustrations. Svo. iSa 

Thomas Carlyle, a History of the 
first Forty Years of his Life, 1795 t° 
1835. 2 vols. Svo. 32A 

Thomas Carlyle, a History of His 
Life in London from 1834 to his death in 
1881. By James A. Froude, M.A. with 
Portrait engraved on steel. 2 vols. 8vo. 
32A 
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Grant.— Works by Sir Alexander 

Grant, Bart. LL.D. D.C.L. gyc. 

Ganot. — Works by Professor 

Ganot. Translated by E. Atkinson, 

Ph.D. F.C.S. 

Elementary Treatise on Phy¬ 
sics, for the use of Colleges and Schools. 
With 5 Coloured Plates and 898 Wood- 
cuts. Large crown 8vo. 15J. 

Natural Philosophy for Gene¬ 
ral Readers and Young Persons. 

With 2 Plates and 471 Woodcuts. Crown 
8vo. 7s. 6d. 

Gardiner. — Works by Samuel 

Rawson Gardiner, LL.D. 

History of England, from the 
Accession of James I. to the Outbreak of 
the Civil War, 1603-1642. Cabinet 
Edition, thoroughly revised. 10 vols. 
crown 8vo. price 6s. each. 

Outline of English History,; 
b.c. 55-A.D. 1880. With 96 Woodcuts, 
fcp. 8vo. 2s. 6d. 

*** For other Works, see ‘Epochs of 
Modern History,’ p. 24. 

Garrod. — Works by Alfred 

Baring Garrod, M.D. F.R.S. 

A Treatise on Gout and Rheu- 
ma tic Gout ( Rue uma to id A r thritis) . 

With 6 Plates, comprising 21 Figures 
(14 Coloured), and 27 Illustrations en¬ 
graved on Wood 8vo. 2U. 

The Essentials of Materia 

Medic a and Therapeutics. New 
Edition, revised and adapted to the New 
Edition of the British Pharmacopoeia, 
by Nestor Tirard, M.D. Crown 8vo. 
I2S. 6d. 

Garrod.—AnLntroduction to tile 

Use of the Laryngoscope. By 
Archibald G. Garrod, M. A. M.R.C.P. 
With Illustrations. 8vo. 3s. 6d. 

Goethe.—Faust. Translated by T. 
E. Webb, LL.D. 8vo. 12s. 6d. 

Faust. A New Translation, chiefly in 
Blank Verse ; with Introduction and 
Notes. By James Adey Birds, B.A. 
F. G.S. Crown 8vo. 12s. 6d. 

Faust. The German Text, with an 
English Introduction and Notes for Stu¬ 
dents. By Albert M. Selss, M.A. 

Ph.D. Crown 8vo. 5^. 

Goodeve.— Works by T. M. Good- 

eve, M.A. 

Principles of Mechanics. With 
253 Woodcuts. Crown 8vo. 6s. 

The Elements of Mechanism. 
With 342 Woodcuts. Crown 8vo. 6s. 

The Story of the University of 

Edinburgh during its First Three Plun- ' 
dred Years. With numerous Illustrations. 
2 vols. 8vo. 36s. 

The Ethics of Aristotle. The 

Greek Text illustrated by Essays and 
Notes. 2 vols. 8vo. 32s. 

Gray. — Anatomy, Descriptive 

and Surgical. By Henry Gray, 

F.R.S. late Lecturer on Anatomy at St. 
George’s Hospital. With 557 large 
Woodcut Illustrations. Re-edited by T. 
Pickering Pick, Surgeon to St. George’s 
Hospital. Royal 8vo. 30s. 

Green.—The Works of Thomas 

Hill Green, late Fellow of Balliol 
College, and Whyte’s Professor of Moral 
Philosophy in the University of Oxford. 
Edited by R. L. Nettleship, Fellow 
of Balliol College, Oxford. In 3 vols. 
Vol. I.—Philosophical Works. 8vo. i6.r. 

Greville. — Works by C. C. F. 
Greville. Edited by H. Reeve, C.B. 

A Journal of the Reigns of King 

George IV. and King William IV. 
3 vols. 8vo. 36^. 

A Journal of the Reign of 

Queen Victoria, from 1837 to 1852. 
3 vols. 8vo. 36s. 

Grimston.—The Hon. Robert 
Grimston: a Sketch of his Life. By 
Frederick Gale. With Portrait. 
Crown 8vo. 10s. 6d. 

Gwilt .—An Encyclopaedia of 

Architecture. By Joseph Gwilt, 

F. S.A. Illustrated with more than 1,100 
Engravings on Wood. Revised, with 
Alterations and Considerable Additions, 
by Wyatt Papworth. 8vo. 32s. 6d. 

Grove. — The Correla tion of 

Physical Forces. By the Hon. Sir 
W. R. Grove, F.R.S. &c. 8vo. 15^. 

Halliwell-Phillips . — 0 UTLINES OF 
the Life of Shakespeare. ByJ. O. 
Halliwell-Phillipps, F.R.S. Royal 
8vo. 7s. 6d. 

Hamilton.—Life of Sir William 

R. Hamilton, Kt. LL.D. D.C.L. 
M.R.I.A. &c. Including Selections from 
his Poems, Correspondence, and Miscel¬ 
laneous Writings. By the Rev. R. P. 
Graves, M.A. (3 vols.) Vols. I. and 
II. 8vo. 15J. each. 
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Hartwig.— Works by Dr. G. 
Hart wig. 

The Sea and its Living Wonders. 
8vo. with, many Illustrations, iok 6d. 

The Tropical World. With about 
200 Illustrations. 8vo. iok 6d. 

The Polar World ; a Description 
of Man and Nature in the Arctic and 
Antarctic Regions of the Globe. Maps, 
Plates, and Woodcuts. 8vo. 10s. 6d. 

The Arctic Regions (extracted from 
the i Polar World ’). 410. 6d. sewed. 

The Subterranean World. With 
Maps and Woodcuts. Svo. iok 6d. 

The Aerial World; a Popular 
Account of the Phenomena and Life of 
the Atmosphere. Map, Plates, Wood- 
cuts. 8vo. ios. 6d. 

Harte.— Works by Bret Harte. 

In the Carquinez Woods. Fcp. 
8vo. 2s. boards; 2s. 6d. cloth. 

On the Frontier. Three Stories. 
i6mo. Ik 

By Shore and Sedge. Three 
Stories. i6mo. ik 

Hassall. — Works by Arthur 

Hill Hassall, M.D. 

The Inhalation Treatment of 

Diseases of the Organs of Respira¬ 

tion, including Consumption; with 19 
Illustrations of Apparatus. Cr. Svo. 12s. 6 d. 

San Remo, climatically and medically 
considered. With 30 Illustrations. Crown 
Svo. 5k 

Haughton.— Six Lectures on 
Physical Geography, delivered in 1876, 
with some Additions. By the Rev. SAMUEL 

Haughton, F.R.S. M.D. D.C.L. With 
23 Diagrams. 8vo. 15K 

Havelock. — Memoirs of Sir 
Henry Havelock, K.C.B. By John 

Clark Marshman. Crown 8vo. 3s. 6d. 

Haward.—A Treatise on Or¬ 
thopaedic Surgery. By J. Warring¬ 

ton Haward, F.R.C.S. Surgeon to St. 
George’s Hospital. With 30 Illustrations 
engraved on Wood. 8vo. 12s. 6d. 

Helmholtz.— Works by Pro¬ 

fessor Helmholtz. 

On the Sensations of Tone as a 
Physiological Basis for the Theory 

of Music. Translated by A. J. Ellis, 

F. R. S. Royal Svo. 28k 

Popular Lectures on Scientific 
Subjects. Translated and edited by 
Edmund Atkinson, Ph.D. F.C.S. 
With a Preface by Professor Tyndall, 

F.R.S. and 68 Woodcuts. 2 vols. 
Crown Svo. 15K or separately, 7s. 6d. each. 

Herschel.—Outlines of Astro¬ 
nomy. By Sir J. F. W. Herschel, 

Bart. M.A. With Plates and Diagrams. 
Square crown Svo. I2k 

Hewitt. — J VJR KS B Y GrA IL Y 

Hewitt, M.D. 

The Diagnosis and Treatment 

of Diseases of Women, including 

the Diagnosis of Pregnancy. New 
Edition, in great part re-written and 
much enlarged, with 211 Engravings on 
Wood, of which 79 are new in this Edi¬ 
tion. Svo. 24s. 

The Mechanical System of Ute¬ 
rine Pathology. With 31 Life-size 
Illustrations prepared expressly for this 
Work. Crown 4to. ’js. 6d. 

Hickson. — Lreland in the 
Seventeenth Century; or, The Irish 
Massacres of 1641-2, their Causes and 
Results. By INIary Hickson. With a 
Preface by J. A. Froude, M.A. 2 vols. 
Svo. 28k 

Hobart. —The Medical Language 
of St. Luke: a Proof from Internal 
Evidence that St. Luke’s Gospel and the 
Acts were written by the same person, 
and that the writer was a Medical Man. 
By the Rev. W. K. Hobart, LL.D. 
Svo. 1 6k 

Holmes.—A System of Surgery, 
Theoretical and Practical, in Treatises by 
various Authors. Edited by Timothy 

Holmes, M.A. and J. W. Hulke, 

F.R.S. 3 vols. royal Svo. 4K 

Homer.—The Lliad of Homer, 
Homometrically translated by C B. Cay¬ 

ley. Svo. I2K 6d. 

The Lliad of Homer. The Greek 
Text, with aVerse Translation, By W. C. 
Green, M.A. Yol. I. Books I.-XII. 
Crown Svo. 6k 
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Hopkins.— Christ the Consoler; 
a Book of Comfort for the Sick. By 
Ellice Hopkins. Fcp. 8vo. 2s. 6d. 

Horses and Roads; or How to 
Keep a Horse Sound on His Legs. By 
Free-Lance. Crown 8vo. 6s. 

Hort.—The New Pantheon, or an 
Introduction to the Mythology of the 
Ancients. By W. J. Hort. i8mo. 

2s. 6d. 

Howitt.— Visits to Remarkable 
Places, Old Halls, Battle-Fields, Scenes 
illustrative of Striking Passages in English 
History and Poetry. By William 

Howitt. With 8o Illustrations engraved 
on Wood. Crown 8vo. 7s. 6d. 

Howley. — The Old Morality, 
Traced Historically and Applied 

Practically. By Edward Howley, 

Barrister-at-Law. With Frontispiece, 
Raffaelle’s School at Athens. Crown 
8vo. 3.L 

Hudson & Gosse.—The Rotifera 
or ‘Wheel-Animalcules.’ By C. T. 
Hudson, LL.D. and P. H. Gosse, 

F. R.S. With 30 Coloured Plates. In 6 
Parts. 4to. iol 6d. each. 

Hullah.— Works by John Hul- 

lah, LL.D. 

Co urse of Lectures on the His¬ 
tory of Modern Music. 8vo. Ss. 6d. 

Course of Lectures on the Tran¬ 

sition Period of Musical History. 
8vo. 10s. 6d. 

Hullah. — The Life of John 
Hullah, LL.D. By his Wife. Crown 
8vo. 6s. 

Hume.—ThePhilosophical Works 
of David Hume. Edited by T. H. 
Green, M.A. and the Rev. T. H. 
Grose, M.A. 4 vols. 8vo. 56a Or 
separately, Essays, 2 vols. 28s. Treatise 
of Human Nature. 2 vols. 28s. 

In the Olden Time.—A Novel. 
By the Author of ‘Mademoiselle Mori.’ 
Crown 8vo. 6s. 

Ingelow.— Works by Jean Lnge- 

low. 

Poetical Works. Vols. 1 and 2. 
Fcp. 8vo. 12s. Vol. 3. Fcp. 8vo. 5r. 

The High Tide on the Coast of 
Lhncolnshire. With 40 Illustrations, 
drawn and engraved under the super¬ 
vision of George T. Andrew. Royal 
8vo. 1 or. 6d. cloth extra, gilt edges. 

Jackson.—Aid to Engineering 
Solution. By Lowis D’A. Jackson, 

C.E. With hi Diagrams and 5 Wood- 
cut Illustrations. 8vo. 21s. 

Jameson.— Works by Mrs. Jame¬ 

son. 

Legends of the Saints and Mar¬ 
tyrs. With 19 Etchings and 187 Wood- 
cuts. 2 vols. 31^. 6d. 

Legends of the Madonna, the 
Virgin Mary as represented in Sacred 
and Legendaiy Art. With 27 Etchings 
and 165 Woodcuts. 1 vol. 21s. 

Legends of the Monastic Orders. 
With 11 Etchings and 88 Woodcuts. 
1 vol. 21s. 

Histor y of the Sa vio ur, His Types 
and Precursors. Completed by Lady 
Eastlake. With 13 Etchings and 281 
Woodcuts. 2 vols. 42s. 

Jeans.—England’s Supremacy: its 
Sources, Economics, and Dangers. By 
J. S. Jeans. 8vo. Ss. 6d. 

Jefferies. —" Red Deer. By 
Richard Jefferies. Crown 8vo. 4s. 6d. 

Johnson.—The Patentee’s Man¬ 
ual ; a Treatise on the Law and Practice 
of Letters Patent, for the use of Patentees 
and Inventors. By J. Johnson and J. 
H. Johnson. 8vo. ior. 6d. 

Johnston.—A General Diction¬ 
ary of Geography, Descriptive, Physi¬ 
cal, Statistical, and Historical ; a com¬ 
plete Gazetteer of the World. By Keith 

Johnston. Medium 8vo. 42J. 

Jones. — The Health of the 
Senses : Sight, Hearing, Voice, 

Smell and Taste, Skin ; with Hints 
on Health, Diet, Education, Health Re¬ 
sorts of Europe, &c. By H. Macnaugh- 

ton Jones, M.D. Crown 8vo. 3s. 6d. 

Jordan. — Works by William 

Leighton Jordan, EP.G.S. 
The Ocean: a Treatise on Ocean 

Currents and Tides and their Causes. 
8vo. 21 s. 

The New Principles of Natural 
Philosophy : a Defence and Extension 
of the Principles established by the 
Author’s treatise on Ocean Currents. 
With 13 plates. 8vo. 215-. 

The Winds : an Essay in Illustration 
of the New Principles of Natural Phil¬ 
osophy. Crown 8vo. 2s. 

The Standard of Value. Crown 
8vo. 5j. 
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Jukes.— Works by Andrew Jukes. 

The New Man and the Eternal 

Life. Crown 8vo. 6s. 

The Types of Genesis. Crown 
8vo. 7s. 6d. 

The Second Death and the Re¬ 

stitution of all Things. Crown 8vo. 
3-r. 6d. 

The Mystery of the Kingdom. 

Crown 8vo. 2s. 6d. 

Justinian.— The Institutes of 
Justinian ; Latin Text, chiefly that of 
Huschke, with English Introduction, 
Translation, Notes, and Summary. By 
Thomas C. Sandars, M.A. 8vo. iSs. 

Kalisch. — Works by M. M. \ 
Kalisch, M.A. 

Bible Studies. Part I. The Pro¬ 
phecies of Balaam. 8vo. ior. 6d. Part ; 
II. The Book of Jonah. 8vo. I0j. 6d. 

Commentary on the Old Testa- I 
MEN!; with a New Translation. Vol. I. 
Genesis, 8vo. i8.y. or adapted for the i 
General Reader, 12s. Vol. II. Exodus, j 
15^. or adapted for the General Reader, 
12s. Vol. III. Leviticus, Part I. 15^. or 
adapted for the General Reader, 8s. | 
Vol. IV. Leviticus, Part II. 150. or 
adapted for the General Reader, 8s. 

Hebrew Grammar. With Exer- j 

cises. Part I. 8vo. 12s. 6d. Key, $s. 
Part II. 12s. 6d. 

Kant.— WorksbyEmmanuelKant. \ 

Critique of Practical Reason. 
Translated by Thomas Kingsmill Abbott, 
B.D. 8vo. 12s. 6d. 

Introduction to Logic, and his 
Essay on the Mistaken Subtilty j 

of the Four Figures. Translated by 
Thomas Kingsmill Abbott, B.D. With 
a few Notes by S. T. Coleridge. 8vo. 6s. ‘ 

Kerl. —A Practical Treatise on 
Metallurgy. By Professor Kerl. j 
Adapted from the last German Edition by ! 
W. Crookes, F.R.S. &c. and E. Rohrig, j 
Ph.D. 3 vols. 8vo. with 625 Woodcuts, 

£4- 19-r- 

Killick.— Handbook to Mill's I 
System of Logic. By the Rev. A. H. 
Killick, M.A. Crown 8vo. 3s. 6d. 

Kolbe. —A Short Text-book of 
Lnorganic Chemistry. By Dr. Her¬ 

mann Kolbe. Translated from the 
German by T. S. Humpidge, Ph.D. 
With a Coloured Table of Spectra and 
66 Illustrations. Crown 8vo. 7s. 6d. 

Lang.— Works by Andrew Lang. 

Letters to Dead Authors. Fcp. 
8vo. 6s. 6d. 

Custom and Myth; Studies of Early 
Usage and Belief. With 15 Illustrations. 
Crown 8vo. ys. 6d. 

The Princess Nobody: a Tale of 
Fairyland. After the Drawings by 
Richard Doyle, printed in colours by 
Edmund Evans. Post 4to. $s. boards. 

Latham.— Works by Robert G. 

Latham, M.A. M.D. 
A Dictionary of the English 

Language. Founded on the Dictionary 
of Dr. Johnson. Four vols. 4to. £7. 

A Dictionary of the English 
Language. Abridged from Dr. Latham’s 
Edition of Johnson’s Dictionary. One 
Volume. Medium 8vo. I4J-. 

Handbook of the English Lan¬ 
guage. Crown 8vo. 6s. 

Lecky.— Works by W.E. H.Lecky. 

History of England in the i8th 

Century. 4 vols. 8vo. 1700-1784, 

£3- 12s- 
The Histor yof E uropean Morals 

from Augustus to Charlemagne. 
2 vols. crown 8vo. i6r. 

History of the Rise and Lnflu- 
ence of the Spirit of Rationalism 
in Europe. 2 vols. crown 8vo. i6r. 

Leaders of Public Opinion in 
Lreland. — Swift, Flood, Grattan, 
O’Connell. Crown Svo. ys. 6d. 

Lenormant. — The Book of 
Genesis. A New Translation from the 
Hebrew. By Francois Lenormant. 

Member of the Institute. Translated 
from the French, with Introduction, 
by the Author of ‘ Mankind, their Origin 
and Destiny.’ Svo. 10s. 6d. 

Lewes.—The History of Philo¬ 
sophy, from Thales to Comte. By 
George Henry Lewes. 2 vols, 8vo. 32^. 

Liddell & Scott. — A Greek- 
English Lexicon. Compiled by Henry 

George Liddell, D.D. Dean of Christ 
Church; and Robert Scott, D.D. Dean 
of Rochester. 4to. 36s. 

List .— The National System of 
Political Economy. By Friedrich 

List. Translated from the Original 
German by Sampson S. Lloyd, M.P. 
8vo. io.r. 6d. 

Little.— On In-knee Distortion 
(Genu Valgum) : Its Varieties and Treat¬ 
ment with and without Surgical Opera¬ 
tion. By W. J. Little, M.D. Assisted 
by Muirhead Little, M.R.C.S. With 
40 Illustrations. 8vo. 7s. 6d. 
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Liveing.— Works by Robert Live- 

ing, M.A. and M.D. Cantab. 
Handbook on Diseases of the 

Skin. With especial reference to Diag¬ 
nosis and Treatment. Fcp. 8vo. 5^. 

Notes on the Treatment of Skin 

Diseases. i8mo. 3s. 

Elephantiasis Graecorum, or 
True Leprosy. Crown 8vo. 4s. 6d. 

Lloyd.—A Treatise on Magnet¬ 
ism', General and Terrestrial. By H. 
Lloyd, D.D. D.C.L. 8vo. 10s. 6d. 

Lloyd.—The Science of Agricul¬ 
ture. By F. J. Lloyd. 8vo. 12s. 

Longman.— Works by William 

Longman, F.S.A. 
Lectures on the History of 

England from the Earliest Times to the 
Death of King Edward II. Maps and 
Illustrations. 8vo. 15J. 

History of the Life and Times 
of Edward III. With 9 Maps, 8 
Plates, and 16 Woodcuts. 2vols. 8vo. 28s. 

Longman.— Works by Frederick 

W. Longman, Balliol College, Oxon. 
Chess Openings. Fcp. 8vo. 2s. 6d. 

Frederick the Great and the 

Seven Years' War. With 2 Coloured 
Maps. 8vo. 2s. 6d. 

A New Pocket Dictionary of 

the German and English Lan¬ 

guages. Square i8mo. 2s. 6d. 

Longman’s Magazine. Published 
Monthly. Price Sixpence. 
Vols. 1-6, 8vo. price 55'. each. 

Longmore.— Gunshot Lnjuries ; 
Their History, Characteristic Features, 
Complications, and General Treatment. 
By Surgeon-General T. Longmore, C.B. 
F.R.C.S. With 58 Illustrations. 8vo. 
price 3U. 6d. 

Loudon.— Works by /! C. Loudon, 
F.L.S. 

Encyclopedia of Gardening ; 

the Theory and Practice of Horticulture, 
Floriculture, Arboriculture, and Land¬ 
scape Gardening. With 1,000 Woodcuts. 
8vo. 21 s. 

Encyclopedia of Agriculture; 

the Laying-out, Improvement, and 
Management of Landed Property; the 
Cultivation and Economy of the Produc¬ 
tions of Agriculture. With 1,100 Wood- 
cuts. 8vo. 21 s. 

Encyclopedia of Plants; the 
Specific Character, Description, Culture, 
History, &c. of all Plants found in Great 
Britain. With 12,000 Woodcuts. 8vo. 42J. 

Lubbock.—The Origin of Civili¬ 
zation and the Primitive Condition 

of Man. By Sir J. Lubbock, Bart. 
M. P. F.R.S. 8vo. Woodcuts, i8j. 

Lyra Germanica ; Hymns Trans¬ 
lated from the German by Miss C. 
WlNKWORTH. Fcp. 8vO. 5j. 

Macalister.— An Lntroduction 
to the Systematic Zoology and 

Morphology of Vertebrate Ani¬ 

mals. By A. Macalister, M.D. 

With 28 Diagrams. 8vo. ioj. 6d. 

Macaulay.— Works and Life of 

Lord Mac a ula y. 

History of England from the 

Accession of James the Second: 

Student’s Edition, 2 vols. crown 8vo. 12s. 
People’s Edition, 4 vols. crown 8vo. i6.r. 
Cabinet Edition, 8 vols. post 8vo. 48^. 
Library Edition, 5 vols. 8vo. £4. 

Critical and Historical Essays, 

with Lays of Ancient Rome, in 1 
volume : 

Authorised Edition, crown 8vo. 2s. 6d. or 
3-r. 6d. gilt edges. 

Popular Edition, crown 8vo. 2s. 6d. 

Critical and Historical Essays: 

Student’s Edition, 1 vol. crown 8vo. 6s. 
People’s Edition, 2 vols. crown 8vo. 8s. 

Cabinet Edition, 4 vols. post 8vo. 24s. 
Library Edition, 3 vols. 8vo. 36^. 

Essays which may be had separ¬ 
ately price 6d. each sewed, ir. each cloth : 

Addison and Walpole. 
Frederick the Great. 
Croker’s Boswell’s Johnson. 
Hallam’s Constitutional History. 
Warren Hastings, yi. sewed, 6d. cloth. 
The Earl of Chatham (Two Essays). 
Ranke and Gladstone. 
Milton and Machiavelli. 
Lord Bacon. 
Lord Clive. 
Lord Byron, and The Comic Dramatists of 

the Restoration. 

The Essay on Warren Hastings annotated 
by S. Hales, is. 6d. 

The Essay on Lord Clive annotated by 
H. Courthope-Bowen, M.A. 2s. 6d. 

Speeches: 

People’s Edition, crown 8vo. 35. 6d. 
[Continued on next page. 
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Macaulay—Works and Life of 
L ORD Ma CA ULA i r— coni it wed. 

Miscellaneous Writings : 

Library Edition, 2 vols. 8vo. Portrait, 21a 

People’s Edition, 1 vol. crown 8vo. 4s. 6d. 

La ys of Ancient Lome, cue. 

Illustrated by G. Scharf, fcp. 4to. ioa 6d. 

-Popular Edition, 
fcp. 4to. 6d. sewed, ia cloth. 

Illustrated by J. R. Weguelin, crown 8vo. 
3A 6d. cloth extra, gilt edges. 

Cabinet Edition, post 8vo. y. 6d. 

Annotated Edition, fcp. 8vo. ia sewed, 
ia 6d. cloth, or 2s. 6d. cloth extra, gilt 
edges. 

Selections from the Writings 
of Lord Macaulay. Edited, with Oc¬ 
casional Notes, by the Right Hon. G. O. 
Trevelyan, M.P. Crown 8yo. 6s. 

Mackenzie.—On the Use of the 

Laryngoscope in Diseases of the 

Throat; with an Appendix on Rhino¬ 
scopy. By Morell Mackenzie, M.D. 

Lond. With 47 Woodcut Illustrations. 
8vo. 6s. 

Macleod.— Works by Henry D. 

Macleod, M.A. 

Principles of Economical Philo¬ 
sophy. In 2 vols. Vol. I. 8vo. 15A 
Vol. II. Part i. 12s. 

The Elements of Economics. In 
2 vols. Vol. I. crown 8vo. js. 6d. Vol. 
II. Part i, crown 8vo. 'js. 6d. 

The Elements of Banking. 
Crown 8vo. 5a 

The Theory and Practice of 

Banking. Vol. I. Svo. J2a Vol. II. 

Elements of Political Economy. 

8yo. 16s. 

Miscellaneous Writings and 
Speeches: 

Student’s Edition, in One Volume, crown 
8vo. 6s. 

Cabinet Edition, including Indian Penal 
Code, Lays of Ancient Rome, and Mis¬ 
cellaneous Poems, 4 vols. post Svo. 245-. 

The Complete Works of Lord 
Macaulay. Edited by his Sister, Lady 
Trevelyan. 

Library Edition, with Portrait, 8 vols. 
^ demy Svo. ^5. 5a 
Cabinet Edition, 16 vols. post Svo. ^4. i6a 

The Life and Letters of Lord 
Macaulay. By the Right Hon. G. O. 
Trevelyan,M.P. 

Popular Edition, 1 vol. crown Svo. 6s. 

Cabinet Edition, 2 vols. post Svo. I2a 

Library Edition, 2 vols. Svo. with Portrait, 
36a 

Macdonald.— Works by George 

Macdonald, LL.D. 

Unspoken Sermons. Second Series. 
Crown Svo. 7a 6d. 

A Book of Strife, in the form 
of The Diary of an Old Soul: 

Poems. 121110. 6a 

Hamlet. A Study with the Text of 
the Folio of 1623. 8vo. I2a 

Macfarren.—Lectures on Har¬ 
mony, delivered at the Royal Institution. 
By Sir G. A. Macfarren. Svo. I2a 

McCulloch. — The Dictionary 
of Commerce and Commercial Na vi- 

gation of the late J. R. McCulloch, 

of H.M. Stationery Office. Latest Edi¬ 
tion, containing the most recent Statistical 
Information by A. J. Wilson, i vol. 
medium Svo. with 11 Maps and 30 Charts, 
price 631". cloth, or 70A strongly half¬ 
bound in russia. 

Mahaffy.—A History of Clas¬ 
sical Greek Liter a ture. By the Rev. 
J. P. Mahaffy, M.A. Crown Svo. 
Vol. I. Poets, Js. 6d. Vol. II. Prose 
Writers, Js. 6d. 

Malmesbury. — Memoirs of an 
Ex-Minister : an Autobiography. By 
the Earl of Malmesbury, G. C. B. Cheap 
Edition. Crown Svo. Js. 6d. 

Manning'.—The Temporal Mis¬ 
sion of the Holy Ghost ; or, Reason 
and Revelation. By H. E. Manning, 

D.D. Cardinal-Archbishop. Crown Svo. 
8s. 6d. 

The Maritime Alps and their 
Seaboard. By the Author of ‘Vera,’ 
‘Blue Roses,’ &c. With 14 Full-page 
Illustrations and 15 Woodcuts in the Text. 
Svo. 21A 

Martineau— Works by James 

Martineau, D.D. 
I Hours of Thought on Sacred 

Things. Two Volumes of Sermons. 
2 vols. crown Svo. Js. 6d. each. 

Endeavours after the Christian 
Life. Discourses. Crown 8vo. Js. 6d. 
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Maunder’s Treasuries. 
Biographical Treasury. Recon¬ 

structed, revised, and brought down to 
the year 1882, by W. L. R. Cates. 

Fcp. 8vo. 6s. 

Treasury of Natural History; 
or, Popular Dictionary of Zoology. Fcp. 
8vo. with 900 Woodcuts, 6s. 

Treasury of Geography,; Physical, 
Historical, Descriptive, and Political. 
With 7 Maps and 16 Plates. Fcp. 8vo. 6s. 

Historical Treasury: Outlines of 
Universal History, Separate Histories of 
all Nations. Revised by the Rev. Sir G. 
W. Cox, Bart. M.A. Fcp. 8vo. 6s, 

Treasury of Knowledge and 

Library of Reference. Comprising 
an English Dictionary and Grammar, 
Universal Gazetteer, Classical Dictionary, 
Chronology, Law Dictionary, &c, Fcp. 
8vo. 6s. 

Scientific and Literary Trea¬ 
sury: a Popular Encyclopaedia of Science, 
Literature, and Art. Fcp. 8vo. 6s. 

The Treasury of Bible Know¬ 
ledge ; being a Dictionary of the Books, 
Persons, Places, Events, and other matters 
of which mention is made in Holy Scrip¬ 
ture. By the Rev. J. Ayre, M.A. With 
5 Maps, 15 Plates, and 300 Woodcuts. 
Fcp. 8vo. 6s. 

The Treasury of Botany, or 
Popular Dictionary of the Vegetable 
Kingdom. Edited by J. Lindley, F. R. S. 
and T. Moore, F.L.S. With 274 Wood- 
cuts and 20 Steel Plates. Two Parts, 
fcp. 8vo. 12s. 

Maxwell.—Don John of Aus¬ 
tria ; or, Passages from the History 
of the Sixteenth Century, 1547-1578. 
By the late Sir William Stirling 

Maxwell, Bart. K.T. With numerous 
Illustrations engraved on Wood. Library 
Edition. 2 vols. royal 8vo. 42J. 

May.— Works by the Right Hon. 

Sir ThomasBrskineMa y, K. C.B. 

The Constitutional History of 

England since the Accession of 

George III. 1760-1870. 3 vols. crown 
8vo. i8i-. 

Democracy in Europe ; a History. 
2 vols. 8vo. 32^. 

Melville.—The Novels of G. J. 
Whyte Melville, is. each, sewed ; 
or ii1. 6d. cloth. 

The Gladiators. 
The Interpreter. 
Good for Nothing. 
The Queen’s Maries. 

Holmby House. 
Kate Coventry. 
Digby Grand. 
General Bounce. 

Mendelssohn.—The Letters of 
Felix Mendelssohn. Translated by 
Lady Wallace. 2 vols. crown 8vo. ioj. 

Merivale.— Works1 by the Very 

Rev. Charles Merivale, D.D. 
Dean of Ely. 

History of the Romans under 

the Empire. 8 vols. post 8vo. 48^-. 

The Fall of the Roman Repub¬ 
lic : a Short History of the Last Cen¬ 
tury of the Commonwealth. i2mo. *]s. 6d. 

General History of Rome from 

b.c. 753 to a.d. 476. Crown 8vo. Js. 6d. 

The Roman Triumvirates. With 
Maps. Fcp. 8vo. 2s. 6d. 

Miles. — Works by William 

Miles. 

The Horse’s Foot, and How to 

keep it Sound. Imp. 8vo. 12s. 6d. 

Stables and Stable Fittings. 
Imp. 8vo. with 13 Plates, 15^. 

Remarks on Horses’ Teeth, ad¬ 
dressed to Purchasers. Post 8vo. is. 6d. 

Plain Treatise on Horse-shoe¬ 

ing. Post 8vo. Woodcuts, 2s. 6d. 

Mill.—Analysis of the Pheno¬ 
mena of the Human Mind. By 
James Mill. With Notes, Illustra¬ 
tive and Critical. 2 vols. 8vo. 28^. 

Mill.— Works by John Stuart 

Mill. 

Principles of Political Economy. 
Library Edition, 2 vols. 8vo. 30^. 
People’s Edition, 1 vol. crown 8vo. $s. 

A System of Logic, Ratiocinative 
and Inductive. 

Library Edition, 2 vols. 8vo. 25.?. 
People’s Edition, crown 8vo. 55'. 

On Liberty. Crown 8vo. it. 4d. 

On Representa tive Go vernment. 
Crown 8vo. 2s. 

Autobiography, 8vo. 7s. 6d. 

Essays on some Unsettled Ques¬ 

tions of Political Economy. 8vo. 
6s. 6d. 

Utilitarianism. 8vo. 5s. 

The Subjection of Women. Crown 
8vo. 6s. 

Examination of Sir William 
Hamilton’s Philosophy. 8vo. i 6s. 

Nature,the Utility of Religion, 
and Theism. Three Essays. 8vo. 

5s• 
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Miller. — Works by W. Allen 

Miller, M.D. LL.D. 

The Elements of Chemistry, 
Theoretical and Practical. Re-edited, 
with Additions, by H. Macleod, F.C.S. 
3 vols. 8vo. 

Part I. Chemical Physics, i6a 

Part II. Inorganic Chemisty, 24s. 
Part III. Organic Chemistry, 31A 6d. 

An Introduction to the Study 

of Inorganic Chemistry. With 71 
Woodcuts. Fcp. 8vo. 3A 6d. 

Miller. — Readings in Social 
Economy. By Mrs. F. Fenwick 

Miller. Crown 8vo. 2a 

Mitchell. —A Manual of Prac¬ 
tical Assaying. By John Mitchell, 

F.C S. Revised, with the Recent Dis¬ 
coveries incorporated. By W. Crookes, 

F.R.S. 8vo. Woodcuts, 315. 6d. 

Modern Novelist’s Library (The). 
Price 2s. each boards, or 2s. 6d. each 
cloth :— 

By Mrs. Oliphant. 

In Trust. 

By James Payn. 

Thicker than Water. 

By Bret Harte. 

In the Carquinez Woods 

By Various Writers. 

The Atelier du Lys. By the Author of 
‘ Mademoiselle Mori.’ 

Atherstone Prior)*. By L. N. Comyn. 
The Burgomaster’s Family. By E. C. 

W. Van Walree. 
Elsa and her Vulture, By W. Van 

Hillern. 
Mademoiselle Mori. By the Author of 

‘ The Atelier du Lys.’ 
The Six Sisters of the Valleys. By Rev. 

W. Bramley-Moore, M.A. 
Unawares. By the Author of ‘ The Rose- 

Garden.’ 

Monsell.—Spiritual Songs for 
the Sundays and Holidays through¬ 

out the Year. By J. S. B. Monsell, 

LL.D. Fcp. 8vo. 5a i8mo. 2s. 

Moore.—Lalla Rookh. By Thomas 
Moore. Tenniel’s Edi:ion, with 68 
Woodcut Illustrations. Crown 8vo, 
ioa 6d. 

Morehead.- Clinical Researches 
on Disease in India. By Charles 

Morehead, M.D. Surgeon to the Jam - 
setjee Jeejeebhoy Hospital. 8vo, 2is. 

'' Mozley.—Works by the Rev. 

Thomas Mozley, M.A. 

Reminiscences chiefly of Oriel 
College and the Oxford Movement. 

2 vols. crown 8vo. i8a 

Reminiscences chiefly of Towns, 
Villages, and Schools. 2 vols. crown 
8vo. 1 8a 

Mulhall.—History of Prices since 
the Year 1850. By Michael G. 
Mulhall. Crown 8vo. 6s. 

Muller. — Works by F. Max 

Muller, M.A. 

Biographical Essays. Crown Syo, 
7a 6d. 

Selected Essays on Language, 
Mythology and Religion. 2 vols. 
crown 8vo. i6a 

Lectures on the Science of Lan¬ 

guage. 2 vols. crown 8vo. i6a 

Lndia, What Can it Teach Us? 
A Course of Lectures delivered before the 
University of Cambridge. 8vo. I2A 6d. 

Hibbert Lectures on the Origin 

and Growth of Religion, as illus¬ 
trated by the Religions of India. Crown 
8vo. p. 6d. 

Lntroduction to the Science of 
Religion: Four Lectures delivered at the 
Royal Institution. Crown 8vo. Js. 6d. 

A Sanskrit Grammar for Begin¬ 
ners, in Devanagari and Roman Letters 
throughout. Royal 8vo. p. 6d. 

A Sanskrit Grammar for Be¬ 
ginners. New and Abridged Edition, 
accented and transliterated throughout, 
with a chapter on Syntax and an Ap¬ 
pendix on Classical Metres. By A. A. 
MacDonell, M.A. Ph.D. Crown 8vo, 
6s. 

Murchison.— Works by Charles 

Murchison, M.D. LL.D. cpc. 

A Treatise on the Continued 
Fevers of Great Britain. Revised 
by W. Cayley, M.D. Physician to the 
Middlesex Hospital. Svo. with numerous 
Illustrations, 25a 

Clinical Lectures on Diseases 
of the Liver, Jaundice, and Abdom¬ 

inal Dropsy. Revised by T. Lauder 

Brunton, M.D. and Sir Joseph 

Fayrer, M.D. 8vo. with 43 Illustra¬ 
tions, 24A 
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Neison.—The Moon,; and the Con¬ 
dition and Configurations of its Surface. 
By E. Neison, F.R.A.S. With 26 
Maps and 5 Plates. Medium 8vo. 31^. 6d. 

Nevile.— Works by George Ne- 

vile, M.A. 
Morses and Riding. With 31 Illus¬ 

trations. Crown 8vo. 6s. 

Tar ms and Farming. With 13 
Illustrations. Crown 8vo. 6s. 

Newman.— Works by Cardinal 

Newman. 

Apologia pro VitA SuA. Crown 
8vo. 6s. 

The Idea of a University defined 

AND ILLUSTRATED. Cl'OWn 8vO. "JS. 

Historical Sketches. 3 vols. 
crown 8vo, 6s. each. 

Discussions and Arguments on 

Various Subjects. Crown 8vo. 6s. 

An Ess A Y ON THE DEVELOPMENT OF 

Christian Doctrine. Crown 8vo. 6s. 

Certain Difficulties felt by 

Anglicans in Catholic Teaching 

Considered. Vol. 1, crown 8vo. js. 6d.; 

Vol. 2, crown 8vo. 5a 6d. 

The Via Media of the Anglican 
Church, illustrated in Lectures 

Sac. 2 vols. crown 8vo. 6s. each. 

Essays, Critical and Historical. 

2 vols. crown 8vo. I2a 
Essays on Biblical and on Eccle¬ 

siastical Miracles. Crown 8vo. 6s. 

An Essay in Aid of a Grammar 

of Assent, js. 6d. 

New Testament (The) of our 
Lord and Saviour Jesus Christ. Illus¬ 
trated with Engravings on Wood after 
Paintings by the Early Masters chiefly ofthe 
Italian School. New and Cheaper Edition. 
4to. 21s. cloth extra, or 42A morocco. 

Noble. — The Russian Revolt: 
its Causes, Condition, and Prospects. 
By Edmund Noble. Fcp. 8vo. 5a 

Northcott.— Lathes and Turn¬ 
ing, Simple, Mechanical, and Ornamen¬ 
tal. By W. H. Northcott. With 338 
Illustrations. 8vo. i8a 

'O’Hagan.—Selected Speeches and 

Arguments of the Right Hon. 

Thomas Baron O’ Hagan. Edited by 
George Teeling. With Portrait. 8vo. 

i6a 

Oliphant.—Madam. A Novel. By 
Mrs. Oliphant. Crown 8vo. 3A 6d. 

Overton.—Life in the English 
Church {1660-1714). By J. H. Over- 

ton, M.A. Rector of Epworth. 8vo. 14^. 

Owen. — The Comparative Ana¬ 
tomy and Physiology of the 

Vertebrate Animals. By Sir 
Richard Owen, K.C.B. &c. With 1,472 
Woodcuts. 3 vols. 8vo. £3. 13A 6d. 

Paget. — Works by Sir James 

Paget, Bart. F.R.S. D.C.L. <5re. 

Clinical Lectures and Essays. 
Edited by F. Howard Marsh, Assistant- 
Surgeon to St. Bartholomew’s Hospital. 
8vo. 155. 

Lectures on Surgical Patho¬ 
logy. Re-edited by the Author and 
W. Turner, M.B. 8vo. with 131 
Woodcuts, 21s. 

Pasolini. — Memoir of Count 
Giuseppe Pasolini, late President 

of the Senate of Italy. Compiled 
by his Son. Translated and Abridged 
by the Dowager-Countess of Dal- 

housie. With Portrait. 8vo. 16s. 

Pasteur.—Louis Pasteur, his Life 
and Labours. By his Son-in-Law. 

Translated from the French by Lady 
Claud Hamilton. Crown 8vo. 7s. 6d. 

Payn.—TheLuckof the Darrells: 
a Novel. By James Payn, Author of 

4 By Proxy,’ ‘Thicker than Water,’ &c. 
Crown 8vo. 31. 6d. 

Pears.—The Fall of Constanti¬ 
nople: being the Story of the Fourth 
Crusade. By Edwin Pears, LL.B. 
Barrister-at-Law, late President of the 
European Bar at Constantinople, and 
Knight of the Greek Order of the 
Saviour. 8vo. i6a 

Peel.—A Highland Gathering. 
By E. Lennox Peel. With 31 Illus¬ 
trations engraved on Wood by E. 
Whymper. Crown 8vo. ioa 6d. 

Pennell.—cFrom Grave to Gay\* 
a Volume of Selections from the complete 
Poems of H. Cholmondeley-Pennell, 

Author of ‘ Puck on Pegasus ’ &c. Fcp. 
8vo. 6s. 

Pereira.—Materia Medic a and 
Therapeutics. By Dr. Pereira. 

Edited by Professor R. Bentley, 

M.R.C.S. F.L.S. and by Professor T. 
Redwood, Ph.D. F.C.S. With 126 
Woodcuts, 8vo. 25s. 

Perry. — A Popular Lntroduc- 

tion to the History of Greek and 

Roman Sculpture, designed to Promote 
the Knowledge and Appreciation of the 
Remains of Ancient Art. By Walter 

C. Perry. With 268 Illustrations. 
Square crown 8vo. 31 a 6d. 
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Piesse.—The Art of Perfumery, 
and the Methods of Obtaining the Odours 
of Plants; with Instructions for the 
Manufacture of Perfumes, &c. By G. 
W. S. Piesse, Ph.D. F.C.S. With 

96 Woodcuts, square crown 8vo. 21 s. 

Pole.—The Theory of the Mo¬ 
dern Scientific Game of Whist. 

By W. Pole, F.R.S. Fcp. 8vo. 2s. 6d. 

Pontalis.—-John De Witt, Grand 
Pensionary of Holland ; or, Twenty 
Years of a Parliamentary Republic. By 
M. Antonin Lef£vre Pontalis. 

Translated from the French by S. E. and 
A. Stephenson. 2 vols. 8vo. 36-r. 

Proctor.— Works by R. A. Proc¬ 
tor. 

The Sun; Ruler, Light, Fire, and 
Life of the Planetary System. With 
Plates and Woodcuts. Crown 8vo. 145. 

The Orbs Around Us ; a Series of 
Essays on the Moon and Planets, Meteors 
and Comets. With Chart and Diagrams, 
crown 8vo. 5^. 

Other Worlds than Ours ; The 
Plurality of Worlds Studied under the 
Light of Recent Scientific Researches. 
With 14 Illustrations, crown 8vo. 5^. 

The Moon ; her Motions, Aspects, 
Scenery, and Physical Condition. With 
Plates, Charts, Woodcuts, and Lunar 
Photographs, crown 8vo. ioj-. 6d. 

Universe of Stars; Presenting 
Researches into and New Views respect¬ 
ing the Constitution of the Heavens. 
With 22 Charts and 22 Diagrams, 8vo. 
lor. 6d. 

Larger Star Atlas for the Library, 
in 12 Circular Maps, with Introduction 
and 2 Index Pages. Folio, 15^. or Maps 
only, 12s. 6d. 

New Star Atlas for the Library, 
the School, and the Observatory, in 12 
Circular Maps (with 2 Index Plates). 
Crown 8vo. 5^. 

Light Science for Leisure Hours; 

Familiar Essays on Scientific Subjects, 
Natural Phenomena, &c. 3 vols. crown 
8vo. 5s. each. 

Studies of Venus-Transits ; an 
Investigation of the Circumstances of the 
Transits of Venus in 1874 and 1882. 
With 7 Diagrams and 10 Plates. 8vo. 5^. 

Pleasant Ways in Science. Crown 
8vo. 6s. 

Myths and Marvels of Astro¬ 
nomy. Crown 8vo. 6s. 

The ‘KNOWLEDGE’ LIBRARY. Edi¬ 
ted by Richard A. Proctor. 

How to Play Whist: with the 
Laws and Etiquette of Whist. 

By R. A. Proctor. Crown 8vo. 5^. 

Home Whist: an Easy Guide to 
Correct Play. By R. A. Proctor. 

i6mo. is. 

The Poetry of Astronomy. A 
Series of Familiar Essays. By R. A. 
Proctor. Crown 8vo. 6s. 

Nature Studies. Reprinted from 
Knowledge. By Grant Allen, A. 

Wilson, T. Foster, E. Clodd, and 

R. A. Proctor. Crown 8vo. 6s. 

Leisure Readings. Reprinted from 
Knowledge. By E. Clodd, A. Wilson, 

T. Foster, A. C. Runyard, and R. A. 

Proctor. Crown Svo. 6s. 

The Stars in their Seasons. 

An Easy Guide to a Knowledge of the 
Star Groups, in 12 Large Maps. By R. 
A. Proctor. Imperial 8vo. $s. 

Star Primer. Showing the Starry 
Sky Week by Week, in 24 Hourly Maps. 
By R. A. Proctor. Crown 4to. 2s. 6d. 

Tlie Seasons Pictured in 48 Sun- 
Views of the Earth, and 24 Zodiacal 
Maps, &c. By R. A. Proctor. Demy 
4to. 5-r. 

Strength and Happiness. By 
R. A. Proctor. Crown 8vo. 5^ 

Rough Ways Made Smooth. A 
Series of Familiar Essays on Scientific 
Subjects. By R. A. Proctor. Crown 
8vo. 6s. 

Our Place Among Lnfinities. A 
Series of Essays contrasting our Little 
Abode in Space and Time with the Infi¬ 
nites Around us. By R. A. Proctor. 

Crown 8vo. $s. 

The Expanse of Heaven. A 
Series of Essays on the Wonders of 
the Firmament. By R. A. PROCTOR. 
Crown Svo. 5^. 

Quain’s Elements of Anatomy. 
The Ninth Edition. Re-edited by Allen 

Thomson, M.D. LL.D. F.R.S.S. L. & E. 
Edward Albert Schafer, F.R.S. and 
George Dancer Thane. With up¬ 
wards of 1,000 Illustrations engraved on 
Wood, of which many are Coloured. 
2 vols. Svo. 18s. each. 

Quain.—A Dictionary of Medi¬ 

cine. By Various Writers. Edited by R. 
Quain, M.D. F.R.S. &c. With 138 
Woodcuts. Medium Svo. 31J. 6d. cloth, 
or 40J-. half-russia; to be had also in 
2 vols. 34-r. cloth. 
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Kawlinson. — The Seventh 
Great Oriental Monarchy; or, a 
History of the Sassanians. By G. Raw- 

LiNSON, M.A. With Map and 95 Illus¬ 
trations. 8vo. 28a 

Reader.— Works by Emily E. 

Reader. 

Voices from Flower-Land, in 
Original Couplets. A Birthday-Book and 
Language of Flowers. i6mo. 2s. 6d. limp 
cloth ; y. 6d. roan, gilt edges, or in vege¬ 
table vellum, gilt top. 

Fairy Prince Follow-my-Lead ; 
or, the Magic Bracelet. Illustrated 

by Wm. Reader. Cr. 8vo. 5a gilt edges; 

or 6s. vegetable vellum, gilt edges. 

Reeve. — Cookery and House¬ 
keeping. By Mrs. Henry Reeve. With 
8 Coloured Plates and 37 Woodcuts. 
Crown 8vo. Js. 6d. 

Rich.—A Dictionary of Roman 
and Greek antiquities. With 2,000 
Woodcuts. By A. Rich, B.A. Cr. 8vo. 
7s. 6d. 

Rivers. — Works by Thomas 

Rivers. 

The Orchard-House. With 25 
Woodcuts. Crown 8vo. 5a 

The Rose Amateur's Guide. 

Fcp. 8vo. 4s. 6d. 

The Miniature Fruit Garden; 
or, the Culture of Pyramidal and Bush 
Fruit Trees, with Instructions for Root 
Pruning. With 32 Illustrations. Fcp. 
8vo. 4A 

Robinson. — The New Arcadia, 
and other Poems. By A. Mary F. 
Robinson. Crown 8vo. 6s. 

Rogers.— Works by Hy. Rogers. 

The Eclipse of Faith ; or, a Visit 
to a Religious Sceptic. Fcp. 8vo. 5a 

Defence of the Eclipse of 
Faith. Fcp. 8vo. 3s. 6d. 

Roget.— Thesaurus of English 
Words and Phrases. By Peter M. 
Roget, M.D. Crown 8vo. 105. 6d. 

Ronalds. — The Fly-Fisher's 
Entomology. By Alfred Ronalds. 

With 20 Coloured Plates. 8vo. 14A 

Salter.—Dental Pathology and 

Surgery. By S. J. A. Salter, M.B. 
F.R.S. With 133 Illustrations. 8vo. i8a 

Schafer. — The Essentials of 

Histology, Descriptive and Practi¬ 

cal. For the use of Students. By E. 
A. Schafer, F.R.S. With 281 Illus¬ 
trations. 8vo. 6s. or Interleaved with 
Drawing Paper, 8a 6d. 

Schellen. — Spectrum Analysis 
in its Application to Terrestrial 

Substances, and the Physical Constitu¬ 
tion of the Heavenly Bodies. By the 
late Dr. H. Schellen. Translated by 
Jane and Caroline Lassell. Edited, 
with Notes, by Capt. W. De W. Abney, 

R.E. Second Edition. With 14 Plates 
(including Angstrom’s and Cornu’s Maps) 
and 291 Woodcuts. 8vo. 31A 6d. 

Seebohm.— Works by Frederic 

Seebohm. 

The Oxford Reformers — John 
Co let, Erasmus, and Thomas More; 

a History of their Fellow-Work. 8vo. 
145. 

The English Village Community 

Examined in its Relations to the Manorial 
and Tribal Systems, &c, 13 Maps syid 
Plates. 8vo. i6a 

The Era of the Protestant Revo¬ 

lution. With Map. Fcp. 8vo. 2s. 6d. 

Sennett. — The Marine Steam 
Engine ; a Treatise for the use of Engi¬ 
neering Students and Officers of the Royal 
Navy. By Richard Sennett, Chief 
Engineer, Royal Navy. With 244 Illus 
trations. 8vo. 21 a 

Sewell. — Stories and Tales. 
. By Elizabeth M. Sewell. Cabinet 

Edition, in Eleven Volumes, crown 8vo. 
3a 6d. each, in cloth extra, with gilt 
edges:— 

Amy Herbert. 
The Earl’s Daughter. 
The Experience of Life. 
A Glimpse of the World 
Cleve Hall. 
Katharine Ashton. 
Margaret Percival. 
Laneton Parsonage 
Ursula. 
Gertrude. 
Ivors. 

Shakespeare. — Bowdlers Fa¬ 
mily Shakespeare. Genuine Edition, 
in 1 vol. medium 8vo. large type, with 
36 Woodcuts, 14A or in 6 vols. fcp. 8vo. 
2lA 

Outlines of the Life of Shake¬ 

speare. By J. O. Halliwell-Phil- 

lipps, F.R.S. Royal 8vo. 7a 6d. 

Short.—Sketch of the History 
of the Church of England to the 
Revolution of 1688. By T. V. Short, 
D.D. Crown 8vo. 7a 6d. 

Simcox.— A History of Latin 
Literature. By G. A. Simcox, M.A. 
Fellow of Queen’s College, Oxford. 2 
vols. 8vo. 32A 
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Smith, Rev. Sydney.— The Wit 
and Wisdom of the Rev. Sydney 

Smith. Crown Svo. 3-r. 6d. 

Smith, R. Bosworth. — Car¬ 
thage and the Carthaginians. By 
R. Bosworth Smith, M.A. Maps, 
Plans, &c. Crown 8vo. ioj-. 6d. 

Smith, R. A.—Air and Tain; the 
Beginnings of a Chemical Climatology. 
By R. A. Smith, F.R.S. Svo. 24s. 

Smith, James.—The Voyage and 
Shipwreck of St. Paul. By James 

Smith, of Jordanhill. With Dissertations 
on the Life and Writings of St. Luke, 
and the Ships and Navigation of the 
Ancients. With numerous Illustrations. 
Crown Svo. ys. 6d. 

Smith, T. —A Manual of Opera- j 

tive Surgery on the Dead Body. 

By Thomas Smith, Surgeon to St. 
Bartholomew’s Hospital. A New Edi¬ 
tion, re-edited by W. J. Walsham. 

With 46 Illustrations. Svo. 12s. 

Smith, H. F. — The Handbook for j 

Midwives. By Henry Fly Smith, 

M.B. Oxon. M.R.C.S. late Assistant- 
Surgeon at the Hospital for Sick Women, 
Soho Square. With 41 Woodcuts. 
Crown Svo. 5^. 

Sophocles. — Sophoclis Tragce- 
diae superstites ; recensuit et brevi Anno¬ 
tation instruxit Gulielmus Linwood, 

M.A. /Edis Christi apud Oxonienses 
nuper Alumnus. Editio Quarta, auctior 
et emendatior. Svo. i6j-. 

South ey.—The Poe tic a l Works 
of Robert Southey, with the Author’s 
last Corrections and Additions. Medium 
Svo. with Portrait, 14J. 

Stanley. — A Familiar History 
of Birds. By E. Stanley, D.D. 
Revised and enlarged, with 160 Wood- 
cuts. Crown Svo. 6s. 

Steel.-—A Treatise on the Dis¬ 
eases of the Ox; being a Manual of 
Bovine Pathology specially adapted for 
the use of Veterinary Practitioners and 
Students. By J. H. Steel, M. R.C.V.S. 
F.Z.S. With 2 Plates and 116 Wood- 
cuts. Svo. 155-. 

Stephen. —Essays in Ecclesias¬ 
tical Biography. By the Right Hon. 
Sir J. Stephen, LL.D. Crown Svo. 

7s. 6d. 

Stevenson.—■Works by Robert 

Louis Stevenson. 

A Child's Garden of Verses. 

Small fcp. Svo. 50'. 
The Dynamiter. Fcp. Svo. is. swd. 

1 a 6d. cloth. 

Strange Case of Dr. Jekyll and 
Mr. Hyde. Fcp. Svo. is. sewed; is. 6d. 
cloth. 

‘Stonehenge. ’—The Dog in 
Health and Disease. By ‘ Stone¬ 

henge.’ With 78 Wood Engravings. 
Square crown Svo. ys. 6d. 

The Greyhound. By‘Stonehenge,’ 

With 25 Portraits of Greyhounds, &c. 
Square crown Svo. 15^. 

Stoney. — The Theory of the 
Stresses on Girders and Similar 

Structures. With Practical Observa¬ 
tions on the Strength and other Properties 
of Materials. By Bindon B. Stoney, 

LL.D. F. R. S. M. I. C. E. New Edition, 
Revised, with numerous Additions of 
Graphic Statics, Pillars, Steel, Wind 
Pressure, Oscillating Stresses, Working 
Loads, Riveting, Strength and Tests of 
Material. With 5 Plates, and 143 Illus¬ 
trations in the Text. Royal Svo. 36-5-. 

Sully .— Outlines of Psychology, 
with Special Reference to the Theory of 
Education. By James Sully, M.A. 
8vo. I2J-. 6d. 

Supernatural Religion ; an In¬ 
quiry into the Reality of Divine Reve¬ 
lation. Complete Edition, thoroughly 
revised. 3 vols. Svo. 36s. 

Swinburne. — Picture Logic; an 
Attempt to Popularise the Science of 
Reasoning. By A. J. Swinburne, B.A. 
Post Svo. 51. 

Swinton. — The Principles and 
Practice of Electric Lighting. By 
Alan A. Campbell Swinton. With 
54 Illustrations engraved on Wood. 
Crown Svo. 5j-. 

Taylor.—Autobiography of Sir 
Henry Taylor, K.C.M.G. 2 vols. 
Svo. 32jr. 

Taylor. Student's Manual of 
the History of India, from the Earliest 
Period to the Present Time. By Colonel 
Meadows Taylor, C.S.I. Crown Svo. 
ys. 6d. 

Taylor.— The Complete Works 
of Bishop Jeremy Taylor. With 
Life by Bishop Heber. Revised and 
corrected by the Rev. C. P. Eden. 10 
vols. L5. 5j. 
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Text-Books of Science: a Series 
of Elementary Works on Science, 
adapted for the use of Students in Public 
and Science Schools. Fcp. 8vo. fully 
illustrated with Woodcuts. See p. 23. 

‘That Very Mab.’ Fcp. 8vo. 55. 
*** A Critical and Satirical Romance, 

dealing with modern theology and phi¬ 
losophy, and social life and character. 

Thompson.—A System of Psy¬ 
chology. By Daniel Greenleaf 

Thompson. 2 vols. 8vo. 36A 

Thomson.—An Outline of the 
Necessary Laws of Thought; a 
Treatise on Pure and Applied Logic. By 
W. Thomson, D.D. Archbishop of 
York. Crown 8vo. 6s. 

Thomson’s Conspectus. 
New Edition. Adapted to the 

New Edition of the British 

Pharmacopoeia. By Nestor 
Tirard, M.D. \In preparation. 

Three in Norway. By Two of 
Them. With a Map and 59 Illustra¬ 
tions on Wood from Sketches by the 
Authors. Crown 8vo. 6^. 

Trevelyan. — Works by the 

Right Hon. G. O. Trevelyan, 

M.P. 

The Life and Letters of Lord 

Macaulay. By the Right Hon. G. O. 
Trevelyan, M.P. 

Library Edition, 2 vols. 8vo. 36^. 

Cabinet Edition, 2 vols. crown 8vo. 

12S. 
Popular Edition, i vol. crown 8vo. 

6s. 

The Early History of Charles 
Lames Fox. Library Edition, 8vo. iSj-. 
Cabinet Edition, crown 8vo. 6s. 

Tulloch. —- Movements of Re¬ 
ligious Thought in Britain during 

the Nineteenth Century: being the 
Fifth Series of St. Giles’ Lectures. By 
John Tulloch, D.D. LL.D. 8vo. 
10s. 6d. half-bound, Roxburgh. 

Twiss.— Works by Sir Travers 

Twiss. 

The Rights and Duties of Na¬ 

tions, considered as Independent Com¬ 
munities in Time of War. 8vo. 21 s. 

The Rights and Duties of 
Nations in Time of Peace. 8vo. 
i$s. 

Tyndall. — Works by John Tyn¬ 

dall, F.R.S. cvc. 

Fragments of Science. 2 vols. 
crown 8vo. 16s. 

Heat a Mode of Motion. Crown 
8vo. 12 s. 

Sound. With 204 Woodcuts. 
Crown 8vo. iol 6d. 

Essays on the Floating-Matter 
of the Air in relation to Putrefaction 
and Infection. With 24 Woodcuts. 
Crown 8vo. Js. 6A 

Lectures on Light, delivered in 
America in 1872 and 1873. With 57 
Diagrams. Crown 8vo, $s. Reduced 
price. 

Lessons in Electricity at the 
Royal Institution, 1875-76. With 
58 Woodcuts. Crown 8vo. 2s. 6d. 

Notes of a Course of Seven 

Lectures on Electrical Pheno¬ 

mena and Theories, delivered at the 
Royal Institution. Crown 8vo. Ii-. sewed* 
ij-. 6d. cloth. 

Notes of a Course of Nine Lec¬ 
tures on Light, delivered at the Royal 
Institution. Crown 8vo. ir. sewed, U. 6d. 
cloth. 

Faraday as a Discoverer. Fcp. 
8vo. y. 6d. 

Ure. — A Dictionary of Arts, 
Manufactures, and Mines. By Dr. 
Ure. Seventh Edition, re-written and 
enlarged by R. Hunt, F.R.S. With 
2,064 Woodcuts. 4 vols. medium 8vo. 

£7- 7s. 

Verney. — Chess Eccentricities. 
Including Four-handed Chess, Chess for 
Three, Six, or Eight Players, Round 
Chess for Two, Three, or Four Players, 
and several different ways of Playing 
Chess for Two Players. By Major George 

Hope Verney. Crown 8vo. 10s. 6d. 

Verney.— Cottier Owners, Little 
Takes, and Peasant Properties. 

A Reprint of ‘Jottings in France, Ger¬ 
many, and Switzerland. By Lady 
Verney. With Additions. Fcp. 8vo. 
Ij. sewed. 

Ville. — On A r tificia l Ma nures, 
their Chemical Selection and Scientific 
Application to Agriculture. By Georges 

Ville. Translated and edited by W. 
Crookes, F.R.S. With 31 Plates. 
8vo. 21s. 
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Virgil. —Pub li Vergil 1 Maronis 
Bucolica, Georgica, aEneis ; the 
Works of Virgil, Latin Text, with Eng¬ 
lish Commentary and Index. By B. H. 
Kennedy, D.D. Crown Svo. ios-. 6d. 

The aEneid of Virgil. Translated 
into English Verse. By J. CONINGTON, 

M.A. Crown Svo. gs. 

The Poems of Virgil. Translated 
into English Prose. By John Coning- 

ton, M.A. Crown 8vo. gs. 

Walker. — The Correct Card ; 
or, How to Play at Whist; a Whist 
Catechism. By Major A. Campbell- 

Walker, F.R.G.S. Fcp. 8vo. 2s. 6d. 

Walpole.—History of England 
from the Conclusion of the Great 

War /JV1815 to the year 1841. By 
Spencer Walpole. 3 vols, 8vo. 

£2. 14s. 

Watson.—Lectures on the Prin¬ 
ciples and Practice of Physic, 

delivered at King’s College, London, by 
Sir Thomas Watson, Bart. M.D. 
With Two Plates. 2 vols. 8vo. 36s-. 

Watt. —Economic Aspects of Re¬ 
cent Legislation: the Newmarch Me¬ 
morial Essay. By William Watt, Fel¬ 

low ofthe Statistical Society. Cr.8vo.4s.64/. 

Watts. —A Dictionary of Chemis¬ 
try and the Allied Branches of 

other Sciences. Edited by Henry 

Watts, F.R.S. 9 vols. medium 8vo. 

£W 2s. 6d. 

Webb .—The Rev. T. IV. Webb. 

Celestial Objects for Common 

Telescopes. Map, Plate, Woodcuts. 
Crown Svo. gs. 

The Sun. With 17 Diagrams. Fcp. 
8vo. is. 

Webb. — The Veil of Isis : a 
Series of Essays on Idealism. By Thomas 

W. Webb, LL.D. Svo. ios. 6d. 

Wellington.—Life of the Duke 
of Wellington. By the Rev. G. R. 
Gleig, M.A. Crown Svo. Portrait, 6s. 

West.— JVorks by Charles West, 
M.D. Sac. Founder of, and formerly 
Physician to, the Hospital for Sick 
Children. 

Lectures on the Diseases of In¬ 
fancy and Childhood. Svo. i 8s. 

The Mother's Manual of Chil¬ 

dren's Diseases. Crown Svo. 2s. 6d. 

Whately .— Works by R. Whately, 
D.D. 

Elements of Logic. Crown Svo. 
4s. 6d. 

Elements of Rhetoric. Crown 
8vo. 4s. 6d. 

Lessons on Reasoning. Fcp. 8vo, 
is-. 6d. 

Bacon's Essays, with Annotations. 
8vo. ios-. 6d. 

Whately. — English Synonyms> 
By E. Jane Whately. Edited by her 
Father, R. Whately, D.D. Fcp. 8vo. 3s. 

White and Riddle.—A La tin-Eng- 
lish Dictionary. By J. T. White, 
D.D. Oxon. and J. J. E. Riddle, M.A. 
Oxon. Founded on the larger Dictionary 
of Freund. Royal 8vo. 21s-. 

White .—A Concise La tin-Eng¬ 
lish Dictionary, for the Use of Ad¬ 
vanced Scholars and University Students. 
By the Rev. J. T. White, D.D. Royal 
8vo. 12S. 

Wilcocks.—The Sea Fisherman. 
Comprising the Chief Methods of Hook 
and Line Fishing in the British and other 
Seas, and Remarks on Nets, Boats, and 
Boating. By J. C. Wilcocks. Pro¬ 
fusely Illustrated. New and Cheaper 
Edition, much enlarged, crown Svo. 6s. 

Williams. — Manual of Tele¬ 
graphy. By W. Williams, Superin¬ 
tendent of Indian Government Telegraphs. 
Illustrated by 93 Wood Engravings. Svo. 
ios-. 6d. 

Willich. — Popular Tables for 
giving Information for ascertaining the 
value of Lifehold, Leasehold, and Church 
Property, the Public Funds, &c. By 
Charles M. Willich. Edited by 
Montagu Marriott. Crown Svo. 10s, 

Wilson. —A Manual of Health- 
Science. Adapted for Use in Schools 
and Colleges, and suited to the Require¬ 
ments of Students preparing for the Ex¬ 
aminations in Hygiene of the Science 
and Art Department, &c. By Andrew 
Wilson, F.R.S.E. F.L. S. &c. With 
74 Illustrations. Crown Svo. 2s. 6d. 
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Witt.— Works by Prof. Witt. 
Translated from the German by Frances 

Younghusband. 

The Trojan War. With a Preface 
by the Rev. W. G. Rutherford, M.A. 
Head-Master of Westminster School. 
Crown 8vo. 2s. 

Myths of Hellas; or, Greek Tales. 
Crown 8 vo. 3J. 6d. 

The Wanderings of Ulysses. 
Crown 8vo. 3J-. 6d. 

Wood.— Works by Rev. J. G. 
Wood. 

Homes Without Hands ; a De¬ 
scription of the Habitations of Animals, 
classed according to the Principle of Con¬ 
struction. With about 140 Vignettes on 
Wood. 8vo. ioa 6d. 

Insects a t Home ; a Popular 
Account of British Insects, their Struc¬ 
ture, Habits, and Transformations. 8vo. 
Woodcuts, ioj. 6d. 

Insects Abroad ; a Popular Account 
of Foreign Insects, their Structure, 
Habits, and Transformations. 8vo. 
Woodcuts, ioa 6d. 

Bible Animals; a Description of 
every Living Creature mentioned in the 
Scriptures. With 112 Vignettes. 8vo. 
IOA, 6d. 

Strange Dwellings ; a Description 
of the Plabitations of Animals, abridged 
from ‘ Plomes without Hands.’ With 
Frontispiece and 60 Woodcuts. Crown 
8vo. 5r. Popular Edition, 4to. 6d. 

Horse and Man: their Mutual 
Dependence and Duties. With 49 Illus¬ 
trations. 8vo. 141. 

Illustrated Stable Maxims. To 
be hung in Stables for the use of Grooms, 
Stablemen, and others who are in charge 
of Horses. On Sheet, 4^. 

Out of Doors; a Selection of 
Original Articles on Practical Natural 
History. With 6 Illustrations. Crown 
8vo. 5r. 

Common British Insects: Beetles, 

Moths, and Butterflies. Crown 
8vo. with 130 Woodcuts, 3^. 6d. 

Petland Revisited. With nume¬ 
rous Illustrations, drawn specially by 
Miss Margery May, engraved on Wood 
by G. Pearson. Crown 8vo. Js. 6d. 

Wylie. — History of England 

under Henry the Fourth. By James 

Hamilton Wylie, M.A. one of Her 
Majesty’s Inspectors of Schools. (2 vols.) 
Vol. 1, crown 8vo. 10s. 6d. 

Wylie. — Labour, Leisure, and 
Luxury; a Contribution to Present 

Practical Political Economy. By 
Alexander Wylie, of Glasgow. Crown 
8vo. 6s. 

Year’s Sport (The). A Review of 
British Sports and Pastimes for the Year 
1S85. Edited by A. E. T. Watson. 

8vo. 2is. half-bound. 

Youatt. — Works by William 
Youatt. 

The Horse. Revised and enlarged 
by W. Watson, M.R.C.V.S. 8vo. 
Woodcuts, 7s. 6d. 

The Dog. Revised and enlarged. 
8vo. Woodcuts. 6s. 

Zeller. — Works by Dr. E. 
Zeller. 

History of Eclecticism in Greek 
Philosophy. Translated by Sarah 

F. Alleyne. Crown 8vo. ioa 6d. 

The Stoics, Epicureans, and 
Sceptics. Translated by the Rev. O. 
J. Reichel, M.A. Crown 8vo. i$s. 

Socrates and the Socra tic 
Schools. Translated by the Rev. O. J. 
Reichel, M.A. Crown 8vo. 10s. 6d. 

Plato and the Older Academy. 

Translated by S. Frances Alleyne and 

Alfred Goodwin, B.A. Crown 8vo. 
iSs. 

The Pre-Socra tic Schools ; a His¬ 
tory of Greek Philosophy from the Earliest 
Period to the time of Socrates. Trans¬ 
lated by Sarah F. Alleyne. 2 vols. 
crown 8vo. 30s. 

Outlines of the History of 
Greek Philosophy. Translated by S. 

Frances Alleyne and Evelyn 

Abbott. Crown 8vo. iol 6d. 
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TEXT-BOOKS OF SCIENCE. 
ADAPTED FOR TPIE USE OF STUDENTS IN PUBLIC AND SCIENCE 
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Photography. By Captain W. De \\ ive- 
leslie Abney, F.R.S. late Instructor in Chemis¬ 
try and Photography at the School of Military 
Engineering, Chatham. W ith 105 W oodcuts, 3s.6d. 

On the Strength of Materials and 
Structures: the Strength of Materials as depend¬ 
ing on their quality and as ascertained by Besting 
Apparatus ; the Strength of Structures, as depend¬ 
ing on their form and arrangement, and on the 
materials of which they are composed. By Sir J. 
Anderson, C.E. &c. 3s. 6d. 

Introduction to the Study of Organic 
Chemistry ,* the Chemistry of Carbon and its Com¬ 
pounds. By Henry E. Armstrong, Ph.D. 
F.C.S. With 8 Woodcuts. 3s. 6d. 

Elements of Astronomy. By Sir R. S. 
Ball, LL.D. F.R.S. Andrews Professor of Astro¬ 
nomy in the TJniv. of Dublin, Royal Astronomer 
of Ireland. With 136 Figures and Diagrams. 6s. 

Railway Appliances. A Description of 
Details of Railway Construction subsequent to the 
completion of Earthworks and Masonry, including 
a short Notice of Railway Rolling Stock. By J. 
W. Barry. With 207 Woodcuts. 3s. 6;/. 

Systematic Mineralogy. By Hilary 
Bauerman, F.G.S. Associate of the Royal School 
of Mines. With 373 Diagrams. 6s. 

Descriptive Mineralogy. By the same 
Author. With 236 Woodcuts and Diagrams. 6s. 

Metals, their Properties and Treat- 
ment. By C. L. Bloxam and A. K. Hunting- 
ton, Professors in King's College, London. W ith 
130 Wood Engravings. 5^ 

Practical Physics. By R. T. Glaze- 
brook, M.A. F.R.S. and W. N. Shaw, M.A. 
With 62 Woodcuts, fo. 

Physical Optics. By R. T. Glazebrook, 
M.A. F.R.S. Fellow and Lecturer of .Trin. Coll. 
Demonstrator of Physics at the Ca\ endish Labora¬ 
tory, Cambridge. With 183 Woodcuts of Appara¬ 
tus, &c. 6s. 

Theory of Heat. By T. Clerk Maxwell, 
M.A. LL.D. Edin. F.R.SS. L. & E. W7ith 41 
Woodcuts. 3J. 6d. 

Technical Arithmetic and Mensura- 
tion. By Charles W. Merrifield, F.R.S. 
3 s. 6d. 

Key to Merrifield s Text-Book of 
Technical Arithmetic and Mensuration. By the 
Rev. John Hunter, M.A. formerly Vice-Prin¬ 
cipal of the National Society’s Training College, 
Battersea. 3s. 6d. 

Introduction to the Study of Inor- 
ganic Chemistry. By William Allen Miller, 
M.D. LL.D. F.R.S. W7ith 71 Woodcuts. 33-. 6d. 

Telegraphy. By W. H. Preece, C.E. 
and J. Sivewright, M.A. 'With 160 Wood- 
cuts. 55. 

The Study of Rocks, an Elementary 
Text-Book of Petrology. By Frank Rutley, 
F.G.S. of Her Majesty’s Geological Survey. With 
6 Plates and 88 W’oodcuts. 4s. 6d. 

Workshop Appliances, including Descrip¬ 
tions of some of the Gauging and Measuring In¬ 
struments—Hand Cutting Tools, Lathes, Drilling, 
Planing, and other Machine Tools used by Engi¬ 
neers. By C. P. B. Shelley, M.I.C.E. V’ith 
292 Woodcuts. 4-s-. 6d. 

Structural and Physiological Botany. 
By Dr. Otto Wilhelm Thom£, Professor of 
Botany, School of Science and Art, Cologne. 
Translated by A. W. Bennett, M.A. B.Sc. 
F.L.S. With 600 W7oodcuts. 6s. 

Quantitative Chemical Analysis. By 
T. E. Thorpe, F.R.S.E. Ph.D. Professor of 
Chemistry in the Andersonian University, Glasgow. 
With 88 Woodcuts. 4s. 6d. 

Manual of Qualitative Analysis and 
Laboratory Practice. By T. E. Thorpe, Ph.D. 
F.R.S.E. Professor of Chemistry in the Ander¬ 
sonian University, Glasgow; and M. M. Pattison 
Muir. 3s. 6d. 

ts Art of Electro-Metallurgy, in¬ 
cluding all known Processes of Electro-Deposition. 
% GrGoRE, LL.D. F.R.S. With 56 Wood- 
euts. 6s. 

Algebra and Trigonometry. By the Rev. 
William Nathaniel Griffin, B.D. 3s. 6d. 

Notes on the Elements of Algebra 
and Trigonometry. With Solutions of the more 
difficult Questions. By the Rev. W. N. Griffin, 
B.D. 3s. 6d. 

Electricity and Magnetism. By Fleem- 
Ik-G Jenkin, F.R.SS. L. & E. Professor of 
Engineering in the University of Edinburgh. 3s. 6a. 

I A PRODUCTION TO THE STUDY OF CHEM- 
ical Philosophy; the Principals of Theoretical 
and Systematical Cnemistry. By William A. 
Tilden, B.Sc. London, F.C.S. With 5 W7ood- 
cuts. 35. 6d. W’ith Answers to Problems, 4J. 6d. 

Elements of Machine Design; an Intro¬ 
duction to the Principles which determine the 
Arrangement and Proportion of the Parts of 
Machine, and a Collection of Rules for Machine 
Designs. Bj' W. Cawthorne Unwin, B.Sc. 
Assoc. Inst. C.E. With 325 W'oodcuts. 6s. 

Plane and Solid Geometry. By the Rev. 
H. W. Watson, formerly Fellow of Trinity 
College, Cambridge. 35. 6d. 
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EPOCHS OF ANCIENT HISTORY. 
Edited by the Rev. Sir G. W. Cox, Bart. M.A. and by C. Sankey, M.A. io Volumes, 

fcp. 8vo. with Maps, price 2s. 6d. each vol. 

Tiie Gracchi, Marius, and Sulla. By 
A. H. Beesi.y, M.A. Assistant-Master Marl¬ 
borough College. With 2 Maps. 

The Early Roman Empire. From the 
Assassination of Julius Caesar to the Assassination 
of Domitian. By the Rev. W. Wolfe Capes, M.A. 
With 2 Coloured Maps. 

The Roman Empire of the Second Cen- 
tury, or the Age of the A ntonihes. By the Rev. 
W. Wolfe Capes, M.A. With 2 Coloured Maps. 

The A thenian Empire from the Flight 
of Xerxes to the Fall of Athens. By the Rev. 
Sir G. W. Cox, Bart. M.A. Joint-Editor of the 
Series. With 5 Maps. 

The Greeks and the Persians. By the 
Rev. Sir G. W. Cox, Bart. M.A. Joint-Editor of 
the Series. With 4 Coloured Maps. 

The Rise of the Macedonian Empire. 
By Arthur M. Curteis, M.A. formerly Fellow 
of Trinity College, Oxford. With 8 Maps. 

Rome to its Capture by the Gauls. 
By Wilhelm Ihne, Author of ‘ History of Rome.' 
With a Coloured Map. 

The Roman Triumvirates. By the Very 
Rev. Charles Merivale, D.D. Dean of Ely. 
With a Coloured Map. 

The Spartan and Theban Supremacies. 
By Charles Sankey, M.A. Joint-Editor of the 
Series, Assistant-Master in Marlborough College. 
With 5 Maps. * 

Rome and Carthage, the Punic Wars. 
By R. Bosworth Smith, M.A. Assistant-Master, 
Harrow School. With 9 Maps and Plans. 

EPOCHS OF MODERN HISTORY. 
Edited by C. Colbeck, M.A. 17 vols. fcp. 8vo. with Maps, price 2s. 6d. each vol. 

The Normals in Europe. By Rev. A. 
H. Johnson, M.A. late Fellow of All Souls Col¬ 
lege, Oxford ; Historical Lecturer to Trinity, St. 
John’s, Pembroke, andWadham Colleges. With 
3 Maps. 

The Crusades. By the Rev. Sir G. W. 
Cox, Bart. M.A. late Scholar of Trinity College, 
Oxford; Author of the ‘Aryan Mythology,’ &c. 
With a Colourd Map. 

The Beginning of the Middle Ages. 
By the Very Rev. Richard William Church, 

M.A. &c. Dean of St. Paul’s and Honorary' Fellow 
of Oriel College, Oxford. With 3 Coloured Maps. 

The Early Plantagenets. By the Right 
Rev. W. Stubbs, D.D. Bishop of Chester. With 
2 Coloured Maps. 

Edward the Third. By the Rev. W. 
Warburton, M.A. late Fellow of All Souls Col¬ 
lege, Oxford ; Her Majesty’s Senior Inspector of 
Schools. With 3 Coloured Maps and 3 Genea¬ 
logical Tables. 

The Houses of Lancaster and York; 
•with the Conquest and Loss of France. By 
James Gairdner, of the Public Record Office, 
Editor of ‘ The Paston Letters,’ &c. With 5 
Coloured Maps. 

The Era of the Protestant Revolu- 
tion. By F. Seebohm, Author of ‘The Oxford 
Reformers—Colet, Erasmus, More.’ With 4 
Coloured Maps and 12 Diagrams on Wood. 

The Age of Elizabeth. By the Rev. M. 
Creighton, M.A. LL.D. Dixie Professor of Eccle¬ 
siastical HLtory in the University of Camoridge. 
With 5 Maps and 4 Genealogical Tables. 

The First Two Stuarts and the Puri- 
tan Revolution, 1603-1660. By Samuel Rawson 

Gardiner, Author of ‘ The Thirty Years’ War, 
1618-1648.’ With 4 Coloured Maps. 

The Fall of the Stuarts ; and Western 
Europe from 1678 to 1697. By the P \ Edwar 
Hale, M.A. Assistant-Master at L a. With 
Maps and Plans. 

The Age of Anne. By E. E. Mori 
M.A. of Lincoln College, Oxford ; Professi 
English, &c. at the University of Melbo, 
With 7 Maps and Plans. 

The Thirty Years' War, 1618-1648. 
Samuel Rawson Gardiner, Fellow of All 
College. With a Coloured Map. 

The Early Hanoverians. By 1 
Morris, M.A. Professor of English, &c. 
University of Melbourne. 

Frederick the Great and the S 
Years War. By F. W. Longman, of 
College, Oxford. With 2 Maps. 

The War of American Independl 
1775-1783- By J. M. Ludlow, Barrister-at 
With 4 Coloured Maps. 

The French Revolution, 1789-1795. 
Mrs. S. R. Gardiner, Author of ‘ The St) 
Against Absolute Monarchy.’ With 77 Maj 

The Epoch of Reform, 1830-1850, ] 
Justin M’Carthy, M.P. Author of ‘A 
of Our Own Times.’ 
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